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PREFACE

“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT,  TEACH GEOMETRY TO JEE ASPIRANTS BUT
BELIEVE THE MOST IMPORTANT FORMULA IS COURAGE + DREAMS = SUCCESS”

It is a matter of great pride and honour for me to have received such an overwhelming response to
the previous editions of this book from the readers. In a way, this has inspired me to revise this
book thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the
contents more relevant as per the needs of students, many topics have been re-written, a lot of
new problems of new types have been added in etc. All possible efforts are made to remove all the
printing errors that had crept in previous editions. The book is now in such a shape that the
students would feel at ease while going through the problems, which will in turn clear their
concepts too.

A Summary of changes that have been made in Revised & Enlarged Edition
e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus &
Pattern in recent years.

e The most important point about this new edition is, now the whole text matter of each chapter has
been divided into small sessions with exercise in each session. In this way the reader will be able to
go through the whole chapter in a systematic way.

e Just after completion of theory, Solved Examples of all JEE types have been given, providing the
students a complete understanding of all the formats of JEE questions & the level of difficulty of
questions generally asked in JEE.

e Along with exercises given with each session, a complete cumulative exercises have been given at
the end of each chapter so as to give the students complete practice for JEE along with the
assessment of knowledge that they have gained with the study of the chapter.

e Last 10 Years questions asked in JEE Main & Adyv, IIT-JEE & AIEEE have been covered in all the chapters.

However | have made the best efforts and put my all teaching experience in revising this book.
Still  am looking forward to get the valuable suggestions and criticism from my own fraternity
i.e. the fraternity of JEE teachers.

I would also like to motivate the students to send their suggestions or the changes that they
want to be incorporated in this book. All the suggestions given by you all will be kept in prime
focus at the time of next revision of the book.

Amit M. Agarwal
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Session 1

Scalar and Vector Quantities, Representation of Vectors,
Position Vector of a Point in Space, Direction Cosines,
Rectangular Resolution of a Vector in 2D and 3D Systems

Vectors represent one of the most important mathematical
systems, which is used to handle certain types of problems
in Geometry, Mechanics and other branches of Applied
Mathematics, Physics and Engineering.

Scalar and Vector Quantities

Physical quantities are divided into two categories-Scalar
quantities and Vector quantities. Those quantities which
have only magnitude and which are not related to any
fixed direction in space are called scalar quantities or
briefly scalars. Examples of scalars are mass, volume,
density, work, temperature etc.

A scalar quantity is represented by a real number along
with a suitable unit. Second kind of quantities are those
which have both magnitude and direction, such quantities
are called vectors. Displacement, velocity, acceleration,
momentum, weight, force etc., are examples of vector
quantities.

Example 1. Classify the following measures as
scalars and vectors

(i) 20 m north-west
(iii) 30 km/h
(iv) 50m/s towards north
(v) 107" coloumb

Sol. (i) Directed distance -Vector
(ii) Force-Vector
(iii) Speed-Scalar
(iv) Velocity-Vector

(ii) 10 Newton

(v) Electric charge-Scalar

Representation of Vectors

Geometrically, a vector is represented by a directed line
segment.

For example, a= AB. Here, A is called the initial point and
B is called the terminal point or tip.

A directed line segment with initial point A and terminal

In
point B is denoted by AB or AB. Vectors are also denoted
by small letters with an arrow above it or by small bold

—

letters, e.g. a, b, cetc. or a, b, ¢ etc.
B

A

Here, in the figure a = AB and magnitude or modulus of
a is expressed as |a| =| AB| = AB (Distance between initial
and terminal points).

Remarks

1. The magnitude of a vector is always a non-negative real
number.

2. Every vector AB has the following three characteristics

Length The length of AB will be denoted by | AB | or AB.

Support The line of unlimited length of which AB is a
segment is called the support of the vector AB.

Sense The sense of AB is from A to B and that of BA is
from B to A. Thus, the sense of a directed line segment is
from its initial point to the terminal point.

Example 2. Represent graphically
(i) A displacement of 60 km, 40° east of north
(ii) A displacement of 50 km south-east

Sol. (i) The vector OP represent the required vector.

N
I P
40° /80 km
W= 0 45° >E
S0
A,
Ko
¥S

(ii) The vector OQ represent the required vector.



Types of Vectors

1.

Zero or null vector A vector whose magnitude is zero
is called zero or null vector and it is represented by 0.

The initial and terminal points of the directed line
segment representing zero vector are coincident and
its direction is arbitrary.

. Unit vector A vector whose modulus is unity, is

called a unit vector. The unit vector in the direction of
a vector a is denoted by a, read as “a cap’. Thus,
la|=1

.~ a Vector

a=—-=

|a - Magnitude of a

. Like and unlike vectors Vectors are said to be like

when they have the same sense of direction and
unlike when they have opposite directions.

. Collinear or parallel vectors Vectors having the

same of parallel supports are called collinear vectors.

. Coinitial vectors Vectors having the same initial

point are called coinitial vectors.

. Coplanar vectors A system of vectors is said to be

coplanar, if they lie in the same plane or their
supports are parallel to the same plane.

. Coterminous vectors Vectors having the same

terminal points are called coterminous vectors.

. Negative of a vector The vector which has the same

magnitude as the given vector a but opposite
direction, is called the negative of a and is denoted
by —a. Thus, if PQ = a, then QP = — a.

. Reciprocal of a vector A vector having the same

direction as that of a given vector a but magnitude
equal to the reciprocal of the given vector is known as
the reciprocal of a and is denoted by a™" . Thus, if

|]a| =a, then|a™"|=1/a.

Remark

10.

11.

A unit vector is self reciprocal.

Localised vector A vector which is drawn parallel to
a given vector through a specified point in space is
called a localised vector. For example, a force acting
on a rigid body is a localised vector as its effect
depends on the line of action of the force.

Free vectors If the value of a vector depends only on
its length and direction and is independent of its
position in the space, it is called a free vector.

Remark
Unless otherwise stated all vectors will be considered as free vectors.

Chap 01 Vector Algebra 3

12. Equality of vectors Two vectors a and b are said to

be equal, if

(i) la[=[b|

(ii) they have the same or parallel support.
(iii) they have the same sense.

Two unit vectors may not be equal unless they have
the same direction.

Example 3. In the following figure, which of the
vectors are:

(i) Collinear

(ii) Equal
(i) Co-initial
(iv) Collinear but not equal

Sol.

A
a c
b
<«— scale —»
unit
d
Y

(i) a,c and d are collinear vectors.
(ii) a and c are equal vectors
(iii) b,c and d are co-initial vectors

(iv) a and d are collinear but they are not equal, as their
directions are not same.

Position Vector of
a Point in Space

Let O be the fixed point in space and X' OX,Y"' OY and
Z' OZ be three lines perpendicular to each other at O.
Then, these three lines called X-axis, Y-axis and Z-axis
which constitute the rectangular coordinate system. The
planes XOY, YOZ and ZOX, called respectively, the
XY-plane, the YZ-plane and the ZX-plane.

ZA
Ak PX vy 2
n X
N
S5 f z
i
> > Y
+J
O
M




4  Textbook of Vector & 3D Geometry

Now, let P be any point in space. Then, position of P is
given by triad (x, y, z) where x, y, z are perpendicular
distance from YZ-plane, ZX-plane and XY-plane
respectively.
The vector OP is called the position vector of point P
with respect to the origin O and written as

OP =xi+ yj +zk
where 1, j and k are unit vectors parallel to X-axis, Y-axis
and Z-axis. We usually denote position vector by r .

Remarks

1. If Aand Bare any two points in space having coordinates
(x1, 1, ;) and (xo, ¥, Zo) respectively, then distance between
the points Aand B = \/(XQ - )q)2 + (Yo —yw)2 +(z, —ZW)Q.

2. Using distance formula, the magnitude of OP (orr) is given by
0P| = J(x =0)? +(y =0)7 +(z =0)? =/x” +}? +7°

3. Two vectors are qqua\ if theyAhave same components. i.e. if
a=ai+aj +akandb=5i + bj + bk are equal, then

a =b,a =byand a; = bs.

Example 4. Find a unit vector parallel to the
vector —3i +4j.

Sol. Leta = —3i +43

Then, la| = \(-3)* +(4)* =5
0 Unit vector parallel toa =a :ﬁ
a

—3i+4j 32 4+

=—=—it+—j

5 5 5

Example 5. Let a =12i +nj and |a| =13, find the
value of n.
Sol. Here,a = 12i + nj
| la|=4/12° +n® =13
O 144 +n® =169

0 n®=25 or n=4%5

Example 6. Write two vectors having same
magnitude.

Sol. Leta =2i +j +k and b=1+j +2k
Then, |a|=|b|=2° +1° +1* =6

Example 7. _If one side of a square be represented by
the vectors 3i + 4 j + 5k, then the area of the square is
(2) 12 (b) 13
(c)25 (d) 50

Sol. (d) Let a =3i +4j +5k then ‘ a‘
=32 +4% 452 = 9 +16 +25 =52

Thus, the length of a side of square = 542
Hence, area of square = (5+/2)? =25 x2 =50

Direction Cosines

Let r be the position vector of a point P(x, y, z). Then,

direction cosines of r are the cosines of angles 1,3 and y
that the vector r makes with the positive direction of X,Y
and Z-axes respectively. We usually denote direction
cosines by I,m and n respectively.

In the figure, we may note that AOAP is right angled
triangle and in it we have

x
cosO = — (r stands for | r)
r

Similarly, from the right angled triangles OBP and OCP,
we get

cosBZX and cosy =Z
r r

Thus, we have the following

X X X

cosd =]l=——=—=—
wlxz +y2 +z2 |l‘|

cosf=m =) -r_J

,lxz +y2 +z2 |l‘| r

z z z

and cosy =n =—————
,lxz +y2 +z2 |r|

Clearly, 12+m?+n?=1
Here,a = O POX,p=0 POY,yO POZand1i,j and k are

the unit vectors along OX, OY and OZ respectively.




Remarks

1. The coordinates of point P may also be expressed as
(Ir, mr, nr).

2. The numbers /r, mr and nr, proportional to the direction
cosines, are called the direction ratios of vector r and are
denoted by a b and c respectively.

3. lfr=ai + bi +ck, then a band c are direction ratios of the
given vector.

Also, if @ + b% + ¢? =1, then a band ¢ will be direction
cosines of given vector.

Example 8. The direction cosines of the vector
-4 j+5k are

@2, 21 0>, —t, L
5'5'5 542 5427 V2
O, 2, L ==, 2, L
N2 V272 5v2 5427 V2

Sol. (b) r =3i - 4j +5k

O [r| = /3% +(—4)? +5% =52

-4 5

3
52 542 542

Hence direction cosines are ——
e, 3741
527527 V2
Example 9. Show that the vector i+ j +k is
equally inclined to the axes OX,0Y and OZ.
Sol.Leta=i+j +k
If a makes angles 0, 3, y with X, Y and Z-axes respectively,

then

cosa = ! =1
JE+t 2 A3

1

cosf=—

V3

and cosy = !

B

Thus, we have cos = cos3 =cosy,i.e. 0 =3 =y

Hence, a is equally inclined to the axes.

Rectangular Resolution of a
Vector in 2D and 3D Systems

In Two Dimensional System

Any vector r in two dimensional system can be expressed
as r =xi +7j. The vectors xi and yj are called the

perpendicular component vectors of r.

Chap 01 Vector Algebra 5

The scalars x and y are called the components or resolved
parts of r in the directions of X-axis and Y-axis,
respectively and the ordered pair (x, y) is known as
coordinates of point whose position vector is r.

-

! X

ol 3

Also, the magnitude of r =4/x* +y? and if 6 is the

_ 0
inclination of r with the X-axis, then 6 =tan™* %E
b

In three Dimensional System

Any vector r in three dimensional system can be
expressed as

r=xi +yj +zk
Y

_
?\*’\\?

i T Lr

z
The vectors xi, y] and zk are called the right angled
components of r.
The scalars x, y and z are called the components or
resolved parts of r in the directions of X-axis, Y-axis and
Z-axis, respectively and ordered triplet (x, y, z) is known
as coordinates of P whose position vector is r. Also, the
magnitude or modulus of

r=|r|=yx? +y? +2°.

Example 10. Let AB be a vector in two
dimensional plane with the magnitude 4 units and
making an angle of 30° with X-axis and lying in the
first quadrant.

Find the components of AB along the two axes of
coordinates. Hence, represent AB in terms of unit
vectors i and j.
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Sol. Let us consider A as origin. From the diagram, it can be = AB cos 30° = 4 cos 30°
seen that the component of AB along X-axis J3
=4xX2 =93
2

and the component of AB along Y-axis

1
= ABsin30° =4 x~ =2
2

Hence, AB = 2\/§; + 23

Exercise for Session 1

1. Classify the following measures as scalars and vector :
(i) 20 kg weight (i) 45°
(iii) 10 m south-east (iv) 50 m/sec?

2. Represent the following graphically:
(i) A displacement of 40 km, 30° west of south (i) a displacement of 70 km, 40° north of west

3. Inthe given figure, ABCDEF is a regular hexagon, which vectors are:

(i) Collinear (i) Equal
(iii) Coinitial (iv) Collinear but not equal

4. Answer the following as true or false
(i) aand aare collinear.
(i) Two collinear vectors are always equal in magnitude.
(iii) Zero vector is unique.
(iv) Two vectors having same magnitude are collinear.

Find the perimeter of a triangle with sides 3i +4] +5R, 4i —3] -5k and7i + ] .
Find the angle of vector a = 6i +2] —3k with X-axis.

Write the direction ratios of the vector r= i —} +2k and hence calculate its direction cosines.



Session 2

Addition & Subtraction of Vectors, Multiplication
of Vector by Scalar, Section Formula

Addition of Vectors
(Resultant of Vectors)

1. Triangle Law of Addition

If two vectors are represented by two consecutive sides of
a triangle, then their sum is represented by the third side
of the triangle, but in opposite direction. This is known as
the triangle law of addition of vectors. Thus, if AB=a,
BC=band AC=c¢,then AB+BC=ACie.a+b=c.

C

c =a+b

A B

2. Parallelogram Law of Addition

If two vectors are represented by two adjacent sides of a
parallelogram, then their sum is represented by the
diagonal of the parallelogram whose initial point is the
same as the initial point of the given vectors. This is
known as parallelogram law of vector addition.

Thus, if OA=a,0B=band OC=c

Then, OA+ OB =0C i.e.a+ b =c, where OC is a diagonal
of the parallelogram OACB.

B C
b4 c=a+b
0 a A

Remarks

1. The magnitude of a + bis not equal to the sum of the
magnitudes ofa and h.

2. From the figure, we have OA + AC =OC (By triangle law of
vector addition)

orOA +0OB =0C (.- AC =0B), which is the parallelogram
law. Thus, we may say that the two laws of vector addition are
equivalent to each other.

3. Polygon law of addition

If the number of vectors are represented by the sides of a
polygon taken in order, the resultant is represented by the
closing side of the polygon taken in the reverse order.

E D

A B
In the figure, AB+ BC + CD + DE +EF =AF

4. Addition in Component Form

If the vectors are defined in terms of i,] and R, ie.if
a=ai +a23 +a;kandb=b,1 +b23 +b,k, then their
sum is defined as A .

at+b=(a; +by)it+(a; +b;)j +(as +bs)k.

Properties of Vector Addition

Vector addition has the following properties
(i) Closure The sum of two vectors is always a vector.

(i) Commutativity For any two vectorsa and b,

U atb=b+a
(iii) Associativity For any three vectors a, b and c,
0 a+(b+c)=(at+b) +c

(iv) Identity Zero vector is the identity for addition. For
any vector a.
O 0O+a=a=a+0

(v) Additive inverse For every vector a its negative
vector —a exists such thata +(—-a) =(-a) +a =0
i.e.(—a) is the additive inverse of the vector a.

Example 11. Find the unit vector parallel to the
resultant vector of 2i+4j—5k and i+2j+3k.
Sol. Resultant vector, r = (Zi + 43 —SIA() + (; + 23 +31A<)
=3i +6j -2k
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1
Unit vector parallel to r = ﬂr
r
1 S o
= (3i+6j-2k)

= %(3? +6j —2k)

Example 12. If a,b and c are the vectors
represented by the sides of a triangle, taken in
order, then prove that a+ b+ c =0.
Sol. Let ABC be a triangle such that
BC=a,CA=band AB=c¢
A

>
>

B a C

Then,a+ b+ c¢=BC + CA +AB
=BA+ AB
=-AB+AB

atb+c=0

(-BC+ CA=BA)

Hence proved.

Example 13. If S is the mid-point of side QR of a
APQR, then prove that PQ+ PR=2PS.
Sol. Clearly, by triangle law of addition, we have

P
Q s R
PQ+ QS =PS ..(1)
and PR+ RS=PS ... (ii)

On adding Egs. (i) and (ii), we get
(PQ+ QS) + (PR + RS) =2PS
O (PQ+ PR) +(QS +RS) =2PS
PQ+ PR +0 =2PS
[S is the mid-point of QRO QS = — RS]

Hence, PQ + PR =2PS Hence proved.

Example 14. If ABCDEF is a regular hexagon, prove
that AD+ EB+ FC =4AB.
Sol. We have,
AD+ EB +FC = (AB+ BC + CD)
+ (ED+ DC + CB) +FC
= AB +(BC + CB) +(CD +DC) + ED + FC

A B
=AB+0+0+AB +2AB =4AB
(- ED= AB, FC =2AB)
Hence proved.

Subtraction of Vectors

Ifa and b are two vectors, then their subtractiona—b is
defined asa— b =a +(-b), where —b is the negative of b
having magnitude equal to that of b and direction
opposite to b.

-b
a+(-b)=a-b
c
If a:a1i+azj +a3f(
and b=b,i+b,j+bsk

Then, a-b=(a, —b;)i+(a, —by)j+(as —bs)k

Properties of Vector Subtraction
()a—bzb-a

(i) (a—b) —c#za —(b—¢)

(iii) Since, any one side of a triangle is less than the sum

and greater than the difference of the other two sides,
so for any two vectors a and b, we have

(a)|a+b|<[a| +|b] (b)[a+b|2|a] -|b|
(c)|a=b|<[a] +[b] (d)[a—b|2[a| -[b|

Remark

If Aand B are two points in space having coordinates (xy, y;, z;)
and (xo, yo, Z5), then
AB = Position Vector of B - Position Vector of A

= <X2i + YQi + 22R> _(Xwi +)/wi +ZWR)

=(Xg =x)i + (o =y)i +(z29 —z1)k



Example 15. If A=(0,1),B=(1,0), C =(1,2) and
D =(2,1), prove that vector AB and CD are equal.
Sol. Here, AB=(1-0)i+(0-1)j =i —j
and  CD=(2-1)i +(1-2)j =i —j

Clearly, AB= CD Hence proved.

Example 16. If the position vectors of A and B
respectively i + 3j -7k and 5i —2j+uk, then find AB.
Sol.Let O be the origin, then we have
OA =i+3j-7k
and OB =5i-2j+4k
Now, AB=O0B-O0A =(5i —-2j +4k) —(i +3j —7k)
= 4i-5j+11k

Example 17. Vectors drawn from the origin O to
the points A,B and C are respectively a,b and
4a-3b. Find AC and BC.
Sol. We have, OA = a,0B=b and OC =4a —3b
AC=0C-0A =(4a -3b) —(a)
=3a -3b
and BC=0C-0B =(4a —3b) —(b)=4a — 4b

Clearly,

Example 18. Find the direction cosines of the
vector joining the points A(1,2, - 3) and B(-1, -2,1),
directed from A to B.

Sol. Clearly, . . R o R
AB =(-1-1)i +(2-2)j H1 B)k =-2i —4j Hk

Now, |AB| = /(=2)? +(~4)> +(4)* =36
AB _ -2i - 4j +4k

6

U Unit vector along AB =

|AB| 6
152,20
3 3 3

Example 19. Let a,B and y be distinct real
numbers. The points with position vectors
a E+Bj+yfc,[3§+ % +ak and yf+aj+[3f<
(a) are collinear
(b) form an equilateral triangle
(c) form a scalene triangle
(d) form a right angled triangle
Sol. (b) Let the given points be A, B and C with position vectors
oi +Bj + vk, Bi + j + ok and yi + aj + Bk.
As, 0,3 and y are distinct real numbers, therefore ABC
form a triangle.

Clearly, AB = OB - OA :(B; +WA +(11A() —(O(i +Bj +V1A()
=(B - i +(y -B)j +(a ~y)k

Chap 01 Vector Algebra 9

A (oi + Bj + vk)

. Bl —C
(B +vj + k) (vi + aj + Bk)

Now, |AB|=.(B-0a)’ +(y ~B)® +(a -y)’
Similarly, BC= CA =/ —a)? +(y —B)° +(a -y)?
[A ABC is an equilateral triangle.

Example 20. If the position vectors of the vertices
of a triangle be 2i+4j—k, 4i+5j+k and

3i +6j — 3k, then the triangle is

(b) isosceles

(d) None of these

(a) right angled
(c) equilateral
Sol. (a, b) Let A, B, C be the vertices of given triangle with
position vectors, 2 + 43’ —k, 4i+ 53’ +k and3i+ 63 —3k
respectively.
Then, we have
OA =2i+4j-k OB=4i+5j+k
and OC=3i +6j-3k
AB= OB-0A =2i +j +2k
BC=-i+j-4k
and AC=i +23 -2k

AB=|AB| =42° +1* +2° =3

BC = [BC| =+/(-1)* +(1)2 +(~4)* =32

and AC=|AC|=41% +2° +(-2)* =3

AB = AC and BC? = AB* + AC?

Clearly,

Now,

O The triangle is isosceles and right angled.

Example 21. The two adjacent sides of a
parallelogram are 2i+4 j—5k and i+2j+3k. Find the

unit vectors along the diagonals of the parallelogram.

Sol. Let OABC be the given parallelogram and let the adjacent
sides OA and OB be represented by a = 2i + 4j —5k and

b=1i +23 +3k respectively.

Now, the vectors along the two diagonals are

A

[ 4

0
d,=a+b =3i +6j -2k
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The required unit vectors are

. d, 3i+6j -2k
L B L)
Idy| (3% +6% +(-2)°
“35485-2%
777 7
and n :diz: _1_2J+8k
|do]  \J(=1)% +(=2)* +8°

-1 7 2

8 A
= ——i-——j+—k
Yoo Voo Voo

Example 22. If a and b are any two vectors, then
give the geometrical interpretation of the relation
|at+ b| =|a—D|.
Sol. Let OA = a and AB = b. Completing the parallelogram
OABC.

Then, OC=bandCB=a
From AOAB, we have

OA+AB=0B [ a+b=0B ..(i)
From AOCA, we have

OC+CA=0A

g b+ CA=a O CA=a-b
la+ b =]a—b| O |OB|=|CA]|
Diagonals of parallelogram OABC are equal.
OABC is a rectangle.
u OALl OC U

...(ii)
Clearly,

allb

Example 23. If the sum of two unit vectors is a
unit vector, prove that the magnitude of their

difference is /3.

Sol. Let 4 and b be two unit vectors represented by sides OA and
AB of a AOAB.

Then, OA= 4, AB=b
OB=OA+AB=a+bh

(using triangle law of vector addition)

Itis given that, [a| =|b|=|a+b| =1

O |OA| +|AB| =|OB| =1

AOAB is equilateral triangle.

Since, |OA| =l =1 =|-b| =|AB |

Therefore, AOAB' is an isosceles triangle.

O O AB=00 A®B ° 30

O 0O BoBO BOA 'AOB =60°+30°=90°
(since, ABOB' is right angled)

0 In ABOB', we have

|BB'[* = |OB|* +|OB'|’

2 2

o>

=‘é+b +la—

2

1> +|a-b|
3

TN

2
la=b| Hence proved.

Multiplication of a
Vector by a Scalar

If a is a vector and m is a scalar (i.e. a real number), then
m a is a vector whose magnitude is m times that of a and
whose direction is the same as that of a, if m is positive
and opposite to that of a, if m is negative.

U Magnitude of ma =|ma| ] m (magnitude of a) =m|a |
Again, if a =a,1 +a23 +a,k,

then ma =(ma,)i +(ma2)3 +(mas) k

Properties of Multiplication
of Vectors by a Scalar

The following are properties of multiplication of vectors
by scalars, for vectors a, b and scalars m, n

(i) m(=a) =(-m) a = —(ma)
(ii) (-m) (-a) =ma
(iii) m(na) =(mn) a =n(ma)
(iv) (m +n) a =ma +na
(vym(a+b)=ma+mb

Example 24. If a is a non-zero vector of modulus a
and m, is a non-zero scalar, then ma is a unit vector, if

@m==1 (b)m =] a|

(c)m=i dm==x2

Sol. (c) Since, ma is a unit vector, [ma| =1
0 Imlla=1
1

O Im|=— 0O
a



Example 25. For a non-zero vector a, the set of
real numbers, satisfying |(5— x)a|<|2a| consists of
all x such that
(@0<x<3
b)3<x<7
) —7<x<-3
d)-7<x<3
Sol. (b) We have, |(5 - x) a|<] 2a|

5= x|[al <2| a

(
(
(

0 [5— x| <2
O -2 5 x 2
O 3< x <7

Example 26. Find a vector of magnitude (5/2)
units which is parallel to the vector 3i + 4.

Sol. Here, a = 3i+ 43

Then, |a] = /3% +4% =5
0 A unit vector parallel to
a=d =2 x=15i+4)) ()
la 5

Hence, the required vector of magnitude (5/2) units and
parallel toa

I PP
—ZB 2%(31+4_])

1 - A
=—(3i +4j
2( J)

Section Formula

Let A and B be two points with position vectorsa and b
respectively. Let P be a point on AB dividing it is the ratio
m:n.

Internal Division

If P divides AB internally in the ratio m : n. Then the
position vector of P is given by

< m >
A€ >

P.

<

Y
[oy)

Chap 01 Vector Algebra 11

Proof

Let O be the origin. Then OA =a and OB =b. Let r be the
position vector of P which divides AB internally is the
ratio m : n. Then

AP _m
PB n
or nAP =mPB
or n(PV of P =PV of A) =m (PV of B—PV of P)
or n(r— a)=m(b —r)
or nr —na =mb —mr
or r(n+m) =mb +na
_mb +na
or r=
m+n
+
or OP:mb na
m+n

External Division

If P divides AB externally in the ratio m : n. Then, the
position vector of P is given by

Proof

Let O be the origin. Then OA = a, OB = b. Let r be the
position vector of point P dividing AB externally in the
ratiom:n.

Then, ﬁ =1
BP n
or nAP =mBP
or nAP =mBP
or n (PV of P-PV of A) =m (PV of P—PV of B)
or n(r —a) =m(r —b)
or nr —na =mr —mb
or r(m —n) =mb —na
_mb —na
or r=———
m-n
or OP = mb —na

m-—n
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Remarks

1. Position vector of mid-point of ABis a +b.

2. In A ABC, having vertices Ala), B(b) and C(c)
Af(a)

B (b) Cle

a+tb+c

(i) Position vector of centroid is

(ii) Position vector of incentre is
BCa + ACb + ABc

AB+ BC + AC
(iii) Position vector of orthocentre is
tan Aa + tan Bb + tan Cc
tan A+ tanB + tan C

(iv) Position vector of circumcentre is
sin2Aa + sin2Bb + sin2Cc

Example 28. Find the position vectors of the
points which divide the join of points A (2a - 3b)
and B(3a - 2b) internally and externally in the ratio
2:3.
Sol. Let P be a point which divide AB internally in the ratio 2: 3.
Then, by section formula, position vector of P is given by
_ 2(3a—2b) +3(2a —3b)

op

2+3
6a —4b +6a —9b _ 12 13
= =—a-—b
5 5 5

Similarly, the position vector of the point (P") which
divides AB externally in the ratio 2: 3 is given by
_ 2(3a —2b) —3(2a —3b)
2-3
- 4b —6a +
_6a—4b l6a 9b:Ll;:_5b

orP’

Example 29. The position vectors of the vertices
A,B and C of a triangle are i - j -3k, 2i+ j—2k and
-5 +2] -6k, respectively. The length of the bisector
AD of the 1BAC, where D is on the segment BC, is

Sin2A + sin28 + sin2C 3 1
(@) =10 (b) —
Example 27. If D,E and F are the mid-points of the 141 4
sides BC, CA and AB respectively of the AABC and O (©) 5 (d) None of these
be any point, then prove that
OA+ OB+0C=0D +OE +OF Sol. (b) A(i-j-3k)
Sol. Since, D is the mid-point of BC, therefore by section
formula, we have
A
B L N\c
I5 E (20 +j - 2k) (-5i + 2j - 6k)
5 (a) |AB| = |(2i + j —2k) ~(i - ~3K)|
=[i+2j+K
5 b ¢ R T =\
oD :% |AC| =|(-51 +2j —6k) —(i -] -3k)|

O OB +0C =20D () =[—6i +3j ~3K|

Similarly, ~ OC + OA = 20E (i) =(-6)° +3% +(3)" =+/54 =36

and OB + OA =20F ) BD DC=AB . AC= Y6 _1

On adding Egs. (i), (ii) and (iii), we get 36 3

1(-5i +2j —6k) +3(2i +j —2k)

2(0A+ OB + OC) =2(OD + OE +OF)
0 OA+ OB+ OC =OD + OE +OF
Hence proved. -1 (i+5j -12k)
4

[J Position vector of D =
1+3



O AD = Position vector of D —Position vector of A

AD :i(i +5j -12k) - (i -j -3K) :i( 3i +9)
3 ~ ~
=2 (- +3]
4( J)
|AD|:Z,/(—1)2 +3? :%\/E

Example 30. The median AD of the AABC is
bisected at E.BE meets AC in F. Then, AF : AC is equal
to

(a) 3/4 (b) 1/3

(c) 1/2 (d) 1/4
Sol. (b) Let position vector of A w.r.t. Bisa and that of C w.r.t. B

is c.
A(a)
A

F
1

B(0) D
@ (CI2)

C(c)

Position vector of D w.r.t.

()

Let AF:FC=A:l1and BE:EF = :1
Acta

1+A

Now, position vector of

(A\c+ al

MEr g0
E=—" " — (i)
H+1

Position vector of F =

From Egs. (i) and (ii), we get
a ¢ _ M
+—= a
4 (1+N)(1+u)
L
2 1+ M)+
1
4

Al c
(1+A)(1+np)

SR
(1+A)(1+n)

AF _ AF A
AC AF+FC 1+

1l
Do W[ | =

W | =
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Magnitude of Resultant of Two Vectors
Let R be the resultant of two vectors P and Q. Then,
R=P+Q
|R| =R =+/P? +Q* +2PQcosB
QsinB
P +QcosB

where, |P|=P,|Q| =0, tana =

Deduction When |P|=|Q|,i.e.P =Q

Psin©
tand =————
P+ PcosO
sin© 0
= =tan—
1+cosB
0
O o=—
2

Hence, the angular bisector of two unit vectors a and b is
along the vector suma+ b.

Remarks

1. The internal bisector of the angle between any two vectors is
along the vector sum of the corresponding unit vectors.

2. The external bisector of the angle between two vectors is along
the vector difference of the corresponding unit vectors.

Internal
bisector
Aa)

External
bisector

Example 31. The sum of two forces is 18 N and
resultant whose direction is at right angles to the
smaller force is 12 N. The magnitude of the two
forces are

(@ 13,5 (b)12,6
(c) 14, 4 d 11,7
Sol. (a) We have, |P| +|Q| =18N;|R| =[P+ Q| +12N
o =90°
P+ QcosB=0
a Qcos®=-P

Now. R?=P? + Q% +2PQcos0
0O  R*=P?+Q® +2P(-P) =Q* -P*
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Q
R
AN
P
0 12 =(P +Q)(Q -P) =18(Q - P)
| Q-P=8 and Q+P=18
O Q=13 P =5

0 Magnitude of two forces are 5 N and 13 N.

Example 32. The length of longer diagonal of the
parallelogram constructed on 5a+2b and a-3b,
when it is given that |a| =2v2,|b| =3 and angle

. T,
between a and b is " is

(@15 (b) V113
(c) 4593 (d) V369

Sol. (c) Length of the two diagonals will be
d, =|(5a+2b) +(a —3b)|
and d, =|(5a +2b) —(a —3b)|
O d; =|6a — b|,d, =|4a +5b|
Thus,
d, = \/|6a|2 +|-b|* +2|6a|| —b|cos(Tt — TLA)

- \/36(2\/5)2 +9 +12 242 E@%EZ 15

Tt
d, :\/\4a\2 +|5b|* +2|4a||5b| COSZ

1
:\/16 X8 +25 X9 +40 X242 X3 x——

V2
=4/593
O Length of the longer diagonal = /593

Example 33. The vector c, directed along the
internal bisector of the angle between the vectors
a=7i-4j-4k and b= -2i — j+2k with|c| =56, is

(a)g(i—7f+2f() (b)§(53+5f+2f<)

(c)g(i+7}+2|}) (d)%(—5f+5i+2f<)
Sol. (a) Let a= 7i— 4j - 4k
and b=-2i —j' +2k

. (a b U
Now, requ1red vector ¢ = A + —H
Tal b

|
:)\‘Q(i—4j—4k+—2i—j+2k
9 3

MmO

:%(3—7}”11)

2 _\? _
Ic| =y XS4 =150
1

A=x 15
5.0 AL or
c:i§(1—7j +2k)
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Exercise for Session 2

© N O R W Db

10.
11.

12.
13.
14.
15.
16.

17.

lfa=2i- j+2kandb=-i +j -k then find a + b. Also, find a unit vector along a + b.

Find a unit vector in the direction of the resultant of the vectors i +2] +3ﬁ, -i +2] +kand3i+ ]

Find the direction cosines of the resultant of the vectors (Ai + ] + R), (—3 +] +R), (i —] + ﬁ) and (i + j - R).
In a regular hexagon ABCDEF, show that AE is equal to AC+ AF-AB

Prove that 30D+ DA + DB + DCis equal to OA+ OB -OC.

In a regular hexagon ABCDEF, prove that AB+ AC + AD + AE + AF =3AD.

ABCDE is a pentagon, prove that AB+ BC + CD + DE + EA =0.

The position vectors of A, B, C,D are a, b, 2a + 3band a —2b, respectively. Show that DB =3b —a and
AC=a +3b.

If P(-1, 2)and Q(3, —7) are two points, express the vector PQin terms of unit vectors iand ] Also, find
distance between point P and Q. What is the unit vector in the direction of PQ ?

If OP =2j +3] -kand 0Q =3i —4] +2k, find the modulus and direction cosines of PQ.

Show that the points A, B and C with position vectors a = 3] —4] —4IA(, b=2i —] +kandc=i —3] -5k
respectively, form the vertices of a right angled triangle.

Ifa=2i+2j-kand|xa|=1,then find x.
Ifp= 7i —2] +3k and q =3i +] +5IA(, then find the magnitude of p-2q.
Find a vector in the direction of 5i —] +2k , Which has magnitude 8 units.

lfa=i +2} +2kand b =3i +6] + 2k, then find a vector in the direction of a and having magnitude as| b]|.

15

Find the position vector of a point P which divides the line joining two points A and B whose position vectors are

i+ 2} —kand -i + ] +k respectively, in the ratio2 : 1.

(i) internally (ii) externally

If the position vector of one end of the line segment AB be 2i+ 3] -k and the position vector of its middle point

be 3(Ai + ] + ﬁ), then find the position vector of the other end



Session 3

Linear Combination of Vectors, Theorem on Coplanar
& Non-coplanar Vectors, Linear Independence

and Dependence of Vectors

Linear Combination of Vectors

A vector r is said to be a linear combination of vectors a, b

and c... etc., if there exist scalars x, y and z etc., such that
r=xa+yb+zc+..

For examples Vectorsr; =2a +b +3cand
r, =a +3b ++/2¢ are linear combinations of the vectors

a,bandc.

Collinearity and Coplanarity of
Vectors

Relation between Two Collinear Vectors

(or Parallel Vectors)

Let a and b be two collinear vectors and let x be the unit
vector in the direction of a. Then, the unit vector in the

direction of b is X or =% according as a and b are like or
unlike parallel vectors. Now, a =|a| X and b = £|b| x.

ad Oa|O
SR PRI A
b b
O a=Ab, where)\:i||ab||

Thus, if a and b are collinear vectors, thena = Ab or
b =Aa for some scalar A i.e, there exist two non-zero
scalar quantities x and y so that xa + yb =0

An Important Theorem

Theorem : Vectors a and b are two non-zero,
non-collinear vectors and x, y are two scalars such that

xa+yb =0
Then, x =0,y =0
Proof Itis given that xa +yb =0 (1)

Suppose that x # 0, then dividing both sides of (i) by the
scalar x, we get

a=-2b ...(ii)
X

Y.
Now, = is a scalar, because x and y are scalars.
x

Hence, Eq. (ii) expresses a as product of b by a scalar, so
that a and b are collinear. Thus, we arrive at a
contradiction because a and b are given to be
non-collinear.

Thus our supposition that x #0, is wrong.

Hence, x =0. Similarly, y =0

Remarks
@=0b=0
or
1.xa+ yb=0 0 %(:O,yzo
0 or
B allb

2. If a and b are two non-collinear (or non-parallel) vectors, then
xa+ yb=xa+ yb

u X1 =Xy and y; =y,
Proof x;a + y;b =x,b + y,b
g (x; = x0)a + (y; = yo)b =0
ad X; = Xo=0and y; =y, =0
[-a and b are non-collinear]

] X; =xoand y; = yo
Ifa=aﬁ+agi+a3Randb=ai+bgi+b3R,thena\|b
O i:@:@

b by b

Test of Collinearity of Three Points
(i) Three points A, B and C are collinear, if AB = ABC

(ii) Three points with position vectors a, b and ¢ are
collinear iff there exist scalars x, y and z not all zero
such that xa + yb +zc =0, where x +y +z =0
Proof Let us suppose that points A, B and C are
collinear and their position vectors are a, b and ¢
respectively. Let C divide the join of a and b in the
ratio y : x. Then,

+
Lo yb
x+y
or xa+yb —(x +y)c =0

or xa +yb +zc =0, where z = —(x +y)



Also, x+y+z=x+y —(x +y) =0
Conversely, let xa + yb +zc =0, where x +y +2z =0.
Therefore,
xa+yb=-zc =(x +y)c (-x+y=-2)
+
or c=2tib
x+ty

This relation shows that ¢ divides the join ofa and b
in the ratio y : x. Hence, the three points A, Band C
are collinear.

(iii) Ifa = a, +a23, b =bi+ sz andc=c,1 +czj, then
the points with position vector a, b and ¢ will be

a, a, 1
collinear iff| b; b, 1[=0.
¢, ¢y 1

Proof The points with position vector a, b and ¢ will
be collinear iff there exist scalars x, y and z not all
zero such that,

x(ayi+a,) +y(bid +b,]) +2(cii +¢,)) =0and
x+y+z=0
0 xa; +yby +zcy =0
xa, +yb, +zc, =0
x+y+z=0
Thus, the points will be collinear iff the above system
of equation’s have non-trivial solution

Hence, the points will be collinear

a, b ¢ a;, a, 1
iff |a, b, ¢y, |=0o0r|b;, b, 1/=0.
1 1 1 ¢ ¢y 1

Example 34. Show that the vectors 2i —3j+4k and
—4i+6j -8k are collinear.
Sol. Let a=2i -3j+4k and b= -4i+6j -8k
Consider, b = —4i +6j —8k = —2(2i -3j +4k)=-2a

[0 The vectors a and b are collinear.

Example 35. Show that the points A(1,2, 3),B(3,4,7)

and C(-3, -2, —5) are collinear. Find the ratio in
which point C divides AB.

Sol. Clearly, AB =(3-1)i +(4 -2)j +(7 -3)k
=2i +2j +4k
and BC=(-3-3)i +(=2 —4)j H 5 )k
=6i —6j 12k
= -3(2i +2j +4k)= —3AB
BC = —3AB

Chap 01 Vector Algebra 17

0 A, Band C are collinear.
Now, let C divide AB in the ratio k : 1, then

OC:kOB+lBDA
k+1
0 _3;_23 _sk _k(Bi+4j+7k)+(i +2j +3k)
k+1
coon o~ Bk+1 [k 20 [Vk+3§(
O  -3i-2j-5k = + +
17 Ek+1%l Ek+19 Bk+l
0 Sk+1_ g akr2_ o GTRHES
k+1 k+1 k+1

2
From, all relations, we get k = ?
Hence, C divides AB externally in the ratio 2: 3.

Example 36. If the position vectors of A B,C and D
are 2i + ]’, i- 3], 3i+ 2] and i + )\j, respectively and
AB||CD, then A will be
(@) -8 (b) -6
©8 (d) 6
Sol. (b) AB = (i —3j) —(2i +j) = i —4j;
CD =(i +Aj) —(3i +2j) = —2i +(A -2)j;
AB||CD O AB=xCD
-i-4j=x{=2i +(A -2)j}
- £- 2x,~4=(N -2)x

1
xZEandA =-6

Example 37. The points with position vectors
60i + 3j, 40i —8j and ai - 52j are collinear, if a is

equal to
(@) —40 (b) 40
(c) 20 (d) None of these
Sol (a) The three points are collinear if
60 3 1
40 -8 1|=0
a —52 1

0  60(-8+52) —3(40 —a) +( 2080 +8a) =0
0 2640 —120 +3a —2080 +8a =0

11a = —440
0 a=-40

Example 38. Let a, b andc be three non-zero vectors
such that no two of these are collinear. If the vector
a+2b is collinear with c and b+ 3c is collinear with a
(A being some non-zero scalar), then a+2b+6c is
equal to
(@0
(c) Ac (d) Aa
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Sol. (a) Asa+2b and c are collineara +2b = Ac ..()

Again, b + 3cis collinear with a.
g b+3c =pa ...(1d)
Now, a+2b+6c =(a+2b) +6¢c =Ac +6¢

=(\ +6)c ...(ii)
Also, a+2b +6¢c =a +2(b +3c) =a +2ua

=(2u +1)a (1v)
From Egs. (iii) and (iv), we get

(A +6)c=(21 +1)a
Buta and ¢ are non-zero, non-collinear vectors,
ad A +6=032 +1

Hence, a+2b +6c=0

Theorem of Coplanar Vectors

Let a and b be two non-zero, non-collinear vectors. Then
any vector r coplanar with a and b can be uniquely
expressed as a linear combination xa + yb; x and y being
scalars.

Proof Let a and b be any two non-zero, non-collinear

vectors and r be any vector coplanar with a and b.
We take any point O in the plane of a and b

B
b
P
) M a A
Let OA=a,0OB=b and OP=r

Clearly, OA, OB and OP are coplanar.

Through P, we draw lines PM and PN, parallel to OB and
OA respeetively meeting OA and OB at M and N
respectively.

We have, OP = OM + MP
= OM +ON [ MP =ON and MP || ON] ...(i)
Now, OM and OA are collinear vectors
OM = x OA =xa, where x is scalar.
Similarly, ON = yOB = yb, where y is a scalar.
Hence, from Eq. (i),OP =xa +yborr =xa+y'b
Uniqueness: If possible, let r =xa +ybandr =x'a+y'b
be two different ways of representing r.
Then, we have xa+ypb=x'a+y'b
O (x=x")a+(y-y')b=0
But a and b are non-collinear vectors
g x—x'"=0andy —y'=0
U x'=xandy'=y

Thus, the uniqueness in established.

Test of Coplanarity of Three Vectors

(i) Three vectors a, b, ¢ are coplanar iff any one of them
is a linear combination of the remaining two, i.e. iff
a = xb + yc where x and y are scalars.

(ii) If three points with position vectors
a=ai+a,j+ask,b=bji+b,j+bsk
andc=c,i+ 023 +c,k are coplanar,
a, ad; 4as
then|b; b, bs|=0.
Ci € C3
If vectors a,b and c are coplanar, then there exist
scalars x and y such thatc = xa + yb.
Hence, ¢, 1 +czj +c5k =x(ayi +azj +ask)
+y(bii + b, +bsk)
Now, i 3 and k are non-coplanar and hence
independent.
Then,

and

¢y =xa; +yby,c; =xa; +yb,

c3 =xas +ybs

The above system of equations in terms of x and y is
consistent. Thus,

ap by ¢ a a; as
a, by, c,|=0o0r|b; b, bs3[=0
as bs c; € €3 C3

Remark
Ifvectors x;a + y,b + z;¢, x,a + yob+ z,cand xza + ysb + z5¢
are coplanar(where a, b and ¢ are non-coplanar).
XN 4
Then, [xo yo Zzp|=0

X3 Y3 Z3

Test of Coplanarity of Four Points
(i) To prove that four points A(a), B(b), C(c) and D(d)
are coplanar, it is just sufficient to prove that vectors
AB, AC and AD and coplanar.

(ii) Four points with position vectorsa, b, ¢ andd are
coplanar iff there exist scalars x, y, z and u not all
zero such that xa +yb +zc¢ +ud =0, where
x +y+z +u =0.

(iii) Four points with position vectors
a=ai+a,j+ask,
b=b,i+b,j+bsk
c= cli +023 +c3lA(

and d=d,i+d,j+d;k



a, a; az 1
. el D1 b2 b3 1
will be coplanar, iff =0
c; ¢ c¢3 1
dl —a1 d2 _az d3 _a3
or by —a; by, —a, by —a;|=0

€ —ap Cp —dy; C3 —das

Theorem on Non-coplanar
Vectors

Theorem 1

Ifa, b, c, are three non-zero, non-coplanar vectors and
X, Y,z are three scalars such that

xa +yb +zc =0.
Then
Proof Itis given that xa + yb +zc =0 (i)

x =y =z =0.

Suppose that x Z0
Then Eq. (i) can be written as
xa =—yb —zc

O a:—zb—ic
x x

...(ii)

y z
Now, = and — are scalars because x, y and z are scalars.
x x

Thus, Eq. (ii) expresses a as a linear combination of bandc.
Hence, a is coplanar with b and ¢ which is contrary to our
hypothesis because a,b and ¢ are given to be non-coplanar.
Thus, our supposition that x Z0 is wrong.

Hence, x =0

Similarly, we can prove that y =0 and z =0

Theorem 2

If a,b and ¢ are non-coplanar vectors, then any vector r
can be uniquely expressed as a linear combination
xa +yb +zc; x, y and z being scalars.

or

Any vector in space can be expressed as a linear
combination of three non-coplanar vectors.

Proof Take any point O.

Leta, b, c be any three non-coplanar vectors and r be any
vector in space.
Let OA=a,0B =b,

OC=c,OP=r
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Here, the three lines OA, OB, OC are not coplanar. Hence,
they determine three different planes BOC, COA and AOB
when taken in pairs.

Through P, draw planes parallel to these planes BOC, COA
and AOB meeting OA, OB and OC in L, E and N
respectively. Thus we obtain a parallelopiped with OP as
diagonal and three coterminous edges OL, OF and ON
along OA, OB and OC, respectively.

B
Ab
E S
M A P
r
@) > L; A
N >
c R
C
O OL is collinear with OA.

[0 OL = xOA = xa, where x is a scalar.

Similarly, OE =y b and ON = zc,

where y and z are scalars.

Now, OP =OR + RP =(ON +NR) +RP
=ON +OL +OE [*NR=OL and RP = OE]
=OL + OE +ON =xa +yb +zc

Thus, r=xa +yb +zc

Hence, r can be expressed as a linear combination of a, b
and c.
Uniqueness If possible let
r =xa+yb +zc

and r=x'a+y'b+z'c
be two different ways of representing r, then we have

xa+tyb+ze=x'a+y'b+z'c
O (x—x")at+(y—-y")b+(z—-2")c=0
Now a, b and ¢ are non-coplanar vectors
g x—x'=0,y—-y'=0 and z-2z'=0
z=z'

g x=x,y=y" and

Hence, the uniqueness is established.

Remark
Ifa, b, ¢ are any three non-coplanar vectors in space, then
xva+yb+zc=xa+yb+zc

u XN =X 1=V 2y =2

Proof x;a + y,b+z¢c =x,a +y,b +z,¢

O Xy = Xo)a +(y; —yo)b +(z; —z,)c =0

O X; =X, =0,y -y, =0 and 2z —-2z,=0
u X1 =X Y1 = Ve and 5 =2y



20 Textbook of Vector & 3D Geometry

Example 39. Check whether the given three
vectors are_coplanar or non-coplanar.
=2i —2j+ak, -2i +4j -2k, 4i -2j -2k
Sol. Let a = -2i —2j +4k
b=-2i+4j-2k and c=4i-2j-2k
Now, consider
-2 -2 4
-2 4  —2|=-2(-8—4) +2(4 +8) +4(4 —16)
4 -2 2
=24 +24 —48 =0
0 The vectors are coplanar.

Example 40. If the vectors i +1j+mk,
7|+21+6k and |+SJ+4k are coplanar, then m is

equal to
(@) 38 (b) 0
(© 10 (d)-10

Sol. (c) Since the three vectors are coplanar, one will be a linear
combination of the other two.

O 4i+11j +mk =x(7i +2j +6k) +y(i +5j +4k)

0 4=Tx+y ..(1)
11 =2x +5y ...(ii)
m=6x +4y ...(1i1)

From Egs. (i) and (ii), we get

3 23
x=—andy=—
1 Y 11
From Eq. (iii), we get
m=6X i +4 X§ =10
11 11

Trick Since, vectors 4i + 113 +mk, 71 + 23 + 6k and

i+ 53 + 4k are coplanar.

4 11 m
O 7 2 6|=0
1 5 4
O  4(8-30)—11(28 —6) +m(35 —2) =
O - 88 1x 2% 33nF O
O - & 22 3nr O
a 3m=30 0 m=10

Example 41. If a, b and c are non-coplanar

vectors, prove that 3a —7b —4c, 3a —2b+c and
a+b+2c are coplanar.

Sol. Leta =3a—7b —4¢, =3a —2b +¢

and y =a +b +2¢
Also, let oa=x3+y-y
| 3a —7b —4c =x(3a —2b +c) +y(a +b +2¢)

=(3x +yJa +(2x +y)b +(x +2y)c

Since, a, b and c are non-coplanar vectors.
Therefore,
3x+y=3-2x+y=-7
and x+2y=-4
Solving first two, we find that x =2 and y = — 3. These
values of x and y satisfy the third equation as well.
So, x + 2and y = — 3 is the unique solution for the above
system of equation.
O a B
Hence, the vectors 0,3 and Yy are coplanar, because o is
uniquely written as linear combination of other two.

Trick For the vectors 0,3, y to be coplanar, we must have

3 -7 -4
3 =2 1 |=0, whichis true
1 1 2

Hence, 0,3, Y are coplanar.

Example 42. The value of A for which the four
pOlntSZI +31 K, |+2J+3k 3i +4J -2k and

Y jt 6k are coplanar

(@8 (b) 0
(c) =2 (d) 6
Sol. (c) The given four points are coplanar.
2 1 3 1
3 2 4 A
=0
-1 3 -2 6
1 1 1 0
2 1 3 1
0 0 0 —(A+2
O ( )| = 0
-1 3 -2 6
1 1 1 1
Operating (R, - R, = R, — R,)
2 1 3
O —=(A+2)-1 3 =2/=0 OA=- 2
1 1 1

Example 43. Show that the points P(a+2b+c),
Q(a—b—c),R(3a+b+2c) and S(5a + 3b +5c) are
coplanar given that ab and c are non-coplanar.

Sol. To show that P, Q, R, S are coplanar, we will show that
PQ, PR, PS are coplanar.

PQ=-3b -2c
PR=2a-b +c
PS =4a +b +4c
Let PQ = xPR +yPS
a - 3b 2 x(2a B cf y(4ar b+ 4c)
a - 3b 2 (2% 4y)a € x y)br (x+ 4y)c



As the vectors a, b, ¢ are non-coplanar, we can equate their

coefficients.

| 0=2x +4y

U - F- % y

a -z X 4y

x =2,y = —1is the unique solution for the above system of
equations.

O PQ = 2PR - PS

PQ PR, PS are coplanar because PQ is a linear combination
of PR and PS

U The points P, Q, R, S are also coplanar.
Trick For the vectors PQ, PR and PS to be coplanar, we

0 -3 —2
must have|2 -1 1 |=0which is true
4 1 4

O The PQ, PR, PS are coplanar.
Hence, the points P, Q, R, S are also coplanar.

Linear Independence and
Dependence of Vectors

1. Linearly Independent Vectors

A set of non-zero vectorsa;,a,....,a, is said to be linearly
independent, if
xija; txja, t...

0 X, =X, =

2. Linearly Dependence Vectors

A set of vector ay,a;....,a, is said to be linearly
dependent, if there exist scalars x, x,,...,x, not all zero
such that x;a; +x,a, +....+x,a, =0

Properties of Linearly Independent
and Dependent Vectors

(i) A super set of a linearly dependent set of vectors is
linearly dependent.

(ii) A subset of a linearly independent set of vectors is
linearly independent.

(iii) Two non-zero, non-collinear vectors are linearly
independent.

(iv) Any two collinear vectors are linearly dependent.

(v) Any three non-coplanar vectors are linearly
independent.

(vi) Any three coplanar vectors are linearly dependent.
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(vii) Three vectors a :ali +a23 +a3ﬁ,b :bli +b2:i +b3f(
andc =c¢,1 +c¢, ] +c;k will be linearly dependent
a, a; as
bs|=0.

€1 €y C3

vectors iff | b; b,

(viii) Any four vectors in 3-dimensional space are linearly
dependent.

Example 44. Show that the vectors
i —3j+2k,2i —4j -k and 3i+2j -k and linearly

independent.
Sol. Let a=i-3j+2k
B=2i-4j-k
and y =3i +23 -k

Also, let xa +)f3 +zy =0
O x(i-3j+2k) +y(2i —4j —k) +z(3i +2j k) =0
or(x +2y +3z)i +(3x —4y +22)j H2x —y —z)lA( =0
Equating the coefficient of i 3 and k, we get
x +2y +3z =0
=3x —4y +2z =0
2x —y —z =0
1 2 3
Now, -3 -4 2
2 -1 -1

=1(4 +2) —2(3 —4) +3(3 +8) = 41 £ 0

0 The above system of equations have only trivial solution.
Thus,x =y =z =0
Hence, the vectors 0, and y are linearly independent.
Trick Consider the determinant of coefficients of i, 3 and k

1 -3 2
ie. |2 —4 —1|=1(4 +2) +3(=2 +3) +2(4 +12)

3 2 -1

=6+3 +32 =41 #0

U The given vectors are non-coplanar. Hence, the vectors
are linearly independent.

Example 45. If a= i+ j+k, b=4i+3]j+uk and
c= i+aj+Pk are linearly dependent vectors and

|c| =+/3, then
@a=1p=-1 b)a =13 = £1
@Qa=-1B=4=1 da==x1B=1

Sol. (d) The given vectors are linearly dependent, hence there
exist scalars x, y and z not all zero, such that

xa +yb +zc =0
ie. x(i+j+k)+y(4i +3j +4k) +2(i +oj +Bk) =0
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ie. (x+4y +2)i +(x +3y +az)j +(x +4y Pz)k =0 Trick lc|=y1+a? +p% =43
O x+4y+z:(),x+3y+az:0’x+4y+BZ:0 0 a 2& 2:2
1 4 1 11 1
For non-trivial solution |13 o =0[B = 1 * a, b and care linearly dependent, hence |4 3 4|=0
14 B ‘o
[c?=301+a® +p*=3 0 B= 1
O a 2=2p *=2-1=1 O a =1 Oa=% 1
a a==+ 1

Exercise for Session 3

10.

11.

Show that the points A(1, 3, 2),B (-2, 0, 1) and C(4, 6, 3) are collinear.
If the position vectors of the points A, B and C be a, band 3a - 2brespectively, then prove that the points A, B

and C are collinear.

The position vectors of four points P, Q, R and S are 2a + 4¢, 5a + 3+/3b + 4c¢, -24/3b + cand2a+ ¢
respectively, prove that PQ is parallel to RS.

If three points A, B and C have position vectors (1, x, 3), (3,4,7) and (y, — 2, —5), respectively and if they are
collinear, then find (x, y).

Find the condition that the three points whose position vectors, a = ai +bj +ck, b=i +cj andc=-i —j are
collinear.

Vectors a and b are non-collinear. Find for what values of x vectors ¢ =(x —2)a+band d =(2x +1)a —bare
collinear?

Let a, b, c are three vectors of which every pair is non-collinear. If the vectors a+ b and b + ¢ are collinear with ¢
and a respectively, then finda+ b +c.

Show that the vectors i —j -k, 2i +3j +k and 7i + 3j -4k are coplanar.
If the vectors 2i —j +k, i+ 2j -3k and 3i + aj +5k are coplanar, then prove thata =4.

Show that the vectors a—2b +3c, —2a +3b —4c and —b +2c are coplanar vector, where a, b,c are non-coplanar
vectors.

If a, band c are non-coplanar vectors, then prove that the four points2a+3b-c, a -2b+3c, 3a+4b -2c and
a-6b+6¢ are coplanar.



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1 The non-zero vectors a,b and c are related by
a =8b and c = —7b angle between a andc is

s T
(a) " (b) 5

(o) (d)o

Sol. (c) a and b vectors are in the same direction, b and c¢ are in
the opposite direction.
0 aand care in opposite directions.

0 Angle between a and ¢ is TL

Tt
EX. 2 A unit vector a makes an angle " with Z-axis. If

a+1i +j is a unit vector, then a is equal to

ijk ij K
a)—+-+— b) -+ ———
()2 25 ()2 G

i j.k
(c)———=+— (d) None of these

2 2 2

Sol. (c) Leta =1i +mj +nk, where [ + m® + n® =1. a makes an

angle g with Z-axis.

1 2 _1 .
0 n=—1"+m°=— (3
7% 5 @)
. .k
0 a=li+tm+—
1%

a+i+j=(1+1)i +(m +1)j +£2

Its magnitude is 1, hence (I + 1) + (m +1)* =

N | =

From Egs. (i) and (ii), we get

Am=10 1=m=-1
2 2

Hence,

Ex. 3 If the resultant of two forces of magnitudes P and Q
acting at a point at an angle of 60° is \V7Q, thenP/Q is

3
(a) 1 (b) 5
(c)2 (d) 4

Sol. (c) R*=P*+ Q% +2PQ cos 8
O (70)% = P? + Q% +2PQ cos 60°
O 70 =P* + Q* + PQ

O P?*+PQ-60* =0

0 P%+3PQ -2PQ —60* =0

0 P(P +3Q) —2Q(P +3Q) =0

0 (P =20)(P +30Q) =0

O P-20=0 or P+30=0
P

F P-20=0 0O —=2

rom Q 0

EX. 4 A vector a has the components 2p and 1 w.r.t. a

rectangular cartesian system. This system is rotated through
a certain angle about the origin in the counter clockwise
sense. If with respect to a new system, a has components

(p +1) and 1, then

(@p=0
- - =1
(c)p=-Tlorp 3

Sol. (b) We have,a =2pi + j

On rotation, let b be the vector with components (p + 1) and

1 so that,
b=(p+1)i+]
Now, la]=|b] O a®=0b?
D 4p*+1=(p+1)" +10 4p* =(p+1)°
O 2p=x(p+1) 0 3p=-1 or p=1
1
g p:—gorp:1

Ex. 5 ABC is an isosceles triangle right angled at A.
Forces of magnitude 2+/2,5 and 6 act along BC, CA and AB
respectively. The magnitude of their resultant force is

(a)4 (b) 5
() 11+24/2 (d) 30
Sol. (b) RcosB =6¢c0s0° +2+/2 cos(180° = B) +5c0s270 °
RcosB =6 —2+/2 cos B ..(i)

Rsin® =6sin0° + 2+/2s5in(180 ° — B) +5sin270 °

Cc
5 22
A 6 B

Rsin® =2+/2sinB -5 (i)
From Egs. (i) and (ii), we get
R? =36 + 8cos’ B —24+/2 cos B +8sin’ B +25 —20~/2sin B

=61 + 8 (cos’ B +sin? B) —24~/2 cosB —20~/2sin B
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~ ABC is a right angled isosceles triangle.

ie. Op0 € 45
1 1
O R?* =61 +8(1) —24+/2—— —20~/2 B= =25
1) -2z g 7
O R =5

Ex. 6 A line segment has length 63 and direction ratios
are3,— 2 and 6. The components of line vector are

(a) =27, 18,54 (b) 27, - 18,54
(c) 27, -18, —54 (d) 27, - 18, —54
Sol. (b) Let the components of line segment on axes are x, y
and z.
So, x*+y% +2% =63
Now, f = L = E =k
3 -2 6
(3k)? + (-2k)? + (6k)* =63°
63
k=t =19
7

O Components are (27, —18, 54) or (=27, 18, —54).

Ex. 7 If the vectors6i — 2] +3k, 2§ + 3j —6k and
3i + 6j - ZIA(form a triangle, then it is
(a) right angled (b) obtuse angled
(c) equilateral (d) isosceles
Sol. (b) AB = Position vectors of B Position vector of A

=i +3j —6k) —(6i —2j +3k)=-4i +5j -9k

0 | AB|=,/16 +25 +81 =122
BC =i +3j +4k
O |BC|=,/1+9 +16 =26 and AC = -3} +8j -5k
0 |AC|=498
Therefore, AB?> =122, BC? =26 and AC? =98
0 AB* + BC* =26 +122 =148
Since, AC? < AB% + BC?, therefore AABC is an obtuse angled

triangle.

Ex. 8 The pos:tlon vectors of the points A, B.and C are
(21 +J k) (3| —2; +k) and(l +4_] —3k) respectively. These
points.

(a) form an isosceles triangle
(b) form a right angled triangle
(c) are collinear

(d) form a scalene triangle

Sol. (c) =(3-2)i +(=2 -1)j +( +Dk
=i-3j+2k
BC =(1 -3)i +(4 +2)j +(3 -1k

=-2i +6j -4k

=@2-1)i +(1 -4)j +(1 +3)k

=i-3j -2k
|AB|=,1+9 +4 =14
| BC|=,/4+36 +16 =56 =214
|CA|=1+9+4 =14
So,|AB| + | AC| =|BC| and angle between AB and BC is 180°.

So, points A, B and C cannot form an isosceles triangle.

Hence, A, B and C are collinear.

Ex. 9 The position vector of a point C with respect to B is
i +_j and that of B with respect to A is i —_j The position

vector of C with respect to A is

()2 (b) 2j
©-2j (d) -2
Sol. (a) Since, position vectors of a point C with respect to B is
BC=1i+] ..(1)
Similarly, AB=1i-] ...(id)

Now, by Egs. (i) and (ii),
AC = AB +BC =2i

Ex. 10 InaAABC, if 2AC =3CB, then 20A +30B is

equal to
(a) 50C (b) -
(c)OC (d) None of these

Sol. (a) 20A+30B =2(0C + CA) +3(OC +CB)
=50C +2CA +3CB =50C (.- 2CA = -3CB)

Ex. 11 Ifa,b,c andd be the position vectors of the
points A, B, C and D respectively, referred to same origin O
such that no three of these points are collinear and
a+c=b +d, then quadrilateral ABCD is a

(b) rhombus
(d) parallelogram
atc=b+d

(a) square
(c) rectangle
Sol. (d) Given,

O ;(a+c):%(b +d)

Here, mid-points of AC and BD coincide, where AC and BD
are diagonals. In addition, we know that, diagonals of a
parallelogram bisect each other.

Hence, quadrilateral is parallelogram.

Ex. 12 P is a point on the side BC of the AABC and Q is
a point such that PQ is the resultant of AP, PB and PC.
Then, ABQC is a
(a) square
(b) rectangle
(c) parallelogram
(d) trapezium



Sol. (c) AP + PB + PC =PQ or AP + PB = PQ +CP
0 AB =CQ

Hence, it is a parallelogram.

Ex. 13 IfABCD isa pAaralAlelogAraAm czndAthe position
vectors of A, Band C are i +3j +5k, i +j +tk and7i +7j +7k,
then the position vector of D will be

(a) 71 +5j +3k (b) 7i+9j +11k
() 9i +11j +13k (d)8i+8j +8k
Sol. (b) Let position vector of D is xi + 3j + 7k, then AB = DC.
0 - 2 4k F O (5 Y} + 2k
g x=7,y=9andz =11
Hence, position vector of D will be 71 + 9 + 11k

Ex. 14 P is the point of intersection of the diagonals of
the parallelogram ABCD. If O is any point, then
OA +0OB +OC +0OD is equal to
(a) OP (b) 20P
(c) 30P (d) 40P
Sol. (d) We know that, P will be the mid-point of AC and BD.

A B
O OA + OC =20P ()
and OB + OD =20P ...(id)

On adding Egs. (i) and (ii), we get
OA + OB + OC + OD =40P

Ex. 15 IfC is the middle point of AB and P is any point

outside AB, then

(a) PA +PB =PC

(b) PA +PB =2PC

(c)PA+PB +PC =0

(d)PA +PB +2PC =0
Sol. (b) PA + PB =(PA + AC) +(PB +BC) —-(AC +BC)

=PC +PC -(AC -CB) =2PC -0
(- AC =CB)
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P B
0 PA + PB =2PC

Ex. 16 If O be the circumcentre and O' be the
orthocentre of the AABC, thenO' A+ O’ B+ O' C is equal to
@00'  (b)20'0  (c)200"  (d)0
Sol. (b) O'A=0'0 + OA
O'B=00'+ OB
O'C=00+0C
0 OA+O'B+0C=300+ OA+ OB+ OC

A
0
B ' Cc
Since, OA +0OB +0C =00'=-0'0
t O'A+O0O'B+0C=200

Ex. 17 Five points given by A, B, C, D and E are in a
plane. Three forces AC, AD and AE act at A and three forces
CB, DB andEB act B. Then, their resultant is

(2) 2AC (b) 3AB
(c)3DB (d) 2BC
Sol. (b) Points A, B,C, D and E are in a plane.
Resultant =(AC + AD + AE) +CB +BD +EB)
=(AC +CB) +(AD +DB) +(AE +EB)
=AB + AB + AB=3AB

Ex. 18 If the vectors represented by the sides AB and BC
of the regular hexagon ABCDEF be a andb, then the vector
represented by AE will be

(a2b-a (b)b-a
(c)2a-b (d)a+b
Sol. (a) As in figure, AB =a, BC = b,
So, AD =2band ED =a
E D
WAYAY
A B
Now, AE + ED = AD

O AE =AD-ED =2b —a
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Ex. 19 Ifa+b +c =0and|a|=3,|b|=5,|c| =7, then the

angle between a andb is

Tt I
(a) E (b) g
U U
(c) Z (d) g
Sol. (b)

B

Let 6 be the angle betweena and b. Then, 0G= 1= @

2 22 2
0 cos(Tt —6) 3T +5T -7
23)(3)
a —cosB = -1
2
0 8=60°="
3

Ex. 20 If a andb are the position vectors of A and B
respectively, then the position vector of a point C on AB
produced such that AC =3AB is

(a)3a-b (b)3b—a
(c)3a—2b (d)3b-2a

Sol. (d) Since, given that AC =3AB. It means that point C divides
AB externally.

Thus, AC:BC =3:2

o) C

_3b-20
3-2

Hence, oC =3b -2a

Ex. 21 Let A and B be points with position vectors a and
b with respect to the origin O. If the point C on OA is such
that 2AC =CO, CD is parallel to OB and |CD|=3|OB|, then
AD is equal to

(a)3b—% (b)3b+%
a a
(©3b=2 (#3b+

Sol. (c) Since, OA =a, OB =b and 2AC = CO

2
By section formula, OC = ga

Therefore, |CD|=3|O0B|

0 CD =3b

O OD =0C + CD :ga +3b
Hence,

2
AD =0D - 0A =5a +3b —a

1
=3b —-a
3

Ex. 22 If position vectors of a point A isa +2b and a
divides AB in the ratio 2 : 3, then the position vector of B is

(a)2a -b (b)b — 2a
(c)a —-3b (d)b
Sol. (c) If x be the position vector of B, then a divides AB in the
ratio 2 : 3.
0 a=2x+3(a+2b)
2+3
u 5a —3a —6b =2x
g x=a—3b

Ex. 23 IfD,E andF are respectively, the mid-points of
AB, AC and BC in AABC, then BE + AF is equal to

(2)DC (b)%BF
3
(c) 2BF (4~ BF
Sol. (a) BE + AF = OE -0B +OF -0OA
c
5
A . B
_0A+OC _ . OB+OC _
2 2
+
=0C —w =0C -0D =DC

Ex. 24 In a quadrilateral PQRS,PQ =a,QR =b,
SP =a —b. IfM is the mid-point of QR and X is a point of
4
SM such that, SX = gSM, then

(a)PX = PR
5

(b)PX = >PR
5

() PX = EPR

(d) None of the above



Sol. (b) If we take point P as the origin, the position vectors of Q
and S are a and b —a respectively.

In APQR, we have R
//
ST //
\\:\\\\\ K
oA
N SS
\\ /, X 7 M
X -
AN
’ \
’ N
/ N
. N
y “
// Q
4 =
P a

PR=PQ+QR [ PR=a+b
[J Position vector of R =a + b

0 PVofM:@:§,+lb§

2
4
Now, SX :ESM
4 1
0 XM =SM =SX =SM ~=SM =_sM
0 SX: XM=4:1
1
4@;+7b@+1(b ~a)
0 PVofX= 2
4+1
+
_at2b PX=§(a+b)
3
0 PX =2PR

Ex. 25 Orthocentre of an equilateral triangle ABC is the
origin O. If OA =a, OB =b, OC =c, then AB +2BC +3CA
is equal to

(a) 3¢ (b) 3a
()0 (d)3b
Sol. (b) For an equilateral triangle, centroid is the same as
orthocentre
. OA+0OB+0C _ 0
3
O OA+0B+0C =0
Now, AB+2BC +3CA

=0B-0A +20C -20B +30A -30C
=-0B +20A -OC
=-(OB+0A +0C) +30A =30A =3a

Ex. 26 Ifa,b, andc are position vector of A, B and C
respectively of AABC and if |a—b|=4,|b —c| =2,
|c — a| =3, then the distance between the centroid and
incentre of AABC is

(@) 1 !

(b) 5

2

1
(c) g (d) g
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Sol. (c) Let G be centroid and I be incenter.

|GI|_|OI_OG|_‘2a+3b+4c_a+b+c‘
B | 3|

—atc
9

3 1

9 3

Ex. 27 Let position vector of points A, B and C of trian-
8le AABC respectively be i+ j +2k, i+ Zj +k and
2i +j +k. Letl;, [, andl; be the lengths of perpendiculars

drawn from the orthocenter ‘O’ on the sides AB, BC and CA,
then(l; +1, +13) equals

2 3
(@) f (b) %
NG Ve
(c) 7 (d) ?
Sol. (¢) A(1,1,2)
2 2

c
(1,2 1) V2 @ 1,1)

Clearly, triangle formed by the given points i + j + 2k,
i+2)+ kand2i + j+ kis equilateral as AB = BC = AC =+/2.

0 Distance of orthcentre ‘O’ from the sides is equal to inradius
of the triangle.

3
A £(‘/§)2 1
—] =7 =3 == 4 -
UL =1,=1; =inradius=r =— = 3 "7
S E(‘/E) 6
3 _6
O (ll"'lz"'la)zﬁ :7

Ex. 28 ABCDEF is a regular hexagon in the XY -plane
with vertices in the anticlockwise direction. If AB = 2i, then
CDis

(a) i +3 (b)i+2]
(c) -i +33 (d) None of these
Sol. Y,
E D
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AB is along the X-axis and BD is along the Y-axis. Ex. 31 In a trapezium, the vector BC = AAD. We will then
AB=21 [ AB B& CB .. =2 find thatp = AC +BD is collinear with AD. Ifp =L AD, then
From the figure, BM = BCsin60° = 2sin60° = /3 (@ U= +1 (b) A =p +1
O BD =24/3j ()N +p=1 (dyp=2+\
BC = BCcos60°1 + BCsin60°j =1 + ﬁj Sol. (a) We have, p=AC +BD =AC +BC +CD
CD =BD -BC =2+/3] —(i ++/3j) = -1 ++/3] =AC + MAD +CD
=AAD +(AC +CD)=A AD + AD =(A +1)AD
Ex. 29 The vertices of triangle are A(1,1,2), B(4,3,1) and Therefore, p=pAD Ou=A+ 1
C(2,3,5). A vector representing the internal bisector of the o )
- Ex. 32 If the position vectors of the points A, B and C be
A s Lo P
@i+] +9k (b) 28 - 2] +k i +]j,i—jandai + bj +ck respectively, then the points A, B
Ao and C are collinear, if
(c)2i+2j+k (d) None of these (@a=b=c=1
Sol. (c) From the figure, we have . (b) a =1, b and c are arbitrary scalars
b=AC =1 +2j +3k ()a=bh=c =0
and c=AB=3i +2j +k (d)c =0,a =1and b is arbitrary scalars
A(1,1,2) Sol. (d) Here, AB = -2, BC =(a —=1)i +(b +1)j +ck
The points are collinear, then AB = k(BC)
-2j =k{(a —1)i +(b +1)j +ck}
On comparing, k(a =1) =0, k(b +1) = =2, kc =0
Hence, ¢ = 0,a =1 and b is arbitrary scalar.
B > C Ex. 33 Leta, b and ¢ be distinct non-negative numbers
4,31 2,35 N 2 S AL AL T,
( ) ( ) and the vectors ai +aj +ck, i +k, ci +cj + bk lie in a plane,
O Unit vector along the bisector of A is given by then the quadratic equation ax? +2cx +b =0 has
= btc = (1 +2) +3k) +(1 +2j ~k) (a) real and equal roots
A2 o 14 (b) real and unequal roots
_21+2j+k (c) unreal roots
Vi4 (d) both roots real and positive
U Any vector along the angle bisector of Sol. (a) ai + aqj + k,i+kandd + g+ bk are coplanar
04 21 2j k 4 a c
O 1 0 1/=00 c*-ab=0
Ex. 30 Leta =(1,1,-1),b =(5, =3, =3) andc =(3, = 1,2). If c c b
a+tb
r is collinear with c and has length | |, thenr equals For, equation ax® + 2cx + b =0

D =4c? —4ab =0

3
+ +2
(2) £3¢ (b) £ 2c So, roots are real and equal.
(c) *c (d) 3¢ - .
- ~3 Ex. 34 The number of distinct real values of N for which
Sol. (c) Let r = Ac the vectors N°i +k, i —)\3j andi +(2\ —sinA )j —Ak are
Given [r| =|Al| | coplanar is
a+b (a)o (b) 1
0 LALLM
2 (c)2 (d)3
O |61 — 2§ —4k| =2|A|3i -] +2K] Sol.()PutA=0 O X "A *+2 -sh =0
0 56 =2|A\|/14 Let fA)=A" +A* +2\ —sin\
O A=+ 1 O fA)=@A +3\* +2 —cosh ) >0, (IO R
g r=tc O  f(N\) = 0has only one real solution A = 0.



Ex. 35 The points A(2 = x,2,2), B(2,2 —y,2),
C(2,2,2 = z) and D(1, 1, 1) are coplanar, then locus of
P(x,y,z)is

1.1

@4+ +1 = b)x +y +z=1
z

1 1

(o) L +
1-x 1-y 1-z
Sol. (a) Here, AB = xi — y]

AC=x -zk; AD=(x-1)i -j -k

= 1(d) None of these

As, these vectors are coplanar

x -y 0
1 1 1
0 X 0 —z|=00 —+—+—-=1
x y z
x-1 -1 -1

Ex. 36 p=2a-3b,q=a-2b +candr=-3a +b +2c

wherea, b, ¢ being non-zero non-coplanar vectors, then the

vector —2a +3b —c is equal to

+(y +2z)c

=7q+r
(@)p-4q (b)) =1
() 2p-3q+r (d)4p-2r
Sol. (b) Let —2a +3b —c =xp +yq +zr
O - 2a& 3b & (2x y 3z)ar £ 3x 2y+ z)b
O 2x+y -3z =-2,-3x -2y +z =3
and y+2z=-1

JEE Type Solved Examples :

Chap 01 Vector Algebra

7
On solving these, we get x =0,y = g z=-

-7q +
t —2a +3b —c :M
5
Trick Check alternates one-by-one
ie. (a)p —4q =-2a +5b —4c

—7q +
) 29t~ a4 —c

29

Ex. 37 Ifa, anda, are two values of a for which the unit

a A 1A ~ ~
vector ai + bj + 5 k is linearly dependent with i + 2j and

N 11
j — 2k, then — +— is equal to
a;  a

1 -16 =11

b) ~ Z1e gl

(@1 ()8 (0 » ()16
Sol. (¢)di + b + ék =16 +2]) +m(j -2k)

1
a a:l,b:21+mandm27
° A 1A. .
ai + b +5k is unit vector

11
0 5a’-a-—=0

0 az+bz=§
4 16

a, and a, are roots of above equation
D i+i:al+a2:—g

a; a a,a, 11

More than One Correct Option Type Questions

Ex. 38 The vectori + xj +3k is rotated through an angle

0 and is doubled in magnitude. It now becomes
41 +(4x —2)j +2k. The values of x are

(a) 1 (b) '?2

4
(c)2 (d)g
Sol. (bc) Leta =i + 5 + 3k,
B=4i +(4x -2)j +2k
Given, 2|a| =|B|

0 2,10 + x* =20 + 4@2x —1)?
10 + x% =5 + (4x? —4x +1)
3x* —4x -4 =0

O O O

XxX=2 —-—
3

Ex. 39 a,b andc are three coplanar unit vectors such
that a +b +c =0. If three vectors p,q andr are parallel to

a,b and c respectively, and have integral but different magni-
tudes, then among the following options, |p +q +r| can take

a value equal to

(a) 1 (b)0 @3 (@2
Sol. (c,d) Leta,b and c lie in the XY-plane.
Leta=1b= LR L; 3,

-—1i+—jande=--1-—

2 ZJ 2 2J
Therefore, |p + q + r| =|Aa +pub +vc|

V3O, 0. ﬁ%

2 Ui,
SN AP +—j0+vF-i——
02 20 02 2

= -t - @Hf(u—m
|B -t
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=\/)\2 +u? +vE =L Ay v

L DR TR s
:%,/1 +1+4=43

O |p+ q +r|can take a value equal to +/3 and 2.

Ex. 40 A, B, C and D are four points such that
AB =m(2i —6j +2k),BC =(i -2j) and
=n(-6i +15] —SIA(). If CD intersects AB at some point E,
then

(a)mZ% (b)n23l (c)m=n (dym<n
Sol. (a, b) Let EB = p AB and CE =¢CD
Then0<pandg<1
B
D
E
C

A
Since, EB + BC + CE =0
pm(2i —6j +2k) +({ —2j) +qn(-6i +15j —3k) =0
O @pm +1 —6gn)i +(—6pm —2 +15qn)j +@2pm —6qn)k =0

g 2pm—-6gqn +1 =0,
—6pm —2 +15gn =0
2pm —6qn =0
Solving these, we get
1 1
=— and =—
" em 16
O 0<——<1 and 0< L <1
(@2m) (3n)
g m2— and n2-

Ex. 41 If non-zero vectors a andb are equally inclined to
coplanar vector c, then c can be

|a| b
(a) at+
la|+2b| |a|+[b]
bl o, lal
la|+[b]  |a]|+]|b]
©_lal ., ]
la|+2b| |a|+2b]
@bl ., lal
Ja|+[b|  2a|+[b]
Sol. (b,d) Since, a and b are equally inclined to ¢, therefore ¢ must
I]
be of the formtaa— b
IbID

bl al jala] Da
NE TR ETRMrE: At
d
T L
2al+[b| 2|a\+\b| 2al + bl |b\D
0 O
Other two vectors cannot be written in the from ¢t a |:|%
a|

Ex. 42 The vectors xi +(x +1)j +(x +2)IA(,

(x+ni(x+@j(x+aﬁmd

(x +6)i +(x +7) +(x +8)k are coplanar if x is equal to
(a)1 (b) =3 (c) 4 (d)o

Sol. (a, b, ¢, d)

A+ (x +1)] +(x +2)k, (x +3)i +(x +4)j + (x +5)k and
(x+6)i +(x +7)j +(x +8)lA( are coplanar. We have

X x+1 x+2
x+4 x+5
x+7 x+8

determinant of their coefficients as | x +3
x+6

Applying C, - C, —Cy and C3 — C3 — G, we have
x 1 2
x+3 1 2[=0. Hence, x JR.

x+6 1 2

EXx. 43 Given three vectors a,b, and c are non-zero and
non-coplanar vectors. Then which of the following are

coplanar.
(a)a+b,b+cc+a (b)a—b,b+cc+a
(c)a+b,b—cc +a (d)a+b,b+cc—a

Sol. (b,c,d) c+a=(b+c)+(a —b)
a+b=(b-c)+(c +a)
atc=(a+b) +(c —a)

So, vectors in options (b), (c) and (d) are coplanar.

Ex. 44 Ina four dlmenSIonal space where unit vectors
along the axes are i _] k and i, and a, a,,as, a, are four
non-zero vectors such that no vector can be expressed as a

linear combination of others and (A —1)(a; —a,) +
M(a, +a;) +y(a; +ta, —2a,) ta; +da, =0, then

_ L2y 22 _1
@QA=1 (bu-= 3 (v 3 (d)d 3

Sol. (a, b, d)
(A =1)(@; —a,) +U(a, +a3) +Y(as +a, —2a,)+a; +da, =0
ie. (A —Da; +(1 —A 4 —2y)a, +{t +y +1)a; +(y +Qa, =0
Since, a;, a,, a; and a, are linearly independent, we have
A=1=0,1-\ + —2y =0,

M+y+1=0 and y +0 =0
ie. A=LU =2y, u+y+1=0y +d =0
2 1 1
H A=SLu=—-—"y=—-—0 ==
ence v 3 \% 3 3



JEE Type Solved Examples :
Statement | and Il Type Questions

Directions (Ex. Nos. 45-51) This section is based on
Statement 1 and Statement 11. Select the correct answer
from the codes given below.

(a) Both Statement I and Statement II are correct and
Statement II is the correct explanation of Statement I

(b) Both Statement I and Statement II are correct but
Statement II is not the correct explanation of
Statement I

(c) Statement I is correct but Statement II is incorrect
(d) Statement II is correct but Statement I is incorrect

Ex. 45 Statement | If|a|=3,|b| =4 and|a +b| =5,
then|a —b| =5.
Statement Il The length of the diagonals of a rectangle is
the same.
Sol. (a) We have, adjacent sides of triangle |a| =3,|b| =4
The length of the diagonal is|a + b| =5
Since, it satisfies the Pythagoras theorem,a b
So, the parallelogram is a rectangle.

Hence, the length of the other diagonal is|a — b| =5.

Ex. 46 Statement!| /fla+b|=|a —b]|, thena andb
are perpendicular to each other.
Statement Il [f the diagonals of a parallelogram are equal
in magnitude, then the parallelogram is a rectangle.
Sol. (a)a + b =a —b are the diagonals of a parallelogram whose
sides are a and b.

la +b|=|a —b|
Thus, diagonals of the parallelogram have the same length.

So, the parallelogram is a rectangle, i.e.a [Ib.

Ex. 47 Statement | If ] is the incentre of AABC, then
|IBC|IA +|CA |IB +| AB|IC =0
Statement Il The position vector of centroid of AABC is
OA +0OB +OC
3

Sol. (b) We know that,
_|CB|OA +| CA|OB +| AB| OC

(0)
|[BC|+|CA|+|AB|
A + OB +
and OG:W

Ex. 48 Statement | [fuand v are unit vectors inclined
at an angle 0 and X is a unit vector bisecting the angle

Chap 01 Vector Algebra 31

u-tv

between them, then x =
2sin—
2

Statement Il [f ABC is an isosceles triangles with

AB = AC =1, then vectors representing bisector of angle A is
AB + AC

given by AB = ———.

Sol. (d) We know that the unit vector along bisector of unit

outv .
vectors u and v is —, where 0 is the angle between

2cos—
2
vectors u and v.
Also, in an isosceles AABC in which

AB = AC, the median and bisector from A must be same line.

Ex. 49 Statement | [fa=2i +k b =3j +4k and
c =Aa +Ub are coplanar, thenc = 4a —b.
Statement Il A set vectorsa,,a,,as,...,a, is said to be
linearly independent, if every relation of the form
La, +La, +La;+....H,a, =0 implies that
L=, =l; =... =L, =0 (scalar).
Sol. (b) a, b and c are coplanar c =Aa +pb A= 4andp =-1

Ex. 50 Statement | Let A(a), B(b) and C(c) be three
points such that a = 2i +k,b =3i -j +3k and
c=-1i +7j -5k, Then, OABC is a tetrahedron.

Statement Il Let A(a), B(b) and C(c) be three points such
that vectors a, b and ¢ are non-coplanar.

Then OABC is a tetrahedron.

Sol. (a) Given vectors are non-coplanar.

Hence, the answer is (a).

Ex. 51 Statement | Let a, b, c and a be the position
vectors of four points A, B, C and D and
3a —2b +5c —6d =0. Then points A, B,C and D are
coplanar.
Statement Il Three non-zero linearly dependent co-initial
vectors (PQ, PR andPS) are coplanar. Then
PQ =APR +uPS, where A and |l are scalars.

Sol. (a)
3a —2b +5¢ —6d =(2a —2b) +(5a +5¢) +(6a -6d)

=-2AB +5AC -6AD =0
Therefore, AB, AC and AD are linearly dependent.

Hence, by Statement II, Statement I is true.
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JEE Type Solved Examples :
Passage Based Questions

Passage I
(Ex. Nos. 52 to 54)

ABCD is a parallelogram. L is a point on BC which divides
BC in the ratio1:2. AL intersects BD at P. M is a point on

DC which divides DC in the ratio 1:2 and AM intersects

BD in Q.
Ex. 52 Points P divides AL in the ratio
(a)1:2 (b)1:3
(c)3:1 (d)2:1

Ex. 53 PointQ divides DB in the ratio
(@)1:2 (b)1:3
(c)3:1 (d)2:1

Ex. 54 PQ:DB is equal to

2 1
(a) g (b) g
1 3
(c) E (d) Z
Sol. (Ex. Nos. 52-54)
52. (o) D > c

1
A > B
a
BL =1b
3
1
g AL=a+-b
3
Let AP = AAL and P divides DB in the ratiopl: 1 =
Then, AP =)\a + %b
Also, AP =pa +(1 —n)b

From Egs. (i) and (ii),
Aa + %b =Ma +(1 —W)b

ad A=u
A
d Aog-
an 3 u
0 a=3
4

...(ii)

54. (b)O

53. (b) Hence, P divides AL in the ratio 3: 1and P divides DB in the

ratio 1: 3 Similarly Q divides DB in the ratio1: 3.

Thus, DQ = iDB
1
and PB =—DB
4
PQ = 1DB
2 b
ie. PQ:DB=1:2
Passage 11

(Ex. Nos. 55 to 56)

Let A, B, C, D, E represent vertices of a regular pentagon
ABCDE. Given the position vector of these vertices be
a,a +b, b, Aa and \b respectively.

AD
Ex. 55 The ratio BC is equal to

T

m 21
(a)1—cos3?n:cos3? (b)1+2cos?:cos—

Tt Tt
(c)1+2 cosg : 2cosg (d) None of these

Ex. 56 AD divides EC in the ratio

21T 3m
(a) cos? 1 (b) cos? 21

(c)1:2cosg (d)1:2

Sol. (Ex. Nos. 55-56) Given ABCDE is a regular pentagon

A B
2n/5
]
£ n/5 c
2n/5
D

Let position vector point A and C be a and b, respectively.
AD is parallel to BC and AB is parallel to EC.

Therefore,

AOCB is a parallelogram and position vector of Bisa + b.
The position vectors of E and D are Ab and Aa respectively.
Also, OA = BC = AB =0C =1 (let)



Therefore, AOCB is rhombus.

OABG= 0 AO€ S?H
and 0OAB=0 BCO %’:T 2?"
Further, OA = AE =1and OC =CD =1

Thus, AEAO and AOCD are isosceles.

In AOCD, using sine rule we get.

oc _ OD
2T T
sin—  sin—
5 5
1
ad OD = =OE
Tt
2cos—
5
0 AD=0A +0D =1 +
2cos—
5
Tt
1+ 2cos—
55 P14+ 1 - T[5
BC 2cos— 2cos—
5 5
56. () C=—t
oc 2cos§

Passage 111
(Ex. Nos. 57 to 58)

In a parallelogram OABC vectors a, b, ¢ respectively, the
position vectors of vertices A, B, C with reference to O as
origin. A point E is taken on the side BC which divides it in

the ratio of 2 :1. Also, the line segment AE intersects the

line bisecting the angle 1AOC internally at point P. If CP

when extended meets AB in point F, then

Ex. 57 The position vector of point P is
(a) la|lc| Oa +£D
e/ +2a|Hal el
3lal|c| Oa | cO
pyallel 2, ¢
® e+ 2al Ha] *jeld
2allc| Oa |, cO

[ il B el B +
© 3lc| + 2a | H:| |C|H

(d) None of the above

Ex. 58 The ratio in which F divides AB is

2la L lal

SUNEET I NEER
3a | 3e]

Olai-31e] D Sel ]
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Sol. (Ex. Nos. 57-58)

57.

58.

o Aa)
Let the position vector of A and C be a and c respectively.
Therefore,
Position vector of
B=b=a+c (1)
Also, position vector of
b +2c _a+3c
3 3
Now, point P lies on angle bisector of JAOC. Thus,

E= ...(ii)

Position vector of point
O O
P :Aaa—+£m ...(ii)
al |blO

Also, let P divides EA in ration [ : 1. Therefore, Position vector

of P
+ a +3c

_|.la 3 _(BUu+1)a+3c

u+1 3+ 1)

Comparing Egs. (iii) and (iv), we get

)\Da +£E:(3p +1)a + 3¢
ol 140 s

A 3+l d)\ 1

(V)

— = an =
lal 3|+1)  |d p+1

¥ 3Ic|-|a|:u
3|a|
¥ A 1 _ 3l
le| 3lelHal 3| +2|a]
3a|
3lajle] La O

(b) So, position vector of P is W EH + m%
(d) Let F divides 4B in ratio #:1, then position vector of F is
tb+a
t+1
Now, points C, P, F are collinear, Then, CF = mCP
fa+c) O 3jajl¢] Oa O O

——=-c=m +—l-c[
(41 Bl +2a(0al [d0 H

Comparing coefficients, we get

to_ 3¢
L bl B
t+1 3c|+2a|
-1 -3
and —=m7|a‘ ]
t+1 3lc|+2a]
3c|

el -fa
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JEE Type Solved Examples :
Matching Type Questions

Ex. 59 In the Cartesian plane, a man starts at origin and (C) The position vector of Q is given by
walks a distance of 3 units of the North-East direction and

: ] s OP + PQ = OP +OR :i(—i +7J)
reaches a point P. From P, he walks a distance of 4 units in V2

the North-West direction to reach a point Q. Construct the A
parallelogram OPQR with PO and PQ as adjacent sides. Let Q
M be the mid-point of PQ. y
3
Column I Column II 4
A. The position vector of P is P 3 2.5 R T P
72(1 +J) 4 i3
S 45°
B. The position vector of R is (@ 1., 53 45 > X
E(l J) @)
C. The position vector of M is () 242(-1 + D 3. . 1 A
S+ 9+ Bt
D. If the line OM meets the diagonal PR (s) N2, _ N2 2
. . —(1 +5j) 0 OM=
in the point T, then OT equals 3 2
Sol. A B c b _21+10j _1+5j
o A= B rC gD s N RND
(A) Let i and j be the unit vectors along OX and OY (D) Now, PT: RT =1:2
respectively. 1(OR) + 2(OP)

Therefore, OT =
Now, OP =3 and UXOP= 48 implies that cretore

3
O = (scos4s?)i + (3sind5?)j= (i +) 1if-ied +2%%g(i + j)ﬁ
- 3

(B) Again, JXOR= 138 and OR = 4 implies that

OR = (=i + j)=22(-i +J) =%ﬁ +5))
JEE Type Solved Examples :
Single Integer Answer Type Questions
Ex. 60 P and Q have position vectors a andb relative to Ex. 61 If A(,—1,-3), B(2,1, —=2) and C(=5, 2, —6) are the
the origin O and X,Y divide PQ internally and externally position vectors of the vertices of AABC. The length of the

respectively in the ratio 2 :1. Vector XY is Aa + b, then the
value of |\ + || is

Sol. (0) Since, X and Y divide PQ internally and externally in the Sol. (3) We have, AB =1 +2j + k, AC = —6i +3j -3k
+
2b aandy=2b—a 0 |AB| =+/6 and |AC|=36
Clearly, point D divides BC in the ratio AB: AC, ie.1:3

10
bisector of its internal angle at A is , then value of A is

ratio 2: 1, then X =

O XY = Position vector of y-Position vector of x

_cs + s ~ + 2~ +,: _ A
=2b-a _Zbta_4b 4 DPositionvectorofD=( 51 +2j —6k) +3(21 +) ~2k)
1+3
3 3 3
On comparing it with Aa + b, we get :l(i +5j —12]})
)\_—éand -4 . 4 )
5 andH =2 O AD:ZG +55 —12k) =i - —31}):2(4 +3)
-4 4
O T : |AD|:AD=%@

O

A= 3



Ex. 62 Let ABC be a triangle whose centroid is G,
orthocentre is H and circumcentre is the origin ‘O’. If D is
any point in the plane of the triangle such that no three of
O, A, C and D are collinear satisfying the relation
AD +BD +CH +3HG =AHD, then what is the value of the
scalar '

Sol.LHS=d-a+d —-b +h —c +3(g —h)

@+b+c)
3

=2d —2h =2(d —h) =2HD O\ =2

=2d -(@a+b +c) +3 -2h

Ex. 63 Leta,b andc be unit vectors such that
a+b —c =0. If the area of triangle formed by vectors a and
b is A, then what is the value of 16A* ?
Sol. 3) Givena+b =c¢
Now, vector c is along the diagonal of the parallelogram which
has adjacent side vectors a and b. Since, c is also a unit vector,
triangle formed by vectors a and b is an equilateral triangle.

3 3
Then, Area of triangle =§ O A°== 0 16A%*=3

Subjective Type Questions

Ex. 66 A particle in equilibrium is subjected to four

forces
. s 125 3
F, = —10k, F2=u§ri ~ 22k
3137 13
4o 124 3»
F;=v—i-—j+=k
13 137 13

and F, :W(cosei +sin9]’)

Find the values of u, v and w in terms of ©.
Sol. Since, the particle is in equilibrium.
F+FE +F +F =0

—1of<+u§ri—EA+—k§+v —i —Bj %R

+ w(cosBi +sinfj) =0

4 12 12
a @14—“ -y wcosG@ + g_—u -—v+ wsinG@
3 13 13 13
3 3 -~
+ u+—v—-10k =0
3 13
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Ex. 64 Find the least positive integral value of x for
which the angle between vectorsa = xi — 3] ~k and

b =2xi +xj ~k is acute.

Sol. (2) Leta = xi —=3j —k and b = 2xi + xj —k be the adjacent
sides of the parallelogram.
Now angle betweena and b is acute, i.e.|a + b| >|a —b|
A a a2 A o
0 pad +(x =3)j —2K >|-xd ~x +3)j

2

or 9x% + (x =3) +4 >x* +(x +3)°

or 8x%—12x +4 >0 or 2x* =3x +1 >0
1
or @2x-1)(x-1)>0 O x<50rx>1

Hence, the least positive integral value is 2.
Ex. 65 If the points a(cosa +isiny), b(cosB + i sin )

and c(cos Yy + isin y) are collinear, then the value of |z is ...
(where z =bc sin(B —Y) +casin(y — d) +absin(a +p) +31)

acosd asind 1
Sol. (3) |bcosB bsinf 1|=0
ccosy csiny 10
O besin(y —P) +asin(@ -y) +absin(p —a) =0
O |z]=3
4 4
ad TV weosB =0 (1)
13 13
12 12
- —u—-—v +wsinB =0 ...(id)
13 13
iu+iv—10 =0 ...(1i1)
13 13
130
From Eq. (iii), we get u+v = e

From Eq. (ii), we get

12
- —(u +v) +wsinB =0
13

12 130
a ——§—§+ wsinB =0
1303

40
O w = —— =40 cosec 0
sin
On substituting the value of w in Egs. (i) and (ii), we get
u—v=-130cotB

and u+tv=—o



36  Textbook of Vector & 3D Geometry

On solving, we get

65
u+ 5 —65cotO

65
v+?+65c0t9 and w =40 cosec 0

Ex. 67 Find all values of ‘N’ such that x, y, z #(0,0,0)
and(i +j +3k) x +3i =3j +k)y +(4i +5))z
=A(xi +yj + zIA(), where i, andk are unit vectors along the
coordinate axes.
Sol. Here,
(G+j+3k)x +31 -3j +k)y +(~4i +5))z =A(d +)j +zk)
On comparing the coefficients of 1, j and k, we get

x+3y —4z =Ax

a 1-MN)x+3y —4z =0 (1)
x =3y +5z =Ay
ad x=@B+A)y +5z =0 ...(ii)
3x+y =Nz
g 3x+y —-Az =0 ...(iii)
The Egs. (i), (ii) and (iii) will have a non-trivial solution, if
1-A 3 -4
1 —-B3+A) 5|=0
3 1 -\

O (x,y,2)#(0,0,0)A = 0]
O@=MNAB+A) -5 -3{A —15} —4{1 +3Q +3)} =0
0 (1 = MAZ+3\ =5} =3{A —15} —4{3\ +10} =0
0 AR 2x =0
N AN 242 +1)=0
O AA +1)2 =0
g A= 0 or A=-1

Ex. 68 If G is the centroid of the AABC and if G' is the
centroid of another AA' B' C', then prove that
AA"+ BB+ CC' =3G(G' .

Sol. Here,
G is centroid of AABC and G is centroid of AA’' B C, shown as
in figure.
Clearly, AA'= AG+GG'+ G A (polygon law)

BB =BG+ GG + G'B
CC=CG+CG' +GC

On adding these
AA'+ BB + CC =3GG + (AG + BG + CG)
+HG'A'+GB+GC)
=3GG' + (AG +2DG) + (G'A’ + 2G'D )
(using AD and A' D' as the medians of AABC and
AA' B C, respectively)

=3GG' + (AG+ GA) +G'A'+ A'G
=3GG'+0+0
[0 AA'+ BB + CC =3GG
Aliter
We know by triangle law
AA'= 0A' - OA
BB = OB - OB
CC'=0C - 0C
O AA'"+BB +CC=(0A+ OB+ OC)
-(0OA + OB +0C)
=30G' -30G' =3GG'

Ex. 69 IfD,E andF are the mid-points of the sides

BC, CA and AB, respectively of a AABC and O is any point,
show that

(i) AD +BE +CF =0
(ii) OE +OF +DO =0A

2 1 1
(iii) AD +=BE +—CF =—AC
3 3 2

Sol. Consider the point O as origin, we have,

B(b)

D(d)

(i) AD+BE + CF = =(d —a) +(e -b) +(f —¢)
=(d+e+f) —(a+b +c) =0
a AD+BE+CF =0
(i) Here, OE + OF + OD =e +f —d
c+ta at+tb b+ec
= + - =
2 2 2
O OE + OF + OD =0A

[using Eq. (i)]

a=0A

(ifi) Here, AD + gBE + %CF = -a) +§(e ~b) +%(f o)

b+c 2[kc+a 1[a+b
= —a+f¥——b§+f ?——c@
2 3 2 3 2




1 1 1
=-——at-c=—-(c—a
2 2 2( )
1
=-AC
2

2 1 1
AD + -BE + -CF =-AC
3 3 2

Ex. 70 If A andB be two vectors and k be any scalar
quantity greater than zero, then prove that

1

A+BF <(+KIAF [+ B
2 1 2

Sol. We know, (1 + k)| AJ* + Q. +kEB|

1
=|A" + Kl A"+ |BJ’ +;\B|2 (1)

1
Also, kAP + %|B|2 22§|A|2%|B|2§2 =9AlIB ..(ii)

(since, Arithmetic mean = Geometric mean)
1
So.(1 + KIAF + [ +-]B[* 2| A +|B’ +2A| OB

=( Al +|B)*
And also,|A| + |B| 2| A +B|

[using Egs. (i) and (ii)]
Hence, (1 + k)|A|2+§ + %QBV >|A + B

Ex. 71 IfO is the circumcentre and O’ the orthocenter of
AABC prove that

(i) SA+SB +SC =3SG, where S is any point in the plane
of AABC.

(i) OA+0B +0C =00’
(i) O'A+0'B+0'C=20'0
(iv) AO'+0'B+0'C= AP
where, AP is diameter of the circumcircle.

Sol. Let G be the centroid of AABC, first we shall show that
circumcentre O, orthocenter O and centroid G are collinear
and O G =20G.

Let AL and BM be perpendiculars on the sides BC and CA,
respectively. Let AD be the median and OD be the
perpendicular from O on side BC. If R is the circumradius of
circumcircle of AABC, then OB = OC =R.

In AOBD, we have OD = Rcos A ...(1)
In AABM, AM = ABcosA =ccosA ..(ii)
Form AAO' M, AO' = AMsec(90° — C)
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=ccosA cosec C
c

[¢os A =2RcosA

a b c
Q" = = = ZRQ
sinA sinB sinC

.. (ii)

sinC

AO =2(0D)

Now, AAGO' and AOGD are similar.

- 06 _Gb_op _1
OG GA A0 2

O 206=0'G

(i) We have, SA + SB + SC =SA +(SB +SC)
=SA +2SD (" D is the mid-point of BC)
=(1 +2)SG =38G

(ii) On replacing S by O in Eq. (i), we get

OA + OB + OC =30G

=20G + 0G =GO' + 0G
=0G + GO' =00’

(i) 0OA+ OB+ OC=30G

[using Eq. (iii)]

[from Eq. (i)]

=200G+O0'G
=20'G + 2GO (- 20G = 0'G)
=20'0
(ivyAO+O'B+ O'C=2A0+ (OA+ OB+ OC)
=2A0' +200 [From Eq. (iii)]

=2(A0' + 0'0)=2A0 = AP
(.- AO is the circumradius of AABC)

Ex. 72 Ifc =3a +4b and 2c = a —3b, show that,

(i) c and a have the same direction and |c|>|a]|.
(ii) ¢ and b have opposite direction and|c|>|b]|.
Sol. We have,
c=3a +4band2c=a-3b

0 23Ba+4b)=a-3b
O 5a = —11b
11 5
O a=——b and b=-—a
5 11
. 5 . 5
(1) c=3a+4b=3a + 4@‘*3@ E,[sulg b= _7a§
11 11
20 13
=3a—-——a=—a
11 11
which shows that ¢ and a have the same direction.
13
Andc=—a
13
0 lcl=—la] O [c[>|a]
11

11
(if) We have, c =3a + 4banda = —?b

c :3§2b§+ 4b=-3p +ab
5 5

13
c=—-—b
5
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This shows c and b have opposite directions.

Also, lc| =

13
b
5

13
=5 bl 0 lel>[b]

Ex. 73 A transversal cuts the sides OL, OM and diagonal

ON of a parallelogram at A, B and C respectively.

oL OM ON
Prove that — + —

OA OB OC
Sol. We have,

ON =OL +LN =0OL +OM
Let OL = xOA, OM =y OB
and ON =z0C

So, |OL|=x|OA|,|OM| =y|0OB| and |ON|=2zOC|
OL oM ON
0 xX=—,y = andz = —
OA OB ocC
UFrom Egs. (i) and (ii), we have
M N
/////
Bl
O A, L

z0C = xOA +yOB
O xOA+yOB-zOC =0

[OPoints A, B and C are collinear, the sum of the coefficients of

their PV must be zero.

g x+y-z=0
. OL A OM _ON
ie. —t —=—

OA OB OC

Ex. 74 IfD,E and F be three points on the sides BC, CA

and AB, respectively of a AABC. such that the points D, E
and F are collinear then prove that — E% GA— =1

(Menelau’s theorem)

Sol. Here, D, E and F be the points on the sides BC,CA and AB

respectively of AABC. Such that points D, E and F are
collinear, be Shawn as the adjoining figuece.

Let B as the origin, BA =aand BC = ¢
Then, BF = ka and BD =lc

where, k and [ are scalars.

O @=l and E=k (1)
BC BA
ie. BC:BD=1:1
0 BC_ _1_ g DC_1-1
BD I BD 1
. BD_ L . BA_1
DC 1-1 BF k
0 l—%:l—l O ﬁzik_l (Il)
BF k BF k
Now, let E divide the line AC in the ratio of x: y
EED BF
xc+ya * ty=-
So, that BE = ya__ |1 k ...(iii)
xty xty
O BE-— > BD-—2 PBF=
I(x+y) k(x + )
Since, D, E and F are collinear.
Sum of coefficients must be zero.
Hence, 1 - d - Y =
lx+y) Kx+y)
X _Yy x .Y
O x+y)-—-==00 x+y=—+=
(x+y) T % yET
1 k
" B-HoR-Ho 7888
sl YHk
0 ELENTAT dut G
-1 x k
BD (CE
O —Dc—gg=l using Egs. (i), (ii) and (iii
D "4 TR [using Egs. (i), (ii) and (iii)]

Ex. 75 Let A(t) = f,(i)i + f,(t)] and

B(t) =gi(t)i +8,(1)jt0[0,1]. where f,, f,., g, and g, are
continuous functions. Then show that A(t) and B(t) are
parallel for some t.

Sol. If A(t) and B(t) are non-zero vectors for all ¢
and A(0) =2i +3j, A(1) =6i +2j, B(0) =3i +2j,
and B(1) =21 + 6.
In order to prove that A(t) and B(t) are parallel vectors for
some values of t. It is sufficient to show that A(t) = AB(t) for

some A.
o LA+ HO3 = Ma®i + g0}
i fit) =Agit and fot) = Agy(t)
AO) _ &
) &)
- Fi®)got) — folt)git =0 for some ¢ [1[0, 1]
Let ) = fit)ga(t) = fo(t)ga(t), ¢ D0, 1]

Since, f;, f2, g and g, are continuous functions.
[F(¢) is also a continuous function.
Also,  f(0) = £1(0)g2(0) — £1(0)f(0)
=2x2-3x3=4-9 =
) = il)g(1) — &) f>(1)

=5 <0
and fa



=6 X6 —2 X2 =32 >0

Thus, F(t) is a continuous function on [0, 1] such that
F(0)[F(1) <o.

UBy intermediate value theorem, there exists some t [1(0, 1)

such that
fey=o0
0 f[i(0)gt) = folt)git =0
u A(t) = AB(t) for some A.

Hence, A(t) and B(t) are parallel vectors.

Ex. 76 Prove that ifcosa #1,cosP Z1andcosy %1, then
the vectors a = i cos O +j +IA(, b =i +jcos[3 +IA(,
c=i+] +kcos Y can never be coplanar.

Sol. Suppose that, a, b and ¢ are coplanar.

cosal 1 1
ad 1 cosp 1 [=0
1 1 cos

On applying R, - R, —RjandR; - Ry - R,

cosa 1 1
ad 1-cosa cosP -1 0 =0
1-cosQ 0 cosy —1

0 cosa(cosB —1) (cosy —=1) —(1 —cosa)(cosy —1)
—(1 —cosa)(cosP —1) =0
On dividing throughout by (1 — cosa )(1 — cosP)(1 — cosy), we

get
cosa 1 1
+ + =0
1—cosd 1-cosp 1-cosy
- +
O —1 —cosa) +1 + 1o, 1 _
1-cosa 1—cosf 1-cosy
1 1 1
-1+ + + =
(1-cosa) (1—cosB) (1-cosy)
1 1 1
+ + =
1—cosd 1-cosp 1-cosy
a
a coseczz + coseczg + coseczg =2, which is not possible.
a
As, cosec?— > 1, cosec? E >1
2 2
and coseczg >1

-+ They cannot be coplanar.

Ex. 77 If the vectors xi + j +k i +yj +k and i +] + zk
are coplanar where,x #1, y #1and z #1, then prove that

1 1 1
+ + =1
1-x 1-y 1-z
Sol. The vectors are coplanar, if we can find two scalars A and [t
such that

(d+j+k) =N+ +k) +p(i +] +zk)
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O X=AN+U,1=Ay +4,1 =N +lz
O x=)\+u,y:1_p,z=—l_}\
u
O 1-x=1-A-p1-y Aire
A
-1+
l—zziM L*A
u
SRS SRS RIS SRS Y S
1-x 1-y 1-z 1-A-pg A+p-1 A+p-1
et S
A+u -1
0 1 + 1 + 1 =1
1-x 1-y 1-z
Aliter
Thus, above problem could also be solved as
x 1 1 x—1 0 1-z
1 y =00 | 0 y-1 1-2z[=0
1 1 z 1 1 z
(using R, - R, —Rsand R, -» R, — Ry3)
1 0 -1
Ox-1)(y -1)(z —-1)] 0 1 -1|=0
-1 -1 -z
‘1—x 1-y 1-z
Ehsin R LR R LR R LRE
U & x-1 ° y-1 2T -1
1 1 z
- @+ (-1 - 1=0
( ( (
1-x)  (1-y) (1-2)
(expanding along R;)
. -1 1 (-2
i-x (-y) (-2
0 1 + 1 . 1 -1
1-x 1-y 1-z

Ex. 78 Ifa,b andc be any three non-coplanar vectors,
then prove that the points l,a + mb +n;c, [,a + m,b +n,c,
l;a +m3b +n;candl,a + myb +n,c are coplanar, if

L my np 1
L my, n, 1
=0
[3 m;y ns 1
l, my n4, 1
Sol. We know that, four points having position vectors, a,b, ¢ and
d are coplanar, if there exists scalars x, y, z and t such that
xa+yb+zc+td =0 where,x+y+z +t=0
So, the given points will be coplanar, if there exists scalars
X, y, z and t such that
x(ha + mb + nic) +y(l,a + myb +nyc) +z(lsa +mzb +nsc)
+ t(l,a + myb +n,c) =0
where, x+y +z +t =0
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O (hx + Ly + 1z +1,t)a +(mx +myy +myz +myt)b

+ (mx + nyy +nsz +nyt)c =0

Now, if A, B and C are collinear points, then AB and AC are in
the same line and BC = A (AC)

where, x+y+z+t=0 O (r; —1,) =A(r, - 1)
Lx + Ly + Lz +1,t =0 () O L=-Ap+(A+1)r,
mx + myy + msz +myt =0 (i) O ;= —Ar + mr,
mx + nyy +nsz +ngt =0 ...(iii) where, I=-Aandm=A+1
and x+ty+z+t=0 (iv) O I+m=—-A+(A+1) =1

Eliminating x, y, z and ¢ from above equations, we get
L L Lo

m.omp; ms my

Ex. 80 Show that points with position vectors
a—2b +3c,—2a +3b —c and 4a —7b +7c are collinear. It is

=0 given that vectors a,b and ¢ and non-coplanar.
n o n, n3 n
11 12 13 14 Sol. The three points are collinear, if we can find A, A, and A,
such that

A(@—-2b+3c)+ A, (—2a+3b —c) + Ay

(4a—-7b +7¢c) =0withA; + A, + A5=0

On equating the coefficients a, b and c separately to zero, we
get A\ —2A,+ 4A3=0,—2A; + 3A, —7A;=0and

3A —A,+7h3 =0

On solving we get Ay = —2,A, =1, A3 =1

Sothat, A, + A, + A3 =0

Ex. 79 Ifr,,r, andry are the position vectors of three
collinear points and scalars [ and m exists such that
r; =l r, +mr,, then show that[+m =1.

Sol. Let A, B and C be the three points whose position vectors
referred to O are 1;, I, and I3, respectively.

AB=OB -OA =1, -1,
BC =OC -OB =, -1,

Hence, the given vectors are collinear.



Vector Algebra Exercise 1:

~ Single Option Correct Type Questions

.Ifa=3i-2j+kb =2i -4j -3kand ¢ = i +2j +2k,
thena +b +cis
(a)31 - 4j
(c) 41 - 4]

(b) 31 + 4]
(d) 41 + 4j

. What should be added in vectora =3i + 43 -2k to get
its resultant a unit vector i ?

(a) —2i —4j +2k (b) —2i +4j -2k

(c)2i + 4j - 2k (d) None of these

. Ifa=2i +j ~gkand b=i + 3} ~ 4k, then the magnitude
of a + b is equal to

13
(a) 13 ®)

3 4
(b) 5 (d) 5

 Ifa=2i+ 53 and b=2i - j , then the unit vector along
a + b will be
i i)

(a) J; b)i+]
(© V2 +3) mﬂéj

. The unit vector parallel to the resultant vector of
2i +4j—-5kandi+2j+3kis

(a) %(3% +6j -2Kk)

. Ifa=i +2} +3k,b=-i +2} +kand c=3i +j , then the
unit vector along its resultant is
31 +5]§ + 4k

31 + 5] + 4k b
(a)31 +55 + (b) 0
(c) % (d) None of these
. Ifa =(2,5)and b =(1, 4), then the vector parallel to
(a+ b)is
(a) (3. 5) (b) (1, 1)
(o) (1,3) (d) (8, 5)

. In the AABC, AB =a, AC=cand BC=b, then
(a)a+b+c=0 (b)a+b-c=0
(cca—-b+c=0 (d-a+b+c=0

10.

11.

12.

13.

14.

15.

16.

. If O is the origin and the position vector of A is 4i+ 5} ,
then a unit vector parallel to OA is
4 , 5 %
4. by 23
(a) Ja1! (b) Ja1!
1 2 A 1 » A
—(41 +5j d) —(41 -5
(C)JH(I J) ()JH(I J)

The position vectors of the points A, Band C are

i+ 23 -k i+ j +kand2i + 3} +2k, respectively. If A is
chosen as the origin, then the position vectors of B and
C are
()i+2ki+]j+3k
(0)-j+2k i-j+3k

(b)j+2k i+j+3k
(d)-j+2ki+j+3k
The position vectors of P and Q are 5i+ 43 +ak and

-i+ 2} - 21A(, respectively. If the distance between them
is 7, then the value of a will be

(2) -5, 1 (b)5, 1

(€) 0,5 (d)10

If position vector of points A, Band C are respectively ;j
and k and AB = CX , then position vector of point X is
(@)-i+j+k (b)i-j+k

(i+j-k di+j+k

The position vectors of A and B are 2i - 93 -4k and

6i - 33 +8k respectively, then the magnitude of AB is
(b) 12

(d) 14

If the position vectors of P and Q are (i + 3} - 7IA() and
(5i - 2j + 4k), then | PQ| is

(a) V158 (b) /160

(c) V161 (d) V162

If the position vectors of P and Q are i+ 23 -7k and

5i - 33 +4k respectively, the cosine of the angle between
PQ and Z-axis is

4 11
() ﬁ (b) ﬁ

5 -5
(c) ﬁ (d) ﬁ

If the position vectors of A and B are i+ 33 -7k and
51 — 23 + 4k, then the direction cosine of AB along Y-axis

1S

4 5
(a) m (b) _1762

@ 11
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17.

18.

19.

20.

21.

22,

23.
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The direction cosines of vector a = 3i + 43 +5Kk in the

direction of positive axis of X, is

@ )

© @ -

The direction cosines of the vector 3i — 43' +5k are
OEEE Y

The point having position vectors 2 + 33 + 4]A(,
30+ 4} +2k and 4i + 2} +3Kk are the vertices of
(a) right angled triangle

(b) isosceles triangle

(c) equilateral triangle
(d) collinear

If the position vectors of the vertices A, Band C of a
AABC are7j + 10k, —i +6j +6k and — 4i +9j +6k,
respectively. The triangle is

(a) equilateral

(b) isosceles

(c) scalene

(d) right angled and isosceles also

If a, b and c are the position vectors of the vertices A, B
and C of the AABC, then the centroid of AABC is

at+b+c 1 b+c¢

@ "= O
b+c atb+c
(c)a+ (d)f

If in the given figure, OA =a,OB =b and AP: PB=m:n,
then OP is equal to

A P B
O
+ +
am e
(c) ma — nb (d) M2 =nb
m-—n

If a and bare position vector of two points A, Band C

divides ABin ratio 2: 1, then position vector of C is

a+2b 2a+ b
(a) 3 (b) 3

a+2 a+b
(c) 3 (d) .

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

The position vector of the points which divides
internally in the ratio 2 : 3 the join of the points 2a —3b
and 3a —2b, is

12 13 12 13
a)—a+—D>b b)—a-—b>b
(a) 5 5 (b) 5 5

3 2
(c)ga —gb (d) None of these

If O is origin and C is the mid-point of A (2, —1) and
B(—4,3). Then, value of OCis

@i+5 0i-j

(0)-i+] (d)-1-)J

If the position vectors of the points A and B are

i+ 3} ~kand3i- 3 — 3k, then what will be the position
vector of the mid-point of AB

@@)i+2j-k (b)2i +j -2k

(0)2i+j-k (di+]j-2k

The position vectors of A and B are j - 3 +2k and

3i - 3 +3k. The position vector of the middle point of
the line ABis

1, 14 ~ a A ~
@ i j+k b)2i-j+2k

\HRS;

(d) None of these

If the vector bis collinear with the vector a = (24/2, —1, 4)
and | b| = 10, then
(aaxb=0
(c)2a+b=0

(byax2b=0
(d) None of these
If a =(1,—1) and b=(—2,m) are two collinear vectors,

then m is equal to
(a) 4
(c)2

The points with position vectors 10i + 33, 12i - 53 and

() 3
(d)o

ai + 113 are collinear, if a is equal to

()-8 (b) 4

()8 ) 12

The vectors i + 23 +3k, Ai + 43 +7k , - 3i - 2} 5k are

collinear, if A is equal to

(a)3 (b) 4

(©)5 (d)6

If the points a +b,a —b and a + kb be collinear, then k is
equal to

(@0 (b) 2

(c) -2 (d) Any real number

If the position vectors of A, B, C and D are

2 + 3 i- 3}, 30+ 23 andi + )\j’ respectively and AB ||CD,
then A will be
(a) -8

(c)8

(b) =6
d) 6



34.

35.

36.

37.

38.

39.

40.

41.

42.

If the vectors 3i + 2} ~kand6i - 4x_Aj + ylA( are parallel,
then the value of x and y will be

(2) -1, -2 (b)1, -2

(¢)-1,2 (d)1,2

If aand b are two non-collinear vectors and xa + yb =0
(a) x = 0, but y is not necessarily zero

(b) y =0, but x is not necessarily zero

(c)x=0,y=0

(d) None of the above

Four non-zero vectors will always be
(a) linearly dependent

(b) linearly independent

(c) either (a) or (b)

(d) None of the above

The vectors a, b and a + b are
(a) collinear

(c) non-coplanar
If (x,y,z) % (0,0,0) and(i + 3 +31A<)x +(3£ —3} +1A()y
+(- 4i +53)z = 7\(xi +yj +2zk), then the value of A
will be
(a)—20
(c)-1,0

(b) coplanar
(d) None of these

(b) 0, -2

(do, -1

The number of integral values of p for which

(p +1)i—3j +pi, pi +(p +1)j -3k and

-3i+ p} +(p +1)IA< are linearly dependent vectors is

(a) 0 ) 1

(©)2 (d)3

The vectors AB = 3i + 4k and AC =5i — 23 + 4k are the
sides of a AABC. The length of the median through A is

(a) V18 (b) 72
()33 (d) V288

In the figure, a vectors x satisfies the equation x —w =v.

Then, x is equal to

A
a c
B—w D v C
(a)2a+b+c (b)a+2b +c¢
(c)a+b +2¢ (d)a+b+c

Vectorsa = i +2} +3k, b =2i —j +kand ¢ =3i +j +4k
are so placed that the end point of one vector is the
starting point of the next vector. Then the vectors are
(a) not coplanar

(b) coplanar but cannot form a triangle

(c) coplanar and form a triangle

(d) coplanar and can form a right angled triangle

43.

4.

45.

46.

47.

48.

49.

50.

51.
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If OP =8 and OP makes angles 45° and 60° with OX-axis
and OY-axis respectively, then OP is equal to
(a)8(2i +j = k) (b) 421 +j + k)

© i(ﬁi +j £k (d)%(ﬁi +3 £k

Let a, b and c be three units vectors such that

3a +4b +5¢ =0. Then which of the following statements
is true?

(a) a is parallel to b

(b) a is perpendicular to b

(c) a is neither parallel nor perpendicular to b

(d) None of the above

A, B,C, D and E are five coplanar points, then

DA+ DB + DC + AE +BE +CEis equal to
(a) DE (b) 3DE
(c) 2DE (d) 4ED

If the vectors a and b are linearly independent satisfying
(\/3tanB+1)a +(+/3secB-2) b =0, then the most
general value of B are

(a)nn—g,n 0z (b)ZnTEi%T,n 0z

11
© nﬂig,n 0z (d)2nT[+TT[,n 0z

The unit vector bisecting OY and OZ is

i+j+k j-k
(21)7\/g (b) 7%

4k -j+k
(C)T (d) «/5

A line passes through the points whose position vectors
are i+ j—2k and i —3j + k. The position vector of a
point on it at unit distance from the first point is

(a)%(Si +5-7k) (b)%(zﬁ +95 - 15K)

(© G - 4j +3k) (d) %(i ~ 4j +3k)
If D, E and F are the middle points of the sides BC,CA
and AB of the AABC, then AD + BE +CF is

(a) a zero vector
(c)0

(b) a unit vector
(d) None of these

If P and Q are the middle points of the sides BC and CD
of the parallelogram ABCD, then AP + AQ is equal to

(a) AC (b) %AC
2 3
(b) gAC (d) 5Ac

The figure formed by the four points i+ 3 -k 2i +3j ,
3 +53 -2k and k —jis
(a) rectangle

(c) trapezium

(b) parallelogram
(d) None of these
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52

53.

54

5.

56.

57.

58.

59.

60.
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. A and Bare two points. The position vector of A is
6b—2a. A point P divides the line ABin the ratio 1: 2. If
a — bis the position vector of P, then the position vector
of Bis given by
(a)7a —15b
(b)7a + 15b
(c)15a =7b
(d) 152 + 7b

If three points A, Band C are collinear, whose position
vectors are i- 23 - 81A(, SE -2k and 113 + 3_Aj + 71A<
respectively, then the ratio in which B divides AC is

(@)1:2 (b)2:3
(c)2:1 d1:1

If in a triangle, AB =a, AC =b and D, E are the
mid-points of ABand AC respectively, then DEis equal

b a b a
Oy @372

If ABCD is parallelogram, AB = 2 + 43 -5k and

AD = ; + 2} + 31A(, then the unit vectors in the direction of

BD is

(@;%;G+zj—sﬁ) w>é;i+zj—sﬁ>
1 ’.‘_ kel & i_’.‘_ e} &

(C)E(—l 2j +8k) (d)69( i-2j+8k)

If A, Band C are the vertices of a triangle whose position

vectors are a, b and c and G is the centroid of the AABC,
then GA + GB + GCis

(@) 0 (b)A+B+C
at+tb+c at+tb-c
£ 2" HE— ==
- &=
If ABCDEF is regular hexagon, then AD + EB + FCis
equal to
(2) 0 (b) 2AB
(c)3AB (d) 4 AB

ABCDE is a pentagon. Forces AB, AE, DCand ED act at
a point. Which force should be added to this system to
make the resultant 2AC?

(a) AC (b) AD

(c) BC (d) BD

If ABCDEF is a regular hexagon and

AB+AC+AD+ AE+ AF =AAD, then A is equal to

(a)2 (b)3

(c) 4 (d)6

Let us define the length of a vector ai + bj +ck as
|a|+|b| +]|c| This definition coincides with the usual
definition of length of a vector ai + bj + ck if and only if

61.

62.

63.

64.

65.

66.

67.

68.

(@Qa=b=c=0

(b) any two of a,b and c are zero
(c) any one of a,b and c is zero
(dya+b+c=0

If aand b are two non-zero and non-collinear vectors,
thena+ b anda — b are

(a) linearly dependent vectors

(b) linearly independent vectors

(c) linearly dependent and independent vectors

(d) None of the above

If|a +b|<|a —b]|, then the angle between a and b can

lie in the interval.
(a) (-T/2, TU2)
(c) (11/2, 3102)

(b) (0, M)
(d) (0, 2mm)
The magnitudes of mutually perpendicular forces a, b

and care 2, 10 and 11 respectively. Then the magnitude
of its resultant is
(a) 12

(c)9

Ifi- 33 + k bisects the angle between a and — i+ 2} +2k,

(b) 15
(d) None of these

where a is a unit vector, then
(a)a = é(ui +88j — 40k)
(b)a = %(411 +88j + 40k)
(c)a = é(—m +88j —40Kk)
(d)a = é(m -88j - 40k)

Let a = i be a vector which makes an angle of 120° with a

unit vector b. Then, the unit vector (a + b) is

@—§+§3 wr%¥+§
@§+§3 (®§%§

Given three vectorsa = 6i - 33, b =2i —63 and
c= —Zi +213 such that a = a + b + c. Then, the resolution

of the vector 0 into components with respect to a and b

is given by
(a)3a—2b (b)3b —2a
(c) 2a —3b (d)a-2b

‘I’ is the incentre of AABC whose corresponding sides
are a, b, c respectively. aIA + b IB +c ICis always equal to
(a) 0 (b)(@a+b+c)BC

(c)@@+b+c)AC (d)(a+b+c)AB

If x and y are two non-collinear vectors and ABC is a

triangle with side lengths a, b and ¢ satisfying (20a — 15b)x
+(15b —12¢)y +(12¢ —20a)(x Xy) =0, then AABC is

(a) an acute angled triangle (b) an obtuse angled triangle

(c) a right angled triangle (d) a scalene triangle
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70.
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73.

74.

75.

If x and y are two non-collinear vectors and a,b and c

represent the sides of a AABC satisfying

(a=b)x +(b—c)y +(c —a)(x Xy) =0, then AABC is
(where x Xy is perpendicular to the plane of x and y)
(a) an acute angled triangle

(b) an obtuse angled triangle

(c) a right angled triangle

(d) a scalene triangle

If the resultant of two forces is of magnitude P and equal
to one of them and perpendicular to it, then the other

force is
(2) P2
(c) P\3

(b) P
(d) None of these

If b is a vector whose initial point divides the join of 51
and 53 in the ratio k : 1 and whose terminal point in the
origin and | b |< +/37, then k lies in the interval

(a)[-6, —1/6] (b) [0, —6] OF 1/60 ]
(¢)[0,6] (d) None of these

If4j+7j +81A(, 2i+33 + 4k and 2i +53 +7k are the
position vectors of the vertices A, Band C respectively

of AABC. The position vector of the point where the
bisector of JA meets BC is

(a) %(61 +13§ +18k) (b) 2(61 +12j - 8k)

(© ;-6 =8} ~9k) (@ (-6t ~12) + 80
Ifa and b are two unit vectors and 8 is the angle
between them, then the unit vector along the angular
bisector of a and b will be given by

a—-b a+b
(a) —— _

2cos(0/2) 2cos(0/2)
a—b

c)——— (d) None of these
cos (0/2)

A, B,C and D have position vectors a, b, cand d,
respectively, such thata —b =2(d —c). Then,
(a) AB and CD bisect each other

(b) BD and AC bisect each other

(¢) AB and CD trisect each other

(d) BD and AC trisect each other

On the xy plane where O is the origin, given points,
A(1,0), B(0,1) and C(1, 1). Let P, Q and R be moving point
on the line OA, OB, OC respectively such that

OP = 45t(0A), OQ =60t(OB), OR = (1 —¢)(OC) with

t > 0.1f the three points P, Q and R are collinear, then the
value of t is equal to

1 7
a) — b) —
()106 ()187
1
c) — d) None of these
()100 (d)

76.

77.

78.

79.

80.
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82.
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If a, b and c are three non-coplanar vectors such that
a+b+c=0dand b+c+d =Pa, thena+ b+c¢ +dis

equal to

(@) 0 (b) aa

(c)Bb (d) (@ +pB)e

The position vectors of the points P and Q with respect

to the origin O area = i +3j ~2kand b =3i —j -2k,
respectively. If M is a point on PQ, such that OM is the
bisector of POQ, then OM is

(@2Gi-j+k) (b)2i +j -2k

(©2(-i +j -k (b)2(i+j+k)

ABCD is a quadrilateral. E is the point of intersection of

the line joining the mid-points of the opposite sides. If O
is any point and OA + OB +OC +OD =xOE, then x is

equal to

(@)3 (b)9

(c)7 (d) 4

In the AOAB, M is the mid-point of AB, C is a point on

OM, such that 20C = CM. X is a point on the side OB
such that OX = 2XB. The line XC is produced to meet

OA inY. Then, g is equal to
YA

()

(c)

N |W W |-

Points X and Y are taken on the sides QR and RS,
respectively of a parallelogram PQRS, so that QX = 4XR
and RY = 4YS. The line XY cuts the line PR at Z.

Then, PZ is

21 16
—PR b) —PR
(a) " (b) =
(c) %PR (d) None of these
Find the value of A so that the points P, Q, Rand S on the

sides OA, OB, OC and AB, respectively, of a regular
tetrahedron OABC are coplanar. It is given that

OP _1 00 _1 OR _1 oS _
—=—,—==-,—=and— =A.

OA 3 OB 2 0C 3 AB

(a))\:% B A = -1

(c)A=0 (d) for no value of A
OABCDE is a regular hexagon of side 2 units in the

XY-plane. O being the origin and OA taken along the
X-axis. A point P is taken on a line parallel to Z-axis
through the centre of the hexagon at a distance of

3 units from O. Then, the vector AP is

(a) -1 +3j + 5Kk (b) i-+3]+5k

() —i++3]j+5k @) i++3j+5Kk
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Vector Algebra Exercise 2 :
~ More than One Option Correct Type Questions

83. If the vectors i — j, j + k and a form a triangle, then a () 1(3; +6j —2k) M) 1ei - 6] —2k)
may be ’ 1 ’ 1
(a) - i —Al} ) (b) 1 -2j-k () E(i +2j +8k) (d ﬁ(_i -2j +8k)
(©2j+j+k (d1+k

87. 1If A(—4,0,3) and B(14, 2, —5), then which one of the

following points lie on the bisector of the angle between
OA and OB (O is the origin of reference)?

84. If the resultant of three forces
p1 +3J -k, F, =6i —kandF3 =-5i+j+2k

actmg on a particle has a magnitude equal to 5 units, (a) (2,2, 4) (b) (2,11,5)
then the value of p is (c) (=3, =3, =6) d)@12)
(a) =6 (b) —4 Lt At I .
© 2 (d) 4 88. If pointi + j,i — jand pi + qj+ rk are collinear, then
(@) p=1 (byr=0
85. Let ABCbe a tr1angle the position vectors of whose () g OR (d) g #1
vertices are 7_]+10k -i +6j +6k and — 4i +9_] +6k.

89. Ifa, b and care non-coplanar vectors and A is a real

Then, AABC is
(a) isosceles (b) equilateral number, then the vectors a +2b +3¢, Ab +lic and (2A — 1)c
(c) right angled (d) None of these are coplanar when .
86. The sides of a parallelogram are 2i + 4j — 5k and (@uOR (b)A = 2
i+ 2} +3k. The unit vector parallel to one of the (gA=0 (d) no value of A

diagonals is

Vector Algebra Exercise 3:
~ Statement | and Il Type Questions

= Directions (Q. Nos. 90-92) This section is based on 91, StatementI a =i +pj +2k and b=2i +3j +qf< are
Statement | and Statement Il. Select the correct answer

o _3 _
from the codes given below. parallel vectors, if p = 2 and g = 4.
(a) Both Statement I and Statement II are correct and A A ~ A A ~
Statement II is the correct explanation of Statement I Statement II a =g,i +a,j+a;kand b=0bi+b,j+bsk
(b) Both Statement I and Statement II are correct but are parallel 4 _9% _43
Statement II is not the correct explanation of Statement I ) 5 by

(c) Statement I is correct but Statement II is incorrect . .
92. Statement I If three points P, Q and R have position

vectors a, b and crespectively, and 2a +3b —5¢ =0, then
the points P, Q and R must be collinear.

Statement II If for three points A, Band C, AB = A AC,
then points A, Band C must be collinear.

(d) Statement II is correct but Statement I is incorrect

90. Statement I In AABC,AB+BC+CA =0
Statement II If OA =a,0B =b, then AB=a+b



Vector Algebra Exercise 4 :
~ Passage based Type Questions

Passage I
(Q. Nos. 93 and 94)
= Let OABCD be a pentagon in which the sides OA and CB

are parallel and the sides OD and AB are parallel.
Also, OA:CB=2:1Tand OD:AB =1:3.

C B

93. The ratio O—X is
XC

(a) 3/4 (b) 1/3
() 2/5 (d) 1/2
94. The ratio & is
XD
(a) 5/2 (b) 6
(c)7/3 (d) 4
Passage 11

(Q. Nos. 95 and 96)
= Consider the regular hexagon ABCDEF with centre at O
(origin).
95. AD +EB +FCis equal to
(a) 2AB
(c) 4AB

(b) 3AB
(d) None of these

96. Five forces AB, AC, AD, AE, AF act at the vertex A of a
regular hexagon ABCDEF. Then, their resultant is

(a)3A0 (b) 2A0
(c) 4A0 (d)6A0
Passage III

(Q. Nos. 97 to 99)

= Three points A,B and C have position vectors
—2a +3b +5c,a +2b +3c and 7a —c with reference to an
origin O. Answer the following questions.

97. Which of the following is true?
(a) AC =2AB (b) AC = —3AB
(c) AC =3AB (d) None of these

98. Which of the following is true?
(2) 20A —30B + OC =0
(b) 20A +70B +90C =0
(c) OA + OB +0OC =0
(d) None of the above

Chap 01
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99. Bdivided AC in ratio

(a)2:1 (b)2:3
(c)2:-3 (d)1:2
Passage IV

(Q. Nos. 100 and 101)

= |f two vectors OA and OB are there, then their resultant
OA +OB can be found by completing the parallelogram
OACB and OC =OA +OB. Also, If |OA| =|OBJ, then the
resultant will bisect the angle between them.

100. A vector Cdirected along internal bisector of angle
between vectors A =7i —4j—4k and B=-2i —j +2k
with |C| =5v6 is

(a) gd ~j+k) () gd 7]+ 2K)

©) g(si +5)+2Kk) (d) g(—si +5] +2K)

101. If internal and external bisectors of [1A of AABC meet
the base BC at D and E respectively, then (D and E lie on
same side of B)

+
(a) Bc = 2D+ BE (b) BC? = BD x DE
(c) 2.1 + = (d) None of these
BC BD BE

Passage V
(Q. Nos. 102 and 103)

= Let C:r(t)=x(t)i+y(t)j +z(t)k be a differentiable
r(t +h) = r (h)
h

curve, i.e. lim
x -0

0 F=x )iy (0)]j+ 2 1)k
If r'(t) , is tangent to the curve C at the point

P[x(t),y(t),z(t)] and r'(t) points in the direction of
increasing t.

exist for all ¢,

102. The point P on the curve r(t) =(1 - 2t)i + tzj +2e 20Nk

at which the tangent vector r' (t) is parallel to the radius
vector r (t)is

(@)(-112) (b)(1,-1,2)
©(-1,1,-2) @1 1,2)
103. The tangent vector to r (¢) = 2% +(1 - t)j +(3t* +2)1A<
at(2,0,5)is
(a) 4i + j -6k (b) 4i - j + 6k

(c)2i -j +6k (d)2i +j-ck
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Vector Algebra Exercise 5 :
~ Matching Type Question

104. a and b form the consecutive sides of a regular hexagon ABCDEF.

Column I Column II
a. IfCD =xa + yb, then p. x=-2
b. IfCE =xa + yb, then q. x=-1
c. IfAE =xa + yb, then r. y=1
d. If AD = —xb, then s. y=2

Vector Algebra Exercise 6 :

~ Single Integer Answer Type Questions

105. If the resultant of three forces F, = pi +3j — k,
F, = -5i +3 +2k and F; = 6i —k acting on a particle has
a magnitude equal to 5 units. Then, what is difference in
the values of p?

106. Vectors along the adjacent sides of parallelogram are
a=1i+2j+kandb =2i +4j +k. Find the length of the

longer diagonal of the parallelogram.

107. If vectorsa =i +2j —k,b =2i —j +kandc=\i +j +2k

are coplanar, then find the value of (A — 4).
108. If a + bis along the angle bisector of a and b, where
|a| = A | b|, then the number of digits in value of A is

Vector Algebra Exercise 7 :
Subjective Type Questions

112. A vector a has components a;, a, and a5 in a right
handed rectangular cartesian system OXYZ. The
coordinate system is rotated about Z-axis through angle

T _. .
—. Find components of a in the new system.
2

113.

Find the magnitude and direction of r, —r, when |r| =5

and points North-East while |r,| =5 but points
North-West.

109. Let p be the position vector of orthocentre and g is the

position vector of the centroid of AABC, where
circumcentre is the origin. If p= kg, then the value of k is

110. In a AABC, a line is drawn passing through centroid
dividing AB internally in ratio 2: 1 and ACin A : 1

(internally). The value of A is
111.

A vector a has component 2p and 1 with respect to a

rectangular cartesian system. The system is rotated
through a certain angle about the origin in the counter
clockwise sense. If with to the new system, a has
components (p +1) and 1, where p take the values p; and
po. Then, the value of 3| p; + p,|is

114. Let OACBbe a parallelogram with O at the origin and
OC a diagonal. Let D be the mid-point of OA. Using
vector methods prove that BD and CO intersects in the

same ratio. Determine this ratio.

1158. AABC is a triangle with the point P on side BC such that
3BP =2PC, the point Q is on the line CA such that

4CO = QA Find the ratio in which the line joining the
common point R of AP and BQ and the point S divides

AB.



116.

117.

Vector Algebra Exercise 8 :

In a AABC internal angle bisectors AI, BI and CI are

produced to meet opposite sidesin A', B and C’,
respectively. Prove that the maximum value of
AIBIICT . 8

—_— s —.
AA'BB [CC' 27

Letr,ry,rs,....., 1, be the position vectors of points
P,P,,Ps,..... , P, relative to an origin O. Show that if the
vectors equation ar; + a,r, +... +a,r, =0holds, then a

similar equation will also hold good with respect to any
other origin O', if a; +a, +a; +.... +a, =0

118.

119.

Chap 01 Vector Algebra 49

Let OABCD be a pentagon in which the sides OA and CB
are parallel and the sides OD and AB are parallel as
shown in figure. Also, OA:CB=2:1and OD: AB=1:3.
If the diagonals OC and AD meet at x, find OX : OC.

If u, v and w is a linearly independent system of vectors,

examine the system p,q and r, where

p =(cosa)u +(cos b)v +(cos c)w

q =(sina)u +(sinb)v +(sinc)w

r =sin(x +a)u +sin(x +b)v +sin(x +c)w for linearly
dependent.

~ Questions Asked in Previous Years Exam

120.

121.

122.

123.

124.

If the vectors AB =3i + 4 kand AC =5i - Zi + 4k are
the sides of a AABC, then the length of the median

through A is [JEE Main 2013, 2003]
(a) V18 (b) 72
(c) V33 (d) /45

Let a, b and ¢ be three non-zero vectors which are

pairwise non-collinear. Ifa + 3b is collinear with ¢ and
b + 2c is collinear with a, then a +3b +6 cis [AIEEE 2011]

(a)a+c (b)a
(c)c (d)o
The non-zero vectors a, b and c are related by a =8b and
¢ = —7b. Then, the angle between a and c is
[AIEEE 2008]
(@) (b) 0
i m
i 4=
(0) . (d) .

If C is the mid-point of ABand P is any point outside AB,
then [AIEEE 2005]
()PA +PB+PC =0 (b)PA + PB +2PC =0

(c) PA + PB =PC (d) PA + PB =2PC

Ifa, b and c are three non-zero vectors such that no two
of these are collinear. If the vector a + 2b is collinear
with cand b +3c s collinear with a (A being some
non-zero scalar), then a +2b +6cis equal to
(a) Aa (b) Ab

(c) Ac (d)o

[AIEEE 2004]

125.

126.

127.

128.

Ifa, b, c are non-coplanar vectors and A is a real number,

then the vectors a +2b +3¢, Ab + 4cand (2A —1)c are
non-coplanar for [AIEEE 2004]
(a) all values of A

(b) all except one value of A

(c) all except two values of A

(d) no value of A

Consider points A, B, C and D with position vectors
7i—4j+7k,i-6j +10k, —i —3j +4k and 5i — j +5k,
respectively. Then, ABCD is a [AIEEE 2003]
(a) square (b) rhombus
(c) rectangle (d) None of these

a a* 1+a’
Iflp b? 1+b%|=0and vectors (1, a,az),(l, b,bz)and

¢ ¢? 1+¢’?

(Lecc 2 ) are non-coplanar, then the product abc equal to

[AIEEE 2003]
(a) 2 (b) -1
(c)1 (d)o
The vector i + xj +3k is rotated through an angle 6 and

doubled in magnitude, then it becomes
4i+(4x —2)j +2k. The value of x are

o ofd
© % o@ @ {2, 7}

[AIEEE 2002]
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Exercise for Session 1

Answers

Exercise for Session 3

6. (c)
12. (a)
18. (b)
24. (b)
30. (c)
36. (a)
42. (b)
48. (a)
54. (d)
60. (b)
66. (c)
72. (a)
78. (d)

83. (a,b,d) 84. (b,c)

96. (d)
102. (a)

111. (2)

125. (¢)

1. (i) vector (ii) scalar (iii) vector (iv) scalar 4.(2,-3) 5.a-2b=1
2. AN 6.x = l 7.0
3
04 .
% Chapter Exercises
W29 £ 1. (c) 2. (a) 3.(a) 4. (d) 5.(a)
© 7.(c)  8.(b) 9.(c)  10.(d) 11.(a)
5 50 13.(d) 14.(d) 15.(b)  16.(b)  17.(c)
19.(c)  20.(d) 21.(a)  22.(b) 23.(a)
5 (adibx.zey S (i) box: o d: ey 35.(c)  26.(b)  27.(b)  28.(c) 29.(c)
(i) a, y. z (iv) b, z: x. 2 31. (a)  32.(d) 33.(b)  34.(a)  35.(c)
4. (i) True (ii) False 37.(b)  38.(d) 39.(b)  40.(c)  41.(b)
RS et R
54450 6. cos lg 55. Ec; 56. Ea) 57.(d) 58.(c)  59.(b)
ot : _ P - -1 2 61.(b) 62.(c) 63.(b) 64.(d)  65.(c)
7. Direction ratios are 1, — 1, 2 and Direction cosines are NN @ 6 P 0@ (o)
Exercise for Session 2 73. (b)  74.(d) 75.(b)  76.(a)  77.(b)
T 3. 5. 4 79.(b)  80. (a) 81.(b)  82.(c)
Litk i+ =k 255 55 sa 85.(ac) 86.(ad) 87.(ac.d) 88.(ab.d) 89. (ab.c)90.(c)
3 élf 11 91.(a) 92.(a) 93.(c)  94.(b)  95.(c)
333 97.(c)  98.(a) 99.(d)  100.(b) 101.(c)
9.43—9i¢57,i§;€-4%;;‘ 103. (b) 1042~ qr:bopr
12 7~ 3« 1 105. (2, — 4) 106. (7) 107. (2)
10./59; NEHNELANE R 12.52 108. (1) 109. (3) 110. 2)
13. /66 14_&(5f_]'+2|;) 112. (ay, —a;, a3)  113.54/5, West to East
o V30 114.2:1 115.6: 1 118.2:5
15.7/3, (i + 2j +2Kk) 120. (c) 121.(d) 122.(a) 123.(d) 124.(d)
m40-§i+§j+§ﬁ (i) =31 + 3k 126.(d) 127.(b)  128.(a)

17.4i + 3] + 7k



Solutions

1.a+b+c=3+2-1)i +(=2 ~4 +2)] {1 3 ©)k

=4i —4_]
2. Let bshould be added, thena + b =1
O b=i-a=i-0i +4j —2k)

= -2 -4 +2k
3. |a+ b|=p3i +4j —12K|
=137 + 47 +(12)°| =13
4, a+ b=4i +4j,
(1+]) _1+]
f V2

5. Resultant vector = (21 + 4] —Sk) +(1 +2j +3ﬁ)

Therefore, unit vector =

=31 +6j -2k
3i+6j-2k _1
Z2) T T 3i 46 -2k
Jo+36 +4 7(1 j -2k

6. R =3i +5j + 4k

Unit vector =

31+5_]+4k

. sz

7. a+ b=31+9j=3@ +3]j). Hence, it is parallel to (1, 3).

8. AB+BC +CA =0
O a+b-c=0

4i +5j 1 . s
9. Unit vector parallel to OAzi‘]:— 41 +5j
P 16 + 25 «/H( »
10. 0OA =i +2j -k OB =i +j +k
and 0C =2i +3j +2k

Position vector of B w.r.t origin at A at
AB=OB-0A =-j +2k

Position vector of C w.r.t. origin at A is
AC =0C -0A =i +j +3k

11. 7= /(5 +1)> +(4 -2) +(a +2)°

O a+2=x3 [0 a=-51
12. AB=CX 0O § ¥ position vector of point X -k

O Position vector of point X= -1 +j + k
13. AB=(6 -2)i +( -3 +9)j +(8 +4)k

=4i +6j +12k
|AB|=+/16 +25 +144 =14

14. PQ =G -1)i +(-2 -3)j +(4 +7)k
=4j -5j +11k

|PQ| =+/16 +25 +121 =+/162

16.

17.

18.

19.

20.

24.

25.

26.

27.
28.
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. PQ=0Q -OP =41i —5j +11k

£4¢ 5A,11A
|pg|m NTEN T

where Y is the angle of PQ with Z-axis.

0 cosy= \/7

AB =4i -5j +11k
-5 _ -5

Ji6+25+121 /162

Direction cosine along Y-axis =
3 3
V32 + 47 +57 50

Vector A =3i — 4} +5k. We know that, direction cosines of

_ 3 -4 5
4P+t 344t est 3244t 45

3 -4 1

NN

Here, OA =2i +3j + 4k

OB =3i +4j +2k

and OC = 4i +2j +3k
So, AB=i+j -2k BC=1i-2j+kCA=2i-j-k
Clearly, | AB| =| BC| =|CA| =+/6
So, these points are vertices of an equilateral triangle.
Given, position vectors of A, B and C are 73 + IOIA(,
-i+6j+ ¢kand -41i + 9j + 6k, respectively.
O |AB|=|-i-j-4k|=+18

|BC|=|-31 +3j|=V18

| AC|=|-41 +2] -4k |=+36
Clearly, AB = BC and (AC)* = (AB)® +(BC)*
Hence, triangle is right angled isosceles.

Position vectors of the points which divides internally is
3(2a —3b) +2(3a —2b) _ 12a —13b

5 5
+
Coordinate of C is g;él ! 3%— (-1, 1)
2 2
O OC=-1+]
- +343) - s A n
3i-j- 3k j +3] k—2i+j—2k
2
+ . A .
a+h =21—j+ Ek
2 2
It is given that b is collinear with the vector a.
O b= Aa (1)
=22N -Aj + Ak
Also, |b|=10
0 JEVZA)E + ()2 +(4h)? =10
O 250" =100
0 A=+ 2 ... (i1)

From Egs. (i) and (ii), we have
b=%2a 0 2a+b=0
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29.

30.

31.

32,

33.

34.

35.

36.

37.
38.

39.
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Condition for collinearity, b= A a

O (-2i +mj) =X (4 -J)
Comparison of coefficient, we get

O A== 2and-A=m

So, m=2

If given points be A, B and C, then AB = k(BC) or
21 —8) =k[(a —12)i +16]]
ad k= -1
2
Also, 2=k(a—-12)
g a=38
1 2 3
A 4 7|=0
-3 -2 -5
g A= 3
(a=b) —(a+b)=[(a+kb)=(a-b)]
ad - 26 (& 1)b
Hence, k OR
AB=-1i-4j,CD = -2i +(A -2)]
AB||CD
So, ook oz-s
-2 A-2
ad A=-6
Obviously, 3 = 2 = -1
6 —4x y
g x=-landy = -2

If a and bare two non-zero, non-collinear vectors and x and y

are two scalars such that xa+ yb =0thenx =0andy =0
because one will be a scalar multiple of the other and hence
collinear which is a contradiction.

Four or more than four non-zero vectors are always linearly
dependent.

These are coplanar because 1 (a) +1(b) =a + b

Comparing the coefficients of i, j and k, and the corresponding
equations are
x+3y —4z =Ax or (1—-A)x+3y —4z =0 (1)
x=(N +3)y +5z =0 ... (id)
3x+y—Az =0 ... (iii)
These Egs. (i), (ii) and (iii) have a non-trivial solution, if
a-x) 3 -4
1 -(A+3) 5 |=00X% 6 1
3 1 -A
The vectors are linearly dependent
p+1 -3 p
a p ptl -3[=0
-3 p ptl
1 =3 p
ad @p-2)1 p+1 =3|=0
1 p P+1

40.

41.

42.
43.
4.

45.

46.

48.

1 -3 p
O 2Ap-1)|0 p+4 —3-p[=0
0 p+3 1
O 2Ap-1)(p+4+(p +3)°) =0
O (p-1)(p* +7p +13) =0
Roots of p® +7p +13 =0 are (imaginary)
g p=1

Only integral value of pis 1.
3+5)i +(0-2)] +(4 +4)k

PVof AD =
2
=4i - +4k
|AD| =+/16 +16 +1 =33
A
B D C
v=b+c¢
w=b+a
We have, X=v+w=a+2b +c¢
Note that a +b =c¢

Here is the only vector 4(+21 + j % k), whose length is 8.

3a + 4b +5¢ =0

Hence, a, b and ¢ are coplanar.

No other conclusion can be derived from it.

A, B, C, D and E are five coplanar points.

DA + DB + AE + BE +CE

=(DA + AE) + (DB + BE) +(DC +CE)
=DE + DE + DE =3DE

V3 tanB +1 =0and~3secB -2 =0

11T

T 6

O 0

11Tt
O 9=2nT[+T,n Oz

. jand k are unit vectors along Y and Z-axes, then unit vector

A

Jtk
o

bisecting OY and OZ is

@)

We have, A(i + j —2k)and B(i -3j + k)



On line AB points C and C' are at distance 1 unit from A.
OC = OA + AC, where AC is unit vector in direction of AB

a OC =0A + AB
|AB]|
Similarly, 0oC'= 0A —ﬂ
|AB|
49, AD =0D -0A
_b+ec _b+tc-2a
= —a =
2 2

[where, O is the origin for reference]
cta

Similarly, =~ BE =OE -OB = -b
_c+ta-2b
2
and cp=2*b-2b
2
A(a)
F E

+ —
Now, AD + BE + CF =2+ ¢~%

c+a-2b a+ b-2¢
+ + =

0
2 2
50, AP = AB +BP = AB +%BC =AB +%AD (i)
AQ = AD + DQ = AD +%DC =AD +%AB ... (i)
D Q c
P
A B

By Eqgs. (i) and (ii), we get
AP + AQ ZZ(AB + AD)

= E(AB + BC) :§AC
2 2

51, Let A=(1,1,-1), B=(2,3,0), C=(3,5 —2) and D =(0, -1, 1).
So, AB=(1,2,1), BC =(1,2, —2),CD =(-3, —6,3)
and DA =(1,2, —2).
Clearly, BC || DA but AB in not parallel to CD.
So, it is a trapezium.

1(OB) +2(6b —2a)

1+2

52. opP =

Chap 01 Vector Algebra 53

A (6b—2a)

o)
0 3(a — b) =OB +12b —4a
O OB =7a —15b
53. Let the B divide AC in ratio A : 1, then
_A11i +3§ +7k) +i -2 -8k

5i —2k =
A+1
3A-2=0
2, .
a )\=§,1.e.rat10:2:3

54, We know by fundamental theorem of proportionality that,
DE = 1 BC
2

A
D E
B c
In triangle, BC=b-a
Hence, DE = %(b —a)
§5. Since, AB+ BD =AD
BD = AD - AB

O = (+ 2} 3ky (% 4f s5k)

=i -2j +8k

Hence, unit vector in the direction of BD is
-i-2j+8k _-i-2j+8k
|-i —2j + 8K 69
56. Position vectors of vertices A, B and C of the AABC = a, band

¢ We know that, position vector of centroid of the triangle,
G= at+b+c

3
Therefore, GA + GB + GC

% a+b+c§ %} a+b+c§§ a+b+c§
3 3 3

1
=§(2a —b-c+2b-a —c +2¢ —a —-b) =0

§7. A regular hexagon ABCDEF.
E D
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58.

59.

60.

61.

62.

63.
64.

65.

66.

Textbook of Vector & 3D Geometry

We know from the hexagon that AD is parallel to BC or
AD =2BC is parallel to FA or EB =2FA and FC is parallel to
ABor FC =2AB.

Thus, AD + EB + FC =2BC +2FA +2AB
=2(FA + AB + BC) =2(FC) =2(2AB) =4AB
AE + ED + DC + AB
=AD + DC + AB =AC +AB
Obviously, if BC is added to this system, then it will be
AC + AB + BC =AC + AC =2AC.

By triangle law, AB = AD — BD,AC =AD -CD
E D
F C
A B

Therefore,
AB+ AC + AD + AE + AF
=3AD + (AE -BD) +(AF —-CD) =3AD
Hence, A =3 (- AE = BD,AF =CD)
|la|[+|b[+c|=Va® +b? +c?
= 2|ab|+2|bc|+2|cal|=0
= ab=bc =ca =0 < any two of a,b and c are zero
Since, a and bare non-collinear, soa + b and a — b will also
be non-collinear.
Hence, a + band a — bare linearly independent vectors.
|a +b|<|a —b|
Tt 3T

0 —<f<—
2 2

R =+4/4+100 +121 =15

. R N "+ c_
We must have A(i —3j +5k) =a +2k¢

3a =3\ -3 +51A<) —(21} +2j -1)
=16\ +1) =j@ +9N) +k(15\ -2)

Therefore,

or 3la|=BA +1)7 +(2 +9N )% +(15A —2)°
or 9 =3\ +1)% +(2 +9A)? +(150 —2)*

2
or 315A° =18\ =0 O & 0,g

IfA = 0,a =i -2j -2k (not acceptable)
2 41 885 40,

For =" a= j
35 105 105 105
b = c0s120°1 + sin120°j
1, A
or b=--1 +£J
2 2
: 1a s 1a A
Therefore,a + b=1 _Ei +£j =5i gj

a=a+b+c=61+12]

67.

68.

69.

70.
1.

72,

Let a=xa+ybl6x 2F 6
and —3x -6y =12

O x=2,y=-3

a o= 2ax 3b

Let the incentre be at the origin and be
A(p),B(q) and C(r) . Then,
IA=pIB=qandIC =r
ap +bq+cr
atb+c
Incentre is at the origin. Therefore,
ap +bq +cr

Incentre I is , where p = BC,q = ACandr = AB

:()’
atb+c
or ab+bq +cr =0
O alA + bIB +cIC =0

Since x, y and x Xy are linearly independent, we have
20a —15b =15b —12¢ =12¢ —20a =0
O g=E=EI:J cd=a’+b*
3 4 5
Hence, AABC is right angled.
As x, y and x Xy are non-collinear vectors, vectors are
linearly independent.
Hence,
a-b=0=b-c =c-a
ora=b=c
Therefore, the triangle is equilateral.
|AB| =|Q| =V P? +P? =p2

The point the divides 5i and 5] in th ratio of
“ + °
i GDk+ 6

k:
k+1

0 b= 51 + 5kj

k+1
Also |b|< /37

+ +

-6 - A6
O ﬁ\/25+25k2 <437
or 571+ k2 <37(k +1)

On Squaring both sides, we get
25(1 + k%) <37 (k* +2k +1)
or 6k*+37k+6 20o0r (6k+1)(k +6) 20
0o1 0O
k Ofeo =~ 6f1—7 <
He B

Let the bisector of [JA meets BC at D, then AD divides BC in
the ratio AB : AC.

[0 Position vectors of D
_|AB|(2i + 5§ + 7k)*+ AC|@2i +3]j + 4k)
) |AB| +|AC]

|AB|=|-2i —4] —4k| =6

Here,



73.

74.

75.

76.

and  |AC|=|-2i -2j -k =3
[ Position vector of D
6(2i + 5§ +7k) +3(2i +3j +4k)
6+3
18§ +39j + 54k
9

= %(ﬁ +13j +18k)

. . . . ..a
Vector in the direction of angular bisector of a and b is

. . . . . .oa
Unit vector in this direction is
la + b

From the figure, position vector of E is a 5 b.
R 0
Now in triangle AEB, AE = AB cosg
+b 0
a a = cos—
2 2
. . . +b
Hence, unit vector along the bisector is ———— .
2cos (0/2)
a—-b=2(d-c¢)
0 a+2c _b+2d
2+1 2+1

Hence, AC and BD trisect each other as LHS is the position
vector of a point trisecting A an C, and RHS that of B and D.

Again, it is given that the point P, Q and R are collinear.
O PQ = AQR

O 15645 -31) =A[(1 =) (1 +]) —60t]]
O = M@ oF & 611)]]
0 ﬂ: 60t
t—1 1-61t

0 i: 4t

t—1 1-61t
O 3(1-61t) =4(t —1)
0 3-183t =4t—-4 0 187t =7
0 r=T

187

We have,a + b+ c=ad
and b+c+d=pa
O a+b+c+d=(@ +1)d
and a+b+c+d=f +1)a
O @+1)d=@ +1)a

Ifa #—1,then(@ +1)d = +1)a

+b

77.

78.

79.
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0 a=B*,

a+1
O a+b+c=ad

~ +1
O a+b+c =a +1%
a é_a(ﬁ+1)ma+b+c:0
a+1 B

a,band care coplanar which is contradiction to the given
condition.

O a=-1
andsoa+ b+c+d=0
Since |OP | =|OQ| = /14, AOPQ is an isosceles.

Hence, the internal bisector OM is perpendicular to PQ and M
is the mid-point of P and Q. Therefore,

oM :é(op +00Q) =2i +j -2k

0
P M Q
A P B
Let OA =a,0B=b,0C =c¢
and oD =d
Therefore, OA + OB +OC +0D

=a+b+c +d

. . . a+th
P, the mid-point of AB, is P

+
Q, the mid-point of CD, is ¢ ) d.

+b+c+
Therefore, the mid-point of PQ is w.

+b+c+
Similarly, the mid-point of RS is atbtetd

_a+t+b+c+d

ie. OE
4
a x=4
o}
Y) I8 X
Aa) M B(b)
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80.
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0 om=2"P
2
+
O oc=2*P
6
ox =2p
3
Let or =A
YA
0 oY = A a
A+1
Now points Y, C and X are collinear.
0 YC =mCX
a+b A 2b a+b
0 S =m—-m
6 A+1 3 6
Comparing coefficients of a and b
[:| l - )\ = _ﬁ
6 A+1 6
and 1 = m _m
6 3 6
1
ad m=—and A =—
3 7
a + 4b a +5b
4 Q-‘- +b 21
% 3 5 _2lf@+b) 21,
4+1 25 25
Sb) ¥ R(a + b)
Z
P(o) Q(a)
+b)+ +
PV of X is @ *b)*a _5a 54]’
+a+ +
PV ofy is 2 F2*D _a+5h
5
Now, PZ = mPR
PZ = m(a +b)
Let Z divided YX in the ratio A :1
PV of 7 = NOX + OY
A+1
Fa + 4b§ a +5b
+
a PZ = > > = m(a +b)
A+1
Comparing coefficients of a and b
_5A+1
m -
5\ +1)
and m= A+5
5N +1)
g A= 4
a + 4b§ a +5b
4 g; +
O PZ = > >

4+1

81.

82.

83.

84.

85.

_2la+b) _21
25 25
Let OA =a,0B =band OC =,

PR

then AB=b —a and OP = ga.

1 1
OQ=-b,0R =-c.
Q 2 3

Since P, Q, R and S are coplanar, then
PS =aPQ +BPR

(PS can be written as a linear combination of PQ and PR)
=0(0Q -OP) +3 (OR -OP)

. a_ a B
1e.0S -0OP = Ha +B)— +—b +=c¢
~ B)3 P

a a B
0 08 =(1-a )2 +=p +=
( [3)3 ,Proe

Given OS =AAB =A(b —a)
From Eq. (i) and Eq. (ii), B = 0, 1%0( =-A and% =\

a 2N =1+3\ or A=-1
P
D 2
2 N2
Q
E e B
2 SN
A60° N
0 2 A@202

Here, coordinate of Q are (2c0s60°, 2sin60°)

0 0(1,+/3,0)
O P(1,~/3, 2)
OP =3
0 1+3+z% =3 or z?=5
z=45
0 P, \3,45)0 OB ¥ 3} <5k

Now, AP =OP -OA =i ++/3j ++5k -2i
=i +3j + 5Kk
a=[x( -j) ( + k)]
=+(i+k), £31-2j -k)
Let R be the resultant. Then
R=F +F, +F =(p +1)i +4j
Given, |R|=5. Therefore, (p +1)* +16 =25

or ptl1=1x3 or p=2—4
We have, AB=-i -] -4k BC = -3i +3])
and CA =4 -2j +4k.

Therefore, | AB|=|BC|=3+/2 and |CA|=6

. @)
..(i)



86.

87.

88.

89.

90.

91.
92,

Clearly,  |ABJ*+|BC|*=|AC|?

Hence, the triangle is right angled isosceles triangle.

Leta =2i + 4] —5kand b =1 +2j +3k.

Then, the diagonals of the parallelogram are
p=a+bhb

and q=b-a,

ie. p =31+6) -2k, q = -1 —2j +8k

So, unit vectors along the diagonals are

%(3% +6j —2k) and ——(~§ -2 +8k)

J69
OA = —4i +3k; OB =14i +2j -5k
_—4i+3f(_b_14i+zj -5k
5 15

r :1)‘—5[—121 +9§ +14i +2j —5k]

A A A 2N a s A
=2 2f +2j +4k] =20+ +2k
15[ J ] 5[ J ]

Points A + j ), B4 - j) and C(pi + cﬁ + rﬁ) are collinear
Now, AB = -2
and BC =(p-1)i +(q +1)j +rk

Vectors AB and BC must be collinear

0 p=Lr=0andq# -1
1 2 3

For coplanar vectors, [0 A M o[=0
0 0 2A-1

or

(@A —1)\ = Oor A :0,%

In AABC,AB+BC =AC = CA

AB+BC +CA =0
OA + AB = OB is the triangle law of addition.
Hence, Statement 1 is true and Statement 2 is is false.

or

%=§—§ =gandq=4
2a +3b —5¢ =0
3(b—a) =5(c —a)
a ABngC

Hence, AB and AC must be parallel since there is a common
point A. The points A, B and C must be collinear.

Solutions (Q.Nos. 93-94)

Let the position vectors of A, B, C and D be a,b,c and d,
respectively. Then,

OA:CB=2:1
ad OA =2CB [0 a=2b-c¢) .. (i)
and OD: AB=1:3
30D = AB
a 3d =(b—-a) =b —2(b —¢) [using Eq. (i)]
= b +2¢ .. (i)

LetOX: XC=A:land AX : XD =p:1

Chap 01 Vector Algebra

Now, X divides OC in the ratio A : 1. Therefore,

57

PVof X = )\)‘:1 ...(iif)
X also divided AD in the ratio [ : 1. Therefore,
PV of X :L:‘ (i)
u
From Eqgs. (iii) and (iv), we get
Ac =p.d+a
A+l p+1
A _owuwg,,o1 0
o Q}\+1§C_j1+15d+54+15El
A _ b +2¢ JAatra _
o %\+1§c_j¢+1% +1Hz(b )
[using Egs. (i) and (ii) ]
A 0
o §>\+1§c_i3(p+1§) E&(p+1) p+1%t
or %\)\ ch;s—u +D2u—6|]
+1 j3(l1+1) M +1)
g6—p %ﬁl]zu—é
=0
' EB(U+1) (M +1) )\+1Eb
or 76‘“ =0
31 +1)
and -6 A
3U+1) A+1
(as b and ¢ are non-collinear)
or HL=6A =2
5
Hence,OX:XC:Z:SandAX/XD:%:f
93. (o) 94. (b)

Solutions (Q.Nos. 95-96)

Consider the regular hexagon ABCDEF with centre at O
(origin).
E D

A B

AD +EB +FC =2A0 +20B +20C
=2(AO + OB) +20C
=2AB +2AB [
= 4AB
R =AB + AC +AD +AE +AF
=ED+AC +AD + AE +CD

OC = AB]

[~ AB = ED and AF = CD]

=(AC + CD) +(AE +ED) +AD
= AD +AD +AD =3AD =6A0

95. () 96. (d)
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Solutions (Q.Nos. 97-99)
97. AB=0B-0A =3a -b —2¢
AC = 0C -0A =9a -3b —6c =3AB
98. 20A -30B +0OC
=2(—2a +3b +5¢) —3(a +2b +3¢c) H7a —) =0
99. -+ 20A -30B+0C =0

+
0 OB = 20A +0OC

[0 BDivides ACin1:2.

Solutions (Q.Nos. 100-101)

R S5 ot AD
100. Here, c =t(a + b) =tEVl 4; 4K +( 217 +2k
O

a
3 O
P
0 e=Ho7i* 2Ky

g 9 |
t
Also, lc|=5+6 O 5.«/1+49+4 =56
155 .~ .»
0 t=15 0 c=( =7 +2K)
S AL on
or =§(l—7]+2k)

101. Here, & = & and ﬁ = g
AC DC AC CE

A
Y
B D C E
0 BD _BE . BD _ BE
DC CE BC-BD BE-BC
U  BDIBE-BDIBC =BC [BE -BD [BE
a 2BD[BE =(BD + BE) [BC
2 1 1
or — =t —
BC BD BE

Solutions (Q.Nos. 102-103)

102. r (1) = -2i + 2§ + 4e** Yk
Since, r' (t) is parallel to r(t),
S0 r(t) =ar'(t)

1-2t = =20,¢% =at, 262V

= 4o g =1
2
The only value of t which satisfies all three equations is t = 1.
So, r(1) is the required point (-1, 1, 2).
103. (2,0, 5) corresponding to r(1) and r' (t) = 4t — j + 6tk

So, the required tangent vector is ' (1) = 41 — j + 6k.

104. E D
F 1 C
b
A a B
AB=a,BC =b
0 AC=AB+BC =a +b . (i)
AD =2BC =2b .. (i)

(because AD is parallel to BC and
twice is length)

CD=AD-AC =2b —(a +b)=b-a

FA =-CD =a -b .. (iid)
DE = -AB = .. (iv)
EF = -BC = b )
AE = AD +DE =2b -a .. (vi)
CE=CD+DE =b —-a -a =b —2a .. (vii)

105. Let R be the resultant. Then,
R=F +F, +F =(p +1)i +4j
Given, |R|=5, Therefore R* =25
(p+1)2+16 =25 or p+1=43 or p=2 —4
106. Vectors along to sides area =1 + 2 + k and b=2i+ 45 + k
Clearly the vector along the longer diagonal is
a+b =31 +6j +2k
Hence, length of the longer diagonal is
la+b|=[3i +6j +2k| =7
107. Vector a=i+2j-k b=2i-j+k c=Ai+j+2k are

coplanar.
1 2 -1

O |2 -1 1|=0 or A=3+2(-5)=0or A=13
Al 2

Number of digits in value of A is 2.

108. Since, angle bisector ofa and b

PO Oa b O

a h(a + b) =h +— .. (i)

SYMTYE

given, a + b is along angle bisector.
Ua b U

0 H +—[=a+b
SPMTYE

only, when|a|=|b|=}
O [a]=|b] OA= 1



109.

110.

111.

112.

B E

Here, O is circum centre = 0, G is centroid = g
H is orthocentre = p

. oG 1
Since, — ==
GH 2
O 8 =lp ogg=p-y
p-g 2
or p=3g
O k=3
XG = kGY
b+c¢ 27b2k Ac b+c§k:1
3 3 +A 3
A(O)
X Y
B(b) C(c)
2¢ A
b ¢
3 1+A
O A :g
1+A 3
O A= 2
We have, a =2p§ + 3

Let bbe the vector obtained from a by rotating the axes. Then,
the components of bare p + 1 and 1. Therefore,

b=(p+1)d +B
where @ and f% are unit vectors along the new axes.
But|b| =]a]

0 ap*+1=(p+1)* +1
O 3p?-2p-1=0 0O le,—%
1
ad p1=1andp2=—g
1
u 3‘P1+P2‘:31_g =2

Here, a is rotated about Z-axis, the Z-component of a will
remain unchanged namely a;

113.

114.

115.
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Now, if it is turned through an angle g As shown in adjoining
figure.

0 Now components are (a,, — a, as).

Here, r; = OA pointing North-East and r, = OB pointing
North-West. Where |OA| =|OB| =5.

As shown in figure,

N
B\_\:_____ """/7A
,\\4:5" 45/‘:;«;1
by’
w 0 E
S
O O BOA %0
O n-r, =BA (using triangle law)
Clearly, JBOA is right angled at O.
O BA® = 0A® + OB® =5% +5% =50
0O | BA| =545
or |y, — 1, =545

i.e. 1 — r, has magnitude 5v/5 and points from West to East.

Let OACB be a parallelogram shown as

B(b) C(c)
\\\\ P,/’///
<
o D A(a)
1
Here, OD = EBC
1
0 OP +PD = E(BP +PC) [using A law]
g 20P +2PD =BP +PC
—-2PO +2PD = -PB +PC
O PB +2PD =PC +2PO
. PB + 2PD _ PC + 2PO
1+2 1+2

The common point P of BD and CO divides each in the ratio
2:1
Let S be the point of intersection of AB and CR. Let A be the

origin and the position vectors of the points B, C, P, Q, R and S
be b,c,p,q,r and s respectively.

0 _ 3b +2c¢
5
4
and q=— ..(i)
5
O ngq O 10p —6b =5q
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ie. 10p =5q +6b [ 10p _5q+ 6b . Let th<.3 Position vectors of P, P, P3., ...... ,B, with respec’t to O as
11 11 the origin be Ry, R,....., R, respectively. Then, R; = O
P=r-0,i=12,...,n [using Eq. (i)]
Now, ¢;R; + a;R, +..... +a,R, =0
n n
g aR; =00 a(r;,—a)=0
2 2

n

n
O ar;— Y 0 =0
lZl 1 z 1

i=1

11r 3b + 2¢

O —=p= using Eq. (ii Q- 0O O n O
0 P 5 [using Eq. ()] 0 0-a a@:O S Za,-r,-=0(given)D
11r =6b + 4c =1 g8 = g8
11r — 4c =6b . i 0

_ a; =
HZJZgb =s, thus s divides AB in the ratio 6 : 1. =
116. Since, angle bisectors divides opposite side in the ratio of sides Thus, z a;R; = 0 will hold good, if Z a; =0.
containing the angle. = =
a BA' = bac and CA' = ab 118. Let O be the origin of reference.
+ +
) ) ¢ arc , Let the position vectors of A, B, C and D bea, b, c and d,

Now, BI is alsoAz}mglcz I-J:sector ofA EIB for bAfBA . respectively.

O =27° g =_27¢ Then, OA:CB=2:1
Al' a AA" a+b+c OA 2

u —=—- 0 OA+2CB
CB 1

Similarly, B = _ate
BB a+tb+tc
CI a+b

and oc = —hte

a c
AITBIICI  _ (b+c)(a+c)a +b) 0 S 0A :ziB .
AA'(BBOCC (@+b+c)a+b+c)a+b+ec) a=2b-c) - (0)
and OD:AB=1:3
As we know AM =2 GM, we get oD 1
b+c c+a a+b 1 a —=- [ 30D =AB
+ + = AB 3
atb+c a+b+c a+b+c, Hatb)b+e)(c+a)ld y 30D = AB
3 - +b+c) -
@ 136) s 0 3d =(b-a) =b -2(b —c) [using Eq. (i)]

O a+b+o), [a+h)b+ofe+a) 0 3d=-b+2c (i)
3a+b+e) atb+c Let OX : XC=A:land AX: XD =:1

0 (a+Db)(b +c)(c+a) < 8 (i) Now, X divides OC in the ratio A : 1. Therefore,
+b+ 27

(atb+c) PV of X = ° (i)

From Egs. (i) and (ii), we get A+l

Al CBI 0T < 8 X also divides AD in the ratiot : 1
AA'OBB OcC 27 pd + a
PVofX =
117. Let the position vector of O' with reference to O as the origin H+1

bea. From Egs. (iii) and (iv), we get

Then, 00 =a Ac _pd+a

Now, O' P, = Position vector A+1 M+1

or P. — Position vector of O' =1, —Q

‘ . 0A0 _Ow0,010
i=1,2.nn B Hient TR




OAN O _Op Ogb+2eg, 01 O
. B>\+1HC_E11+1H§3 §+H1+152(b °)

[using Egs. (i) and (iv)]

OAD _O2  p O
5 B0 i+t 3(u+1)Hb

0 2u
+
e et
d2p - 6I]
ad
Svaie B o Beeod
0 D6 uEb H2u -6 _
u+1) Eﬁauﬂ) )\+1Eb
ad 61 =0and Mm-6 A
3u+1) 3u+1) A+l
(since, b and c are non-collinear)
d M= 6and7\=§
Hence, OX:XC=2:5

. let [, m and n be scalars such that
Ip+mq+nr=0
+ (cosb)v + (cosc)w} + m{(sina)u
+ (sinb)v + (sinc)w}
+ n{sin(x + a)u +sin(x +b)v +sin(x +c)w} =0

O {lcosa + msina + nsin(x + a)}u +{Isinb + msin(x +b)}v

O {l(cosa)u

+ {lcosc + msinc + nsin (x +c¢)jw =0

[0 Ilcosa + msina + nsin(x +a) =0 ...(1)

Icosb + msinb + nsin(x +b) =0 ..(id)

...(iii)

This is a homogeneous system of linear equations in /, m and n.
The determinant of the coefficient matrix is

Icosc + msinc + nsin(x +c¢) =0

cosa sina sin(x+a)| |cosa sina 0
A =|cosb sinb sin(x+b)|=|cosb sinb 0[=0
cosc sinc sin(x +c) cosc sinc 0

(using C3 » C3 —sinx C; — cosx Cy)
O So, the above system of equations has non-trivial solutions
also. This means that /, m and n may attain non-zero values

also.

Hence, the given system of vectors is a linearly dependent
system of vectors.

120. We know that, the sum of three vectors of a triangle is zero.

A
B M c
0 AB+BC+CA =0
0 BC=AC -AB [ AC = - CA]
ap—AC—AB [~ M is a mid-point of BC]

121.

122.

123.

124.
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Also, AB + BM + MA =0
[by properties of a triangle]
0 AB+AC~AB _ M [ AM = - MA]
+
. Ap = AB+AC

31+ ak+5i-2j+4k
2
=4i-j+4k

0 |AM|= /4% +1% + 4% =433

As,a + 3b is collinear with c.

0 a+3b=NAc (1)
Also, b + 2¢ is collinear with a.
O b +2c=pa ..(ii)

From Eq. (ii), we get
a+3b+6¢c =(A +6)c
From Eq. (ii), we get
a+3b+6¢c =(1 +3U)a
From Egs. (iii) and (iv), we get
O (A+6)c=(1 +3l)a
Since, a is not collinear with c.
O A +6=148 =0
From Eq. (iv), we get
a+3b+6c=0

.. (i)

Since,a =8bandc = —7b
So, a is parallel to b and c is anti-parallel to b.
0 aand care anti-parallel.

So, the angle between a and ¢ is Tt

Let P be the origin outside of AB and C is mid-point of AB,
then

P

PA +PB

PC = 0 2PC=PA +PB

Ifa + 2b is collinear with c, thena +2b =1c ..(Q)

Also, b + 3¢ is collinear with a, then
b+3c=2Aa
O b =Aa -3¢ ...(i)
From Egs. (i) and (ii), we get
a +2(Aa —3c) =tc
0 (a —6¢) =tc —2Aa
On comparing the coefficients of a and ¢, we get

1=-2A O rA=-1
2

and -6=t O t=-6
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From Eq. (i), we get

ad

a+2b=-6¢
a+2b+6¢c=0

125, The three vectors (a +2b +3c), (Ab + 4¢) and 2\ — 1)c are
non-coplanar, if

g
a

1 2 3

0 A 4 |[#0

0 0 2A-1
@A -1)(A) #0

1
AZ0,—
2

So, these three vectors are non-coplanar for all except two
values of A.

126. Given that, OA =7i —4j +7k

Now,

OB =i -6j +10k
0C = -i -3j +4k
oD =5i -j +5k

AB =7 -1) +(~4 +6)* +(7 -10)’
=36+4+9
=./49 =7

BC = /(1 +1)% +(=6 +3)? +(10 —4)?
=J4+9+36
=49 =7

CcD =\/(—1 =5)% +(3 +1)* +(4 5)*
=36+4+1
=41

127.

128.

and DA =+(5-7)" +(-1 +4)% +5 1)
=J4+9+4
=17
Hence, option (d) is correct.
a a® 1+d*| |a a* 1| |a da* a
Since,|b b® 1+b°|=|b b* 1|+|b b* b’|=0

c ¢* 1+¢? c &1 c &
a1 a a® 1
0 b b* 1|=abc|b b* 1|=0
c ¢ 1 c ¢t 1
a a® 1 O a a* 1 0
2 g 2 O
O @+abe)|b b° 1|=0 o b b° 1 ¢OD
¢ &1 H c ¢? 1 E
0 1+abc =0
O abc = -1

Since, the vector 1 + xj + 3k is doubled in magnitude, then it
becomes

4i +(4x -2)j +2k
2|1+ +3k|=4i +(4x -2)j +2k|
21+ x% +9 =/16 +(4x —2) +4
40 + 4x% =20 +(4x —2)°
3x —4x-4=0
(x=2)Bx+2) =0

O oo oo O

2
xX=2,——
3
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Session 1

Product of Two Vectors, Components of a Vector
Along and Perpendicular to Another Vector,
Application of Dot Product in Mechanics

Product of Two Vectors

Product of two vectors is processed by two methods.
When the product of two vectors results in a scalar
quantity, then it is called scalar product. It is also known
as dot product because we denote it by putting a dot (.)
between two vectors.

When the product of two vectors results in a vector
quantity, then this product is called vector product. It is
also known as cross product because we denote it by
putting a cross (X) between two vectors.

Scalar or Dot Product of Two Vectors

Ifa and b are two non-zero vectors and 0 be the angle
between them, then their scalar product (or dot product) is
denoted by a [b and is defined as the scalar |a|| b| cos6,
where |a| and | b| are modulii of a and b respectively and
0<0<T

Remarks

1.abOR

.ab<|al|b|

.ab>00 Angle betweena and bis acute.

.ab<0 O Angle betweena and b is obtuse.

. The dot product of a zero and non-zero vector is a scalar zero.

(2B UL\

Geometrical interpretation of scalar product
Let a and b be two vectors represented by OA and OB
respectively. Let 8 be the angle between OA and OB. Draw
BL [ OA and AM 0 OB.

From triangles OBL and OAM, we have OL = OB cos©
and OM = OA cos 0. Here, OL and OA are known as
projection of b on a and a on b respectively.

Now, a[b=|a||b|cosB
=|a| (OB cos8) =|a|(OL)
= (Magnitude of a) (Projection of b on a) ...(i)
Again,a [b=|a||b|cosB
=|b|(]a|] cosB) =|b|(OA cos 8) =|b|(OM)
a [b = (Magnitude of b)
(Projection of a on b) ...(ii)

Thus, geometrically interpreted, the scalar product
of two vectors is the product of modulus of
either vector and the projection of the other in
its direction.

Remarks

1. Projection ofa on b=% =a

2. Projection ofbona =% =ab
a

3. Angle between two vectors ita and b be two vectors inclined at
an angle 6, thena, b =]a| Ob| cos 6

0 cosB = alb
la| Ob]
O 8 =cos™ D]L‘]) E
Oa| Ob| 0

Ifa zawi +agi +a3I2 andb:bwi + bgi +b3R

D 0
8 =cos' O a b + ayb, + ashs 0
Hya? + a3 + adyb? + b + b3H



Properties of Scalar Product

(i) Commutativity The scalar product of two vector is
commutative i.e.,a [b =b [a.

(ii) Distributivity of scalar product over vector
addition The scalar product of vectors is distributive
over vector addition i.e.,

(a)al(b +c) =a [b +a [d (Left distributivity)
(b) (b +c) @ =b [ +c [E (right distributivity)

(iii) Let a and b be two non-zero vectorsa [b =0 < a [b.
As i,] and k are mutually perpendicular unit vectors
along the coordinate axes, therefore
0230 =0, tk =k 0§ =0 k(3 =1t =o

(iv) For any vectora,a [a =|al|’.

As 1, j and k are unit vectors along the coordinate
axes, therefore i (i =|i* =1,j [ =|j|* =1and
fo e = 2 =1

(v) If m is a scalar and a and b be any two vectors then
(ma) b =m(a b) =a [(mb).

(vi) If m and n are scalars and a and b be two vectors, then
(ma) (hb =mn(a [b) =(mna) [b =a [(Innb)

(vii) For any vectors a and b, we have
(a)al(-b) =—(a [b) =(-a) B
(b) (-a) [{-b) =a b

(viii) For any two vectors a and b, we have
@]a +bf* =|af’ +[bf* +2a (b
(b)|a ~b| =[a] +|b] ~2a B
(c)(a +b) [la —b) =[a]* —[bf’
(d)|a+b|=[a] +|b| O a|[b
(e)|a+bf* =|a)* +|b*> O alb
Hla+b=|la-bjUalb

Scalar Product in Terms of Components
Ifa=a;i+a,j+askandb=>;i+b,j+bsk, then
alb=a,b, +a,b, tasb,.

Thus, scalar product of two vectors is equal to the
sum of the products of their corresponding

: 112 =2 2 2
components. In particular,a [d =|a|” =a{ +a) +a3.

Example 1. If 8 is the angle between the vectors

a=2i+2j-kandb=6i-3j+2k then
(@) cosB = s (b) cosB = 3
21 19

(c) cosB = 2 (d) cosB = k)
19 21

Chap 02 Product of Vectors 65

Sol. (a) Angle between a and b is given by

cosf =2 L
|a| |b]
_ (2i+2) - k)i -3) +2K)
\/22 +22 +(—1)? E{/62 +(3)? +2°
_12-6-2_ 4
307 21
Example 2. (afi)i+(a Ej)] K)k is equal to
(@ a (b) 2
(c) 3a do
Sol. (a)Let a =ai +a,j +a31:1

O al:i:(ali +azi +a3l:i)i =a,
aﬁ:az,ad(:ag
So, (al)i+@b)j+(akk

=ai+a,j tak =a

Example 3. If |a| = 3,|b| =4, then a value of A for
which a + Ab is perpendicular to a — Ab.

@9/16 (b)3/4
(©3/2 (d4/3
Sol. (b)a + Ab is perpendicular to a — Ab.
O (a+Ab)a —Ab)=0
O la’l - Aab)+ A (b@A)-A*|b*=0
| la]> = A%|b|* =0
0 A= +ﬂ ii
bl 4

Example 4. The projection of a =2i +3j -2k on
b=i +2]‘ +3Kk is

1 2
L b) _Z_
(a)m ( )\/ﬁ
N4 d =2

© ( )\/ﬁ

Sol. (b) Projection ofa on b

’.\+ s " ’.‘+ ’.‘+ ~
:aEbF:(ZI 3]A2k)AEJ1 AZ] 3k)
|b| |1+ 2j +3K|
_2+6-6_ 2

Jia V14

Example 5. If a = 5§ —] +7k andb =i —] + Nk then
find A such that a+b and a —b are orthogonal.
Sol. Clearly,a +b = (51 —j +7k) +(i -} + Xk)
=61 —2j +(7 + Mk
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and a-b=Gi-j+7k) -(i -] + %)
=4i+(7 - Mk

Since,a +b anda — b are orthogonal

a (a+b){a-b)=0
O  [6i-2j+@7 +A)Kk](4i+7 -Nk) =0
O 6X%X4—=2x0+(7 +N)(7 —-A) =0
0 24 +49 —\* =0

O AN Eo73

O A=£473

Example 6. If a,b and c are unit vectors such that

a+b+c =0, then find the value of alb+b [d +c [a.
Sol. Consider,a +b +¢ =0
On squaring both sides, we get
(a+b+c)* =0
O (atb+c)lta+b +c) =00
| laf* +|b|* +|c|* +2a Bb+2b [d +2c @ =0
O 1+1+1+2(a® +b(d+cf@) =0
O alb+bE+c@ :—g

Example 7. If a,b and c are mutually perpendicular

vectors of equal magnitudes, then find the angle
between the vectors a and a+b +c.

Sol. Let 0 be the angle between the vectors a anda +b +c.
Then, cos = 2@ *P*¢)
lajj]a + b +c
_ald+alb+ald
lalla+b +¢]

__ laf

Jalla+b+c]

[-alb =alé¢ =0asa,b,care mutually
perpendicular vectors]

_a]
la+b +
Now consider,
[a+b+c|* =(a +b +c) [ +b +c)
=|al* +|b|* +|d® +2(a B +b & +c &)
=3lal® +2(0) =3|a|?

[-]a] =|b| =|cjanda [ =b ¢ =cld =0]

a+b+d =3]al
From Eq. (i), we get

cosB =

N
O 0 =cos™

-

Example 8. If the vectors a = (clog, x) i -6 +3k
and b =(log, x)i+2]’ +(2clog, x)ﬁ make an obtuse

angle for any x O0(0po ). Then, determine the interval to
which c belongs.

Sol. For the vectors a and b to be inclined at an obtuse angle, we

must have
alb<o0o 0] (& )
| c(log, x)* —12 +6clog, x <0,0 A (& )
g cy? +6cy —12<0,00 )0 R where y = log, x
0 ¢ <0and36c” + 48¢ <0,

(using ax® + bx + ¢ <0,
0 A1 Riffa<0and D<0)

a c<0Oandc(3c +4)<0 DcD%%,O@

Example 9. If a+2b + 3¢ =4, then find the least
value of > +b? +c?2.

Sol. Consider vectors p = ai + bj + ck and q= i+ 2] + 3k
a+2b+3c

Now, cosO =
Ja? + b +c? 12 427 432
a+2b+3c)
a cos?@ = %_ [ cos?0<1]
14 (a® + b? +c?)
0 laptects@teb+se) 16

_8
14 14 7

.8
Hence, least value of a® + b +¢? is ; .

Example 10. Find the unit vector which makes an
angle of 45° with the vector 2i +2j —k and an angle

of 60° with the vector j—k.
Sol. Let the unit vector be ¢ = cli + czj + c3lA( so that; it makes

an angle of 45° with 2i + 23 -k

2c; +2cy —c3

g = cos45° ¢ole=1
3
0 2¢, +2¢, —c =3 (1)
1 276 =g

Also, it makes an angle of 60° with 3 -k

cy—c¢ A .
O 2273 = 0s60°  (v]j—k|=+2and |¢|=1
7% Coli-k]| le|=1)
a Cy —C3 :ﬁ ...(ii)

2

a ct+ed+el=1 ...(1ii)
(using|e| = |c;i +c,j +c5k| =1)
1 - 1
From Eq. (ii), ¢, = — + ¢4 and from Eq. (i), ¢; = —> + ——
q() 2 \/E 3 CI() 1 2 2\/5



On substituting in Eq. (iii), we get

é+1+2c73+1_ +c2 +¢2
4 2 2 s 2[ G
9 2,3 5
0 e 420y g e = L
PREPN A ’ f3f

Hence, the required vectors are @T, ,
2
1 4 1 @
%\E 3427342

Example 11. Show that the median to the base of an
isosceles triangle is perpendicular to base.

Sol. Let ABC be an isosceles triangle in which AB = AC .

@nd

Let A be the origin of reference and let

AB =b,AC=c A
Let D be the middle point of BC.
b c
+
Then, ADp=D2*¢
2
Now, BC=c-b
+e B D C
0  ADBC= g’z—@mc—b)
1 2 2 1 2 2
=—(c[” =|b[") =-(JAC|" —|AB[")
2 2
1
=—(0)=0
2( )

Hence, median to the base of an isosceles triangle is
perpendicular to base.

Example 12. Usmg vector method, prove that in a
triangle, a 2 =p? +¢? —2bccos A (cosine law).

Sol. Ina AABC,
Let AB=¢BC=a,CA =b
v a+b+c=0

We have, a=—(b+c)

O la| =[=(b +¢)| O [af* =|b +c|*

O lal* =|b|* +|c|* +2b [d

0 %] =b|* +[c* +2/b||c]| cos(Tt ~ A)]

Since, angle between b and ¢ = The angle between CA
produced and AB

O a* =b* +c¢® —2bccos A
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Example 13. Using vector method, prove that in a
triangle, a =bcos C + ccosB (projection formula).

Sol. In a A ABC,

Let AB=c¢BC=a,CA =b
a+b +c=0

A
c b
B a C
We have, |a| =|—(b +c¢)|
O ald=—-(b+c)@
or la®=-bE —c@

= —|b||a|cos (Tt —C) —|c||a|cos (TT —B)
Since, the angle between b and a = (71 — C) and angle
between canda = (TT—B)

O a® = abcosC +accos B

0 a=bcosC +ccosB

Components of a Vector Along and
Perpendicular to Another Vector

Let a and b be two vectors represented by OA and OB and
let B be the angle between a and b. Draw MBLOA,
shown as

0 b =0M + MB
a oM =(OM)a =(OBcosB)a =(|b|cosB)a
(a Eb)

%H aP

B
0 Va—
_hog a[baz,D_p—bEa
D\a\D lalla] Hal H
b=0OM + MB
0
MB=b—OM=b—@Da

Oal* O
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Thus, the components of b along and perpendicular to a

are %;Da anda — %; Da respectively.

Oal* O Oal® O

Example 14. If a =4i +6j and b = 3j+4Kk, then find
the component of a along b.
(alb)

Sol. The component of vector a along b is b

18 S
=—(3j+4k
25(1 )

Example 15. Express the vector a = 5i -2 +5k as

sum of two vectors such that one is parallel to the
vector b = 3i +k and the other is perpendicular to b.

Sol. Required vectors are

Lh(bU Ch (b
E%I:Ib anda - C— [1b
ﬂbl bl "0
Clearly, H ‘ H = 2(31 + k) 61 +2k and S0,
pE

bay, = (5i —2j +5k) —(6i +2k)
H\b\ H
= -i-2j+3k
Note that (61 + 2k) +(—i —2j +3k)
=5i -2j +5k =a

Application of Dot Product in
Mechanics (Work done)

A force acting on a particle is said to do work, if the
particle is displaced in a direction which is not
perpendicular to force.

Let a particle be placed at O and a force f represented by
OB be acting on the particle at O. Due to the application of
force f, the particle is displaced in the direction of OA. Let
OA be the displacement.

Then, the component of OA in the the direction of force f
is, |OA|cos ©

Work done =|f]|OA|cos 6 =f [DA
=f [d, whered =OA

[0 Work done = (Force) [{Displacement)

Remarks

1. The work done by the resultant of a number of forces
ff, f;, ..., in a displacement d of a particle is equal to the
sum of work done by the forces separately
i.e. Workdone=f, [d + f, [d + ... +f,
=(f +f, +..+f)
=R where,R=f +f, +..+f1,
2. The work done by a force f when its point of application
experiences a number of consecutive displacements
d, d,, ds...,d,, is equal to the work done by the forces in single
displacement from the beginning to end.

i.e,Workdone=f0d, +d, +...+d,)
=The work done by the force f in the single displacement from
the beginning to end
Example 16. Two forces f, = 3i —2j +k and
f, =i +3j -5k acting on a particle at A move it to B.
Find the work done if the position vector of A and B
are —2i + 5k and 3i =7 +2k.

Sol. Let R be the resultant of two forces f; and f, and d be the

displacement.

Then, R =(3i-2j+k) +(i +3j —5k)
=4i+j-4k

and d =(3i —7j +2k) —(=2i +5k)=5i -7j -3k

[ The total work done = The work done by resultant
=R =(4i +j —4k) Gi -7j -3Kk)
=20 —7 +12 =25units

Example 17. Forces of magnitudes 5 and 3 units
acting in the directions 6i +2j + 3k and 3i - ZJ +6k,

respectively act on a particle which is displaced from
the point (2,2, -1) and (4, 3,1). Find the work done by

the forces.
Sol. Let R be the resultant of two forces and d be the
displacement.
Then,
R - (61 +2j +3k) (3i - 2j +6k)

\/36+4+9 \/9+4+36
= ;(391 +4j +33Kk)

and d=(4i +3) +k) -(2i +2j —k)=2i +j +2k

U Total work done = R [d = %(78 +4 +66)

148
—— units
7
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Exercise for Session 1

© ©®©@ N O 0 A WD

O Y
“w d 2O

Find the angle between the vectors i —2] + 3k and 3i —2] +k

Find and angle between two vectors a and b with magnitudes /3 and 2 respectively such that alb = /6
Show that the vectors 2i — ] +kandi- 3] ~5kare at right angles.

If rCi = rE] =rkand | r] =3, then find vector r.

Find the angle between the vectorsa+ band a-b, if a =2i —] +3kand b=3i + ] -2k

Find the projection of the vector i + 3] + 7k on the vector 7i — ] + 8k

If the projection of vector xi - ] + k on vector 2i - ] +5kis A , then find the value of x.

V30

If|al +|b]|=|c|and a + b = ¢, then find the angle between a and b.
If three unit vectors a, b and c satisfy a + b + ¢ =0, then find the angle between aand b.
Ifa=xi+ (x —1)] +kand b= (x + 1)Ai +] + ak make an acute angle, 0 xOO R, then find the values of a.

Find the component of i in the direction of the vector i + ] +2k.

69

Find the vector components of a vector 2i + 3] +6k along and perpendicular to the non-zero vector2i + ] +2k.

A particle is acted upon by constant forces 4i+ j -3kand3i + j ~ k which displace it from a pointAi + 2] +3kto

the point 5i + 4] + k. Find the work done by the forces in standard units.



Session 2

Vector or Cross Product of Two Vectors, Area of
Parallelogram and Triangle, Moment of a Force
and Couple, Rotation About an Axis

Vector or Cross Product
of Two Vectors

Let a and b be two non-zero, non- parallel vectors. Then
the vector product a x b, in that order,
is defined as a vector whose magnitude
is

|a||b|sinB b
where 0 is the angle between a and b,
whose direction is perpendicular to the

Y

plane of a and b in such a way thata, b a

and this direction constitute a right

handed system.

In other words,a X b =|a||b|sin6 n, where 0 is the angle
between a and b, 11 is a unit vector perpendicular to the
plane of a and b such that a, b and n form a right handed
system.

Properties of Vector Product

(i) Vector product is not commutative i.e., ifa and b are
any two vectors, thena X b Zb xa, however
a xb =—(b xa).
(i) Vector product is not associative,
ie.a X (b Xc) #(a xb) xc
(iii) Ifa and b are two vectors and m is a scalar, then
ma Xb=m(a Xb) =a xmb
(iv) If a and b are two vectors and m and n are scalars,
thenma xnb =mn(a Xb) =m(a Xb) =n(ma xb)
(v) Distributivity of vector product over vector addition.
Let a, b and ¢ be any three vectors. Then,
(a)a x(b +¢c) =a Xb +a Xc (left distributivity)
(b)(b +c) xa =b xa +c xa (right distributivity)
(vi) For any three vectors a, b and ¢, we have
ax(b-c)=a xb —a xc.
(vii) The vector product of any vector (zero or non-zero)
with zero vector is a zero vector i.e.

ax0=0xa=0

(viii) The vector product of two non-zero vectors is zero
vector iff they are parallel (collinear) i.e.a Xb =0
< a||b,a and b are non-zero vectors.
It follows from the above property thata xa =0 for
every non-zero vector a, which in turn implies that
ixi= _] X _] =k xk =o0.

(ix) Vector product of orthonormal triad of unit vectors
1, j and k using the definition of the vector product

obtain o
ixj=kjxk=1kxi =]
Jxi=-kkxj =-11i xk =—j

(x) Lagrange’s identity If a, b are any two vectors, then
laxb[* =[al’ |b|* —(a Bb)’

or |axb[* +(a(b)® =[af |bf

Vector Product in Terms

of Components
Ifa=a, i+a, j +a;kandb=b, i +b, 3 +b, k

Then, a xb =(aybs —asb,)i —(a;bs —asbh,)]j
Oi j kO

+(a; b, _azbl)f( :Bal a, a%

Db1 b, b3|]

Example 18. If a =2i +3j -5k and b = mi + nj +12k
and a xb =0. Then, find the values of m and n.

0i j kO
Sol. Clearly, a x b :g 2 3 -5
om n 12[]

=3 (36 +5n) — (24 +5m) +k (2n —3m)
Since, a Xb =0
0@B6+5n)i—(24 +5m)_] +(2n —3m) k =oi +0_] +0k
On comparing the coefficients of i, _] and k, we get

36 +5n =0, —(24 +5m) =0 and 2n —3m =0

36 24
g n:—?adm———



Example 19. Show that (a —=b) x (a +b) =2(a xb)
Sol. Consider, (a —b) x(a +b) =(a —b) xa Ha —-b) xb

[By distributivity of vector product over vector addition]
=a xa —-b xa +a Xb -b xb

[Again, by distributivity of vector product over vector
addition]

=0+a xb +a Xxb -0 [axb=-(b xa)]

=2(a xb)

Example 20. If a is any vector, then
(axi)’+(axj)?+(@ xk) is equal to
@]al? (b) 0
©3]al? d)2]al?
Sol. (d) Leta = a,i +a,j +ask
0 axi :(ali +a23 +a3lA() xi = —azlA( +a3j
(axi) =(a xi) Qa xi)
:(_azf( +a33) Eﬂ-azﬁ +033) =aj +a;
Similarly, (a % j)z =ai +d’
and (a x IA()2 =a’ +a}
0 @@xi)y +(@xj) +@ xk)’

=2(af +a; +a5) =2|af’

Example 21. If atb =0and a xb =0, prove that

a=0orb=0

Sol. Given,a[b =0anda xb =0
Now, alb=00 a=00or b=0ora b
and axb=00a=0orb=0ora||b
Since, a D banda || b can never hold simultaneously.
a alb=0and axb =0
U a=0orb=0

Example 22. if a, b and c are vectors such that
alb=ald axb=a xcanda#0, then show that
b=c

Solalb=aldanda #0

0 alb-al¢=0anda #0

a al(b-c)=0anda Z0

0 al(b- ¢)or b=c (1)
Again, aXb =a xcanda #0

a aX(b-c)=0anda %0

O a|[(b-c)=0andb =c ...(ii)
O From Egs. (i) and (ii), we have

b=c

[as a cannot be both parallel and
perpendicular to (b — ¢)]

Hence Proved

Chap 02 Product of Vectors 71

Example 23. If a,b and c are three non-zero vectors
such that a (b xc) =0 and b and c are not parallel
vectors, prove that a = Ab +pc where A and p are
scalar.

Sol. We have,a (b x¢) =0

a a=0orbxc=0ora [J(bx c¢)
g a=0orb||cora [0(bx c)
But a#0andbZc

0 a J(bx c¢)

g a lies in the plane of b and c.

g a,b and c are coplanar.

O a=Ab+uc
Example 24. If a xb =a xc,a #0, show that

b =c+ta for some scalar t.

Sol. We have, axb =a xc
a axb—-axc=0
a ax(b-c¢)=0
O a=0or(b—c)=0oral|(b-c)
a al|(b-c¢) (-aZz0andb #0)
g b-c=ta (for some scalar t)
0 b=c+ta

Example 25. For any two vector u and v, prove that

(i) @) +uxv|® =[u|’|v|?

(i) 1+ |u|2)(1 + |v|2) =(1-u E?)2+|u +v +(u ><v)|2

Sol. (i) To show (u ¥)* +|u x v2| =|u [* | v |

Let B be the angle between u and v.

O ul¥ =uvcos O

and |uXv|=uvsin®

O (uBr)? +|uxv]? =u*vcos’ 0+ u’v?sin®0
g (uE)? +|uxv|® =u’v?

O (i) +luxv| =lul’|v[

(i) Taking RHS (1 - u )* +|u +v +(u xv)|°
a 1+(uB/)2—2uB'+\[u +v +(u xv)]
Qu +v +(u xv)]|
O 1+|ul?|v|®cos’0-2|u||v|cosB+um
+ul’d +tu(u xv)
+vhi+v ¥ +vu xv) +(u xv) +(u xv) M
+(uxv)¥y +(u xv) [(u xv)
O 1+|ul?|v|®cos’0-2|u||v|cos@+|u|*+|ul
v|cosB +0
+|u|v|cos@+|v® +0+0 +0 +|u +v|*
O 1+|ul?|v|?cos’0+|ul> +|v|* +|ul*|v|*sin’0
O 1+uf|v] +uf* +[v [

=1 +|u*)(1+|v[*)=LHS
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Angle between Two Vectors

. . laxb]|
If 6 is the angle between a and b, then sin® =

alIb]

Expression for sin 0

Ifa=a, i+a, j+as kb=b.1i+b,j+b; kandBbe
angle between a and b, then

(azbs - a3b2)2 +(a, b3 —a3b1)2 +(a; b, _azbl)z

(ai +a; +a3) (bi +b; +b3)

sin@ =

Example 26. The sine of the angle between the

vector a = 3|+J+kandb 2i 21+k|s
@ |2 by |22
99 99
37 5
(@ | — d)—
99 Ja
0i j K
Sol. (a) axb=-3 1 1P=3i 1—_] -8k
oo . 0o
02 —2 15
sinGZ‘axM: :\/7TL
la||b]| \Eg@ 99

Example 27. If|a|=2|b|=5and|a xb| =8, then
find the value of a [b.
Sol. We have,|a|=2|b|=5
and laxb|=8
Let O be the angle between a and b.
. a_laxb]_ 8 _4
, sin@ = = ==
l[a||b| 2%x5 5

Now, cosB==./1-sin’0

16
=+ |1 -—

B 25

+2
5
alb=|a|b|cosB @ %Q

Then

Vector Normal to the Plane
of Two Given Vectors

If a and b are two non-zero, non-parallel vectors and let 6
be the angle between them.a x b =|a|| b |sin® n, where n
is a unit vector perpendicular to the plane of a and b such
that a, b, n form a right handed system.
0 (axb)=|a xb|n

axb

axb|

O n=

N xb
Thus, n = a

is a unit vector perpendicular to the
axb|

is also a unit vector

X
plane of a and b. Note that — 2
laxb|

perpendicular to the plane of a and b. Vectors of
magnitude ‘A’ normal to the plane of a and b are given by

i)\(axb)
[bxb|

Example 28. The unit vector perpendicular to the
vectors 6i +2]+3k and 3i —6J -2k, is

2i -3} + 6k 2i -3} - 6k
(a)iJ (b)il
7 7
2i +3j - 6k 2i +3j +6k
() 2L T2 70X (d) LA TR
7 7
Sol. (c) Leta :6i+23+3f<andb:3i—6j -2k
0i j kO
axb="¢ 2 3O
o, © o
o? T6

=14i +21j - 42k =7 (2i +3j —6k)

laxb|=7|2i +3j —6k| =
X A~ A~ ~

aXb _ 1o} 43} -6k)
laxb| 7

which is a unit vector perpendicular to a and b.

Example 29. Find unit vectors perpendicular to the
plane determined by the points

P(1,-1,2),Q@2,0,-7and R(0,2,1)
Sol. Clearly, required unit vector is a unit vector perpendicular
to the plane of PQ and PR.

Now,
PQ =(2i - k) —(i —j +2k)

=i+j-3k
R =(2j+k)-(i -j +2k)
=-i+3j-k
0i j kO
and PQXPRZSI 1 -3=8i +4j +4k
-1 3 -1
0 Required unit vectors
_, PQXPR _ _(8i+4j+4k)
"|PQxPR| 46

1 ~ ~ ~
=+t—=Q2i+j+k
\g( j+k)



Example 30. Let A,B and C be unit vectors.
Suppose AB =A € =0 and the angle between B

. T
and C is " Then,

@A=%2(BxC) (b)A==%+2 (BxC)
(©A=+3(B+C) d)A=++3(BxC)
Sol. (b) Since, A[B =0
O AOB and AIC=0
O AlC
0 A=+ BXC
|BxC]|
[+ A is a unit vector perpendicular
to both B and C]
Here, |B><C|:|B||C|sin§
1 _ 1
=100 -=—
V2o A2
So, A:i(BT =+2(BxC)
2

Right Handed System and Left
Handed System of Vectors

(i) Right handed system of vectors Three mutually
perpendicular vectors a, b and ¢ from a right handed
system of vector iffa xb =¢,b Xc =a,c Xa =b.

b

Cc

For example, the umt vectors ij and k form a right
handed system, i XJ k _] xk _1 k xi _j

(ii) Left handed system of vectors The vectorsa,b and
¢ mutually perpendicular to one another form a left
handed system of vectors iff

c Xb =a,a xc =b,b xa =c.
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o

Cc

Example 31. The vectorsc,a = xi +y j+zk and
b = j are such that a,c and b form a right handed
system, then c is

(@ zi - xk (b) O
(C)yi (d)—zf+xIA(
Sol. (a)a,c and b form a right handed system.
Hence, bxa=c¢c
O c:jx(xi+yji+zf()

=—-—xk +zi =zi —xk

Example 32. If a,b and c are three non-zero vectors
such that a xb =c and b xc =a, prove that a,b and ¢
are mutually at right angles and |b|=1and|c|=|a]|
Sol.axb =canda =b xc
0 cOa, &l bandalb,d] ¢ 0 aOb,b] ¢ andc Oa
U a, b and c are mutually perpendicular vectors.
Again,aXb =c and bxc=a

U |[axb|=|cland|bxc|=]|a|
0 |a|\b\sing:|c| and|b|\c|sing:|a|

O laflb|=]¢]

and |bllc|=]a] (;aObandb Oc)
J [b[*[c|=]c|

O Ib)*=10 |b|=1

On puttingin |a||b|=|c| O |a]|=]¢c]|

Geometrical Interpretation
of Vector Product

If a and b are two non-zero, non-parallel vectors
represented by OA and OB respectively and let 8 be the
angle between them. Complete the parallelogram OACB.
Draw BL [J OA.

A
AN
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In AOBL, sin© :E
OB
O BL =0Bsin8 =|b|sin 0
Now, axb=|a||b|sinBn
=(0A)(BA) n

= (Base x Height) n = (Area of parallelogram OACB) n
= Vector area of the parallelogram OACB

Thus, a X b is a vector whose magnitude is equal to the
area of the parallelogram having a and b as its adjacent
sides and whose direction n is perpendicular to the plane

of a and b such that a, b and n form a right handed system.

Hence, a X b represents the vector area of the
parallelogram having adjacent sides along a and b.

Area of Parallelogram
and Triangle

(i) The area of a parallelogram with adjacent sides a and
islaxb|

(ii) The area of a parallelogram with diagonalsd; and d,
is 1 |d; xd, |
2
(iii) The area of a plane quadrilateral ABCD is
% | AC x BD |, where AC and BD are its diagonals.

(iv) The area of a triangle with adjacent sides a and b is

1
~laxb]|
2

1
(v) The area of a AABC is 2 | AB X AC|

1
or §|BCXBA|

1
or 5|CB><CA|

(vi) If a, b and c are position vectors of a AABC, then its
1
area :g|(a xb) +(b xc) +(c Xa)|
Remark

Three points with position vectors a, b and ¢ are collinear, if
(@xb) +(bxc) +(c xa) =0

Example 33. If a,b and c are position vectors of the

vertices A,B and C of AABC, show that the area of
1

AABC is 5' axb+b xc +c xa|

Deduce the condition for points a,b and c to be
collinear.

Sol. Area of AABC = % | AB x AC|

Now, AB = Position vector of B — Position vector of A
AB=b-a

AC = Position vector of C — Position vector of A
AC=c-a
ABxAC =(b —a) x(c —a)
=b xc—b xXa —a Xc +ta Xa
=a xb +b Xc +c Xa

(-axa =0)

Hence, area of AABC = % | AB x AC|

1
:£|a><b+b xc+c Xa| =0

If the points A, Band C are collinear, then area of AABC =0

1
g ~laxb+b xc+c Xa| =0
2
g |axb+b Xc+cXxa| =0
0 aXb+b xc+cxa =0
Thus, aXb+b xc+cxa =0

is the required condition of collinearity of three points a,b
and c.

Example 34. Show that the perpendicular distance of
the point ¢ from to the joining a and b is
|bxc+c xa+a xb|

|b-al

Sol. Let ABC be a triangle and let a,b and ¢ be the position of

its vertices A, B and C respectively. Let CM be the
perpendicular from C on AB.

Then, area of AABC = %(AB) eM) = é | AB||CM|

Also, area of AABC :%\a Xb +b Xc +c Xa |
C(e)

A@) % B(b)
0 %|AB||CM|=%\aXb+b xc +e Xa |

bxc+cxa +a xb|
|b-al

g CM:‘




Example 35.

(i) Find the area of the quadrilateral whose diagonals

are given by
30 +j-2k, i3] +uk

(ii) Ay, Ay, ..., A, are the vertices of a regular plane
polygon with n sides. O is the centre. Show that
n-1
z (OA; xO0A, ,;)=(1-n)(0A, xO0A,)

=1

Sol. (i) Area of the quadrilateral = % |d, xd, |

0i j kO

=105 1 P21 of 14 -0k
20, 02
ol T3 g

:%1/4 +196 +100:#:5\E

(ii) A}, Ay, ..., A, are the vertices of a regular plane polygon
of n sides and centre O .

Let |OA;|=kU~F K 23,..,n
Let e; be the unit vector along OA;
OA; = ke,
OA,; xOA,;,, =ke; xke;, ., =k’%;
where X; is a unit vector in the direction perpendicular to
the plane of the polygon and x; = X;  ; for

n-1 n-1
O LHS=§ (OA,; xO0A,;, ) =k* ¥ %,
iZI rzl
=k*(n-1)%;, =(n —1)(0A; XO0A,)
=(1-n)(0A, XOA,)

Moment of a Force and Couple
Moment of a Force

(i) About a point Let a force F be applied at a point P of
a rigid body then, the moment of F about a point O
measures the tendency of F to turn the body about
point O. If this tendency of rotation about O is in
anti-clockwise direction, the moment is positive,
otherwise it is negative.

Let r be the position vector of P relative to O. Then,

the moment or torque of F about the point O is
defined as the vector M =r X F.
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If several forces are acting through the same point P
then the vector sum of the moment of the separate
forces about O is equal to the moment of their
resultant force about O.

Remark

Moment of a force F about a point A= AB xF, where B is any
point on F.

(ii) About a line The moment of a force F acting at a
point P about a line L is a scalar given by (r X F) [4,
where a is a unit vector in the direction of the line
and OP =r, where O is any point on the line.

Thus, the moment of a force F about a line is the
resolved part (component) along this line, of the
moment of F about any point on the line.

Remark

The moment of a force about a point is a vector while the moment
about a straight line is a scalar quantity.

Example 36. Find the moment about (1, -1, = 1) of the
force 3i + 4]’ -5k acting at (1,0, - 2).
Sol.Let A=(1,-1,-1),B=(1,0,-2)
and F=3i+4j-5k

Then, moment of force F about A is given by AB x F.

Here, AB :(; —ZIA() —(; —j _ﬂ) :j -k
0 j kO

0 ABxF=Jo 1 -1
DS . - a
0 0

=i(-5+4)-j(0 +3) +k (0 -3)
=-i-3j-3k
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Example 37. Three forces i +2j - 3k, 2i +3j +4k
and i—]’+IA( acting on a particle at the point (0, 1, 2).

The magnitude of the moment of the forces about the
point (1,—2,0) is

a) 24/35 (b) 6510
(© 47 (d) None of these
Sol. (b) Total force F = (; + 23 —SIA() +(2£ +33' +41A()

+(i-j+k) =4i +4j +2k

Moment of the forces about
P=rxF =PA XF
PA=(0-1)i+(1+2)j+2 -0k
= -i+3j+2k
0 Moment aboutP:(—i +33 +21A() ><(4i +43 +21A()

0Oi j kO
=H_1 3 20=—2f +10j - 16k
Oy 4 4B
a a
F
©.1,2)
A
r
(1,-2,0)
P

Magnitude of the moment
=| -2i +10j - 16k|

=212 +5% +8% =290 =610

Example 38. Find the moment about a line through
the origin having the direction of 2i - 21 +k due to
30 kg force acting at a point (- 4,2, 5) in the direction
of 12i —4j - 3k
Sol. Let F be the force. Then,
30(121 - 4_] 3k) _

{144 +16 +9

Suppose the force F acts at point P (— 4, 2, 5) the moment of

(12 - 4_] —3k)

F acting at P about a line in the direction 2i — 2j + k is

equal to the resolve part along the line of moment of F
about a point on the line.

0  r=OP =(-4i +2j +5k) —(0)
= —4j +2j +5k
Let M be the moment F about O. Then,

O i i k0O
M=rxF=20_4 5 5O
130 _ _D
012 4 -3

30, » Aa
=Z-(4i +48j -8k
13( J )

2i-2i+k M
121 - 4j - 3k

Let a be unit vector in the direction of 2i — 2} +k. Then,
21 - 2j j+ k 1

a-497% 7(21—2‘]+k)
,l4+4+1

Thus, the moment of F about the given line
=M@ :%(141 +48j —8k)

760

Fi-2i+k)=-
3( j+k) 5

Moment of a Couple

A system consisting of a pair of equal unlike parallel
forces is called a couple. The vector sum to two forces of a
couple is always zero vector.

&A N

B F
The moment of a couple is a vector perpendicular to the
plane of couple and its magnitude is the product of the

magnitude of either force with perpendicular distance
between the lines of the forces.

M =r XF, where r =BA
|[M|=|BA xF| =|F||BA|sin 0
where 0 is the angle between BA and F
=|F|(BN) =|F|a
where, 0 = BN is the arm of the couple and + ve or —ve

sign is to be taken accordingly as the forces indicate a
counter clockwise rotation or clockwise rotation.

Example 39. The moment of the couple formed by
the forces 5i +k and - 5i —k acting at the points

(9,-1,2) and (3 2,1) respectwely, is
(a)—|+]+5k (b)l—]—5k

(©2i -2j —10k (d) - 2i +2j +10k



Sol. (b) Moment of the couple,
(i + k)

A
9,-1,2

=BA xF ={(9 —3)3 +(-1 +2)3

+(2 -1k} x(51 +k)

0 j K
AR Sy O
=6i+j+k)x(i+k) =6 1 1
(6i +j +k) x( )Dso F
0 0

=i-j-s5k

Rotation About an Axis

When a rigid body rotates about a fixed axis ON with an
angular velocity w, then velocity v of a particle P is given

by
V=WXr,
were, r=0P
and 0 =| W| (unit vector along ON)

Example 40. A particle has an angular speed of
3 rad/s and the axis of rotation passes through the
points (1, 1, 2) and (1,2,—2). Find the velocity of the
particle at point P (3,6,4).

OA =i+j+2k
OB:i+2i—2f{
AB = j -4k =|AB| =417

Sol. Clearly,
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and AP =(3i +6j +4k) —(i +j +2k)
=2i +5j +2k
CPo
1,2-28f o
\"
C P (3,6, 4)
r
A(1,1,2)
0 w—i(t —41A()2 and r
Ji7
3 ~ ~ ~ ~ ~
Now, v=wxr=——(j—4k) x(2i +5j +2k)
774 j
3 ~ ~ ~
=~ (22i -8j -2k
\/ﬁ( J )

Example 41. A rigid body is spinning about a fixed
point (3, —2, —1) with an angular velocity of 4 rad/s,
the axis of rotation being in the direction of (1,2,-2) .
Find the velocity of the particle at the point (4, 1, 1).

5ol n R R
Sol. @ =4 Ewuzi(i £} -2k

1+4+4[]
r = OP - OA
=(4i+j+k) -(3i -2j -k)
=i+3i +2k

V=W szg(i +2j —2k) x (i +3j +2k)

0 %(10?—4}“2)

o

A

B,-2-1NA
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Exercise for Session 2

Find|axb|ifa=i-7]j+7k and b=3i-2j -2k

Find the values of A and . for which (2i + 6] +27R) X(Ai +)\] +uR) =0

If a=2i+3j-k,b=-1i+2j-4k c =i+ ] +k then find the value of (a x b) [{a xc).
Prove that (a[i)(a x i) + (a [j) (a x j) +(a xk)(a xk) =0.

Ifaxb=cxdand axc =b xd, then show that a-dis parallel to b-c.

If (ax b)? + (ab)? =144 and | a| =4, then find the value of | b|.

Ifla|=2,|b|=7and (axb)=3i +2]j +6k, find the angle between a and b.
V2

Let the vectors aand bbe such that|a|=3,|b|= 3 and a x bis a unit vector, then find the angle between a

© N OO A W Db

and b.
9. Ifla|=+26,|b|=7,and|a x b| =35, find alb.
10. Find a unit vector perpendicular to the plane of two vectors a = i —] +2kand b=2i + 3] -k
11. Find a vector of magnitude 15, which is perpendicular to both the vectors4i —] +8k and - ] +k
12. Leta=i+4j+2k b =3i -2j +7k and c=2i -] +4k
Find a vector d which is perpendicular to both a and band ¢ [d =15.
13. Let a,band c be unit vectors such that a b =0 = a [¢. If the angle between band c is g then find a.
14. Find the area of the triangle whose adjacent sides are determined by the vectors
a=-2i-5k andb=i-2j-k
15. Find the area of the parallelogram whose adjacent sides are represented by the vectors
3i+ ] -2k and i —3] +4k.
16. Show that the area of the parallelogram having diagonals 3i+ ] -2kand i - 3] +4k is543.
17. Aforce F=2i +] —k acts at point A whose position vector is 2i - ] Find the moment of force Fabout the origin.
18. Find the moment of Fabout point (2, — 1,3), when force F = 3i+ 2] -4kis acting on point (1, —1,2).

19. Forces 2i + ] 2i —3] +6kand - i + 2} ~kactata point P, with position vector4i - 3} ~ k. Find the moment of
the resultant of these force about the point Q whose position vector is 6i+ ] -3k.



Session 3
Scalar Triple Product

Scalar Triple Product

The scalar triple product is defined for three vectors and it

is defined as the dot product of one of the vectors with the Area of base
cross product of the other two.

Height of parallelopiped
_ Volume of parallelopiped

If a,b,c are any three vector, then their scalar product is . .
defined as (a x b) [2. Properties of Scalar Triple Product
We denote it by [a,b,c] (i) If'a, b and c are given by

It is also called the mixed or box product. a=a;i+a,j+ask

R y b=b,i+b,j+bsk
emar ~ ~ A
Result of scalar triple product is always a scalar. c=ciite,jtesk
a, a, as
Geometrical Interpretation of Scalar ~ Then.@xb)le=p, b, b,
Triple Product ¢ C s

Leta,b and c be three vectors. Consider a parallelopiped
having coterminous edges OA, OB and OC such that
OA =q,0B =b and OC =c. Then, a X b is a vector

perpendicular to the plane of a and b. Let @be the angle
between c and a X b.

(ii) (a x b) [¢ =a [(b Xc) i.e. position of dot and cross can
be interchanged without altering product. Hence, it is
also represented by [a b c]

(iii)[abc]=[bca]=[cab]
(iv)[abc]=-[bac]

If n is a unit vector along a X b, then @is the angle

b 1 (v) [kabc]=k[abc][kia k,b ksc] =k kyks[abc]
ctween n andc. . . (vi)[a+bcd]=[acd]+[bcd]
= X
Now, [abe]=(axb) (vii) a, b and ¢ in that order form a right handed system, if
. C F [abc]>0.
R4 a
\‘\\Y¢l G
1 b
0 B b

4 c
A D
= (Area of parallelogram OADB) n [¢

(viii) The necessary and sufficient condition for three
= (Area of parallelogram OADB) (n [¢)

non-zero, non-collinear vector a, b and c¢ to be

= (Area of parallelogram OADB) (| ¢ || n | cos @) c0p1arll’ar ii ;hat [abc]=01ie.,a,bandc are coplanar
= (Area of parallelogram OADB) (| ¢ | cos @) . = [abc]=0.

= (Area of parallelogram OADB) (OL) (ix) [x1a +y;b +z1¢,x3a +y,b +2,¢,x3a +y3b +z3c]
= Area of base x height ) X1 Y1z )

=Volume of parallelopiped =|x, Yy, z;|labc]

X3 Y3 Z3
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Remarks
1. Four points A, B, C, D are coplanar if [AB, AC, AD] =0
2. Four pointsa, b,c andd are coplanar, if
[dbc] +[dca] +[dab] =[abc]
or [abc]+[acd] +[adb] =[dbc]
3.[aab]=[bba] =[ccb] =0
i.e., if any two vectors are same, then vectors are coplanar.

Volume of Tetrahedron
(A pyramid having a triangular base)

If OABC is a tetrahedron as shown in figure, where
OA =a, 0B =b, and OC =c, then volume of

1
tetrahedron = g[a b c]

Remarks

1. The six mid-points of the six edges of a tetrahedron lie in a
sphere, if the pair of opposite edges are perpendicular to each
other.

2. Centre of the sphere is the centroid of the tetrahedron.
3. GA’ + GB® + GC? + GO? =12r°, Gbeing the centroid.

4. The angle between any two plane faces of a regular
tetrahedron iscos™ —.

5. Angle between the any edge and a face not containing the

1

angle iscos™ \E (for regular tetrahedron).

6. Any two edges of regular tetrahedron are perpendicular to
each other.

1. The distance of any vertex from the opposite face of regular
tetrahedron is \/%k, k being the length of any edge.

Example 42. Find the volume of the parallelopiped
whose edges are represented by a =2i —3j +4k,
b=i+2j-k andc =3i - j+2k.
2 -3 4
Sol. Here,[abc]=|1 2 —1(=24-1)+3(2 +3) +4( -1 -6)
3 -1 2
=6+15-28= -7
0 The volume of the parallelopiped = ‘ [abc] ‘ =7.

Example 43. Let a = xi +12j —k b =2i +2xj +k and
c=i+k If b,c,a in that order form a left handed

system, then find the value of x.
[x;a+yb+zc, x,a +y,b +7,¢c,x3a +ysb +z5c]

X1 Y1 4
= X2 yz Zz [abC]
X3 Y3 Z3

Sol. Since, b, ¢,a form a left handed system, three fore

[b,c,a]<0
2 2x -1

O 1 0 1(<0
x 12 -1

0 2(0 - 12) — 2x(-1 — x) +1(12 —0) <0
| - 24 2% 2x% 1% 0
a 2x +2x -12<0 0 x* +x -6<0
0 (x —2)(x +3)<0 O xO¢ 3,2)
Example 44. For any three vectors a,b and ¢ prove
that [a+bb+cc+al =2[abc]
Sol. We have,[a+b b +cc+a]
={(@a +b) x(b xc)} [t +a)
={a xb +a Xc +b xb +b Xc} (& +a)
{bxb =0}
={a xb +a Xc +b xc} [ +a)
=(axb)lé +(a xc)d +(b xc) [d
+(axb)d +(a xc) @ +(b xc) @
=[abc]+0+0+0 +0 +[bca]
[“[acc]=0,[bcc]=0,
[aba]=0[aca]=0]
=[abc]+[abc]=2[abc]

Example 45. If a,b and c are coplanar show
[a+bb+cc+alare coplanar.
Sol. Since, [a b c] are coplanar
[abe]=0 ...()
and shown in above example
[a+bb+cc+a]=2[abc] =0 [using Eq. (i)]
which shows[a + b b + ¢ ¢ +a]are coplanar, if [a b c]are
coplanar.

Example 46. For any three vectors a,b and ¢ prove
ala alb ald

that[abcl’=|b@ bb b
cl@a cib cid
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Sol. Let a = aji +a,] +ask Example 49. If a,b and c are any three vectors in
b =bi +b,j +bk space, then show that
(c+b)x(c+a)t +b +a) =[abc]

Sol. Here,(c +b) X(c +a)[(c +b +a)

c=ci +c,jtesk

4 4 4as||ap d; das

Xc+cxa +b xc +b x +b +
Then,[abclfabcl=|b, b, by||b b, by g sz: b e +bb Xca) %c fl)) Kfa) b a(').'cxc=0)
G € Gfja €2 € O (exa)lé +(c xa) B +(c xa) @ +(b xc) d +(b xc) B
On multiplying row-by-row, we get +(bxc)ld +(b xa)d +(b xa) B +(b xa) &l
[abcel = a 0+[cab]+0+0+0 +[bca] +[bac] +0 +0
aa, t a,a, +asa; aby +ayb, +asb; ac, taye, tascs U [abc]t[abc]-[abc] (-cab=abo
biay + bya, +bsas  biby +byby +bsbs by +bye, +hses U [abc] (-[bac]=-[abec])
C1ay + €20, Feaas caby ¥ eoby Fesbs ey Fepe, +eses| | Example 50. If u,v and w are three non-coplanar
alda alb ale vectors, then (u+v —w) M(u —v) x(v —w)] is equal to
=bla b ble (@0 (b) ullv x w)
c@ cb cle (©) ullw x v) (d) 3ullv x w)

Sol. (b)(u+v —-w)Qu —-v x(v —w)]
a (u+v-w)Q(uxv) x(u xXw) =0 Hv xw)]
=[uuv]+{vuv]-[wuv]-[uuw]-[vuw]
[abcl (xm)=jall bI c twuwl]+tuvw]+[vvw]-[wvw]
allm blh clh =0+0-[uvw]-0+[uvw]+0 +fuvw] +0 -0
=uvw]=ulv xw)

Example 47. If a,b,c,l and m are vectors, prove that
a b C

Sol. Leta = ai +a,j +ask, b = bi + byj + bk,
c=ql +cp) +osk 1 =hi + Lj + Lk Example 51. If a, b and c are non-coplanar vectors
and m =mi +myj +mk and X is a real number, then the vector a +2b + 3c,

o o alli j k Ab +4c and 2\ - 1)c are non-coplanar for

O@bel(Ixm)=|b b, by||L, I, I () no value of A
b) all except one value of A

Ci €2 C3||\mMy my MMy (
(c) all except two values of A
(d)

On multiplying row-by-row, we get d) all values of A
ali * “2!' * a3lf aly +azly +asls  aymy +a;m, +azmg Sol. (c) Since, a, b and ¢ are non-coplanar vectors.
=|bi+byj+ bk bl +byly +bsls bymy +bymy +bimy U [abe]Z0
cii +eyjtesk Dl +byly +bsls cymy +cymy +esmg Now, a +2b +3c,Ab +4cand (2A - 1) ¢ will be
non-coplanare iff
a all afjm| | a b (a +2b +3¢) O(Ab +4c) X(2A —1) ¢} £0
=/b bl bim|=lall bd cl ie, (a +2b +3¢) DA\ —1)(b Xc) #0
¢ c chm| |alm blmn clm ie., A2A —1)[abec]} 20
1
Example 48. If a and b are non-zero and non- 5 A# %3

collinear VeCthS’ then §hOW thatA Thus, given vectors will be non-coplanar for all values of A
axb=[abili+[abjlj+abklk

1
except two values 0 and 5

Sol. Let axb=x +yj +2k (1)
(axb)d =(xi+yj+zK) d Example 52. If x, y and z are distinct scalars such
(axb)b=x that [xa + yb +zc, xb + yc +za,xc +ya +zb] =0]
. . where a, b and c are non-coplanar vectors, then
AISO, (aXb)[;i—y -.-(ll) (a)X+y+Z =0 (b) Xy+yz +7x =0
(axb)k =z ©x>+y*+2z% =0 d) x> +y* +z2 =0

axb =fabili+[abjlj+[abk]k Sol. (a)a, b and c are non-coplanar.

O [abc]#0
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r{xa +yb +zc,xb +yc +za,xc +ya +zb] =0  Sol. (a) Since, the volume of tetrahedron with edges a, b and cis

x y z Xy z [abc]
Oz x y|[abe]l=00 |z x y|=0 [-[abc]#0] Where, ald=blb=cle=1
y =z X y = X and ale=bl¢=a :§ (given)
O (x+y+z)(x* +y* +2% —xy —yz —zx) =0 1
1 0 V=-[abc]
O —(x+y+2){(x -y} +(y —2)* +(z —x)’} =0 6
é ald alb al¢
O x+y+z=0 or x=y=z 0 szi[abc]zzibﬁ bb bl
But x, y and z are distinct 36 36
cld cb cle
a x+y+z=0.
RN
Example 53. If a,b and c are three non-coplanar PR
uni-modular vectors, each inclined with other at an _1 ﬁ " ﬁ :1@5*@ —ED
angle 30°, then volume of tetrahedron whose edges are 36| 2 2| 3604 4
a,bandcis V3 43 .
a) 7V3J§_5 (b) M 22
12 12 O V= i”hﬁ -5
542 +3
(c) \CZ (d) None of these

Exercise for Session 3

10.

If a and b are two vectors such that\ ax b\ =2, then find the value of [a b a x b].

If the vectors 2i — 3}, i+ ] —kand 3i - k form three concurrent edges of a parallelopiped , the find the volume
of the parallelopiped.

If the volume of a parallelopiped whose adjacent edges are a =2i+ 3] +4k ,b= i+ cx] +2k ,C= i+ 2] +akis
15, then find the value of a, wherea > 0.

The position vector of the four angular points of a tetrahedron are A(] + 2&), B(3Ai + R), C(4Ai + 3] +6IA() and
D= (2Ai + 3] + 2lA(). Find the volume of the tetrahedron ABCD.

Find the altitude of a parallelopiped whose three coterminous edges are vectors A = i+ j +k,B=2i+ 4] -k
andC=i+ ] +3k with Aand Bas the sides of the base of the parallelopiped.

Examine whether the vectors a =2i + 3] +2k ,b= i —] +2kand ¢ =3i + 2] + 4k from a left handed or a right
handed system.
Prove that the four points 4i+ 5] +k , = (} + R) , (3Ai + 9} + 4IA() and 4(—Ai + ] + ﬁ) are coplanar.

alu blu clu
Prove that[abc]luvw]=|alv blv cl¥v
alw bw clw

If[a b ¢] =2, then find the value of [(a + 2b —c)(a —b)(a —b —-c)].

If a, band c are three non-coplanar vectors, then find the value of

al{bxc) + b{cxa) + cl{axb)
b{cxa) caxb) allbxc)




Session 4
Vector Triple Product

Vector Triple Product Remarks

It is defined for three vectors a, b and ¢ as the vector 1. a x (b x¢) is a linear combination of those two vectors which
a x(b xc). are with in brackets.

. . . . 2. Ifr=a x(b xc), thenr is perpendicular toa and lie in the plane
This vector being perpendicular toa and b Xc. But b Xc s ofbande.
a vector perpendicular to the plane of b and c. 3.ax(bxc)=(a@b-(abc

(@axb)xc=(c@)b -(c Ba
Aid to memory
[ (0 1) = (1T =) Hi
4. (a xb) x(c xd) =((@a xb) d)c —((a xb) @) d
=labd]jc -[abc]d
0 Thevector(a xb) x(c xd) lies in the plane of ¢ and d.
Also, (@ xb) x(c xd) = —(c xd) x(a xb)
= —{((c xd)B)a —((c xd)(a b)}
=-[cdbla +[cda]b
Ua x (b xc) lie in the plane of b and ¢, i.e., it is coplanar Which shows that (a x b) x (¢ xd) lies in the plane ofa and b.

with b and c. Thus, the vector (a x b) x (¢ xd) lies along the common
ie. ax(b xc) =lb +mc ) section of the plane of ¢,d and that of the plane of a, b.

Taking the scalar product of this equation with a, we get Lagrange's |dent|ty

A

(-a x(b x¢)is Otoa] alée ald
0=lalb) +ma) oo (P xe)istitoa (a xb) e xd) =
Ho@ (x e o O ble bd
0 la ) = -m(a [d) Proof LHS =(a xb) [[c xd) =u [t xd)
l m where u=axb=(uxc)d
O —=-—= (say)
ale alb =((a xb) xc) [d
O I=M\ald) =((c@)b—(c@) @) d
and m=-A(a [b) =(c@)(b[d) —(c Ib)(ald)
Substituting the value of [ and m in Eq. (i), we get =(ald)(bld) —(bd)(ald)
ax(bxc) =A[(a d)b —(a B) ] _|ale ald
Here, the value of A can be determined by taking specific bl¢ bld
values of a, b and c. o L R
If we choose the coordinate axes in such a way that, Example 54.1fa=i+j+k,b=i+j,c=iand
a=a;i,b=b1+b,] (a xb) xc =Aa +pb, then A+ is equal to
2 ~ ~ (@0 (b) 1
and c=c;i+cyjtesk © 2 3

it is easy to show that A = 1. Sol. (a)(a x b) x ¢ = Aa +ub

Hence, ax(bxc)=(ald)b—(ab)c 0 (a@)b-(blk)a=Xa+ub
anda X (b Xc) =(a Xb) Xc, if some of all a, b and c are 0 A =-bj =ald
zero vectors or a and ¢ are collinear. 0 A+p= ale- Ble (= blc

={(i+j+k) - +jp=kb=0
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Example 55. If a,b and c are three non-parallel unit
vectors such that a x (b xc) =%b, then find the angles
which a makes with b and c.

Sol. We have, a x(b xc) :%b
0 @)b-(a Elb)c:%b
g ale= % andalb =0 (comparing c and b)
| ale= % anda b
Suppose a makes angle 8 with ¢. Then, a [¢& = %
O la]]c|cosO=

O 0059:% (slal]e|#0)

w|g e

u 0=

Tt
Thus, a is perpendicular to b and makes an angle 3 with c.

Example 56. If a = —i + j +k and b =2i +k then
find the vector x satisfying the conditions.
(i) that it is coplanar with a and b.
(ii) it is perpendicular to b.
(iii) alx =7
Sol. Since, x is in the plane of a and b and is perpendicular to b.
O x=A{b x(a xb)}
0 x=A{(bld)a-(b@)b}
=M 5(—i +j +k) =() (20 +k))
=\ {-5i +5j +5k +2i +k}
=A {—3i +5} +6k}

Now,a [k =7
O - 3N 5N 6= 7
O sA=70 A=
8
7 et ol
Hence, x = g(—Sl +5j +6k)

Example 57. Prove that
a x(bxc)+b x(c xa) +c¢ x(a xb) =0
Sol. We have,a X (b x¢c) +b x(c Xa) +c X(a Xxb)
={ale)b —(alb)ct +{(b@)c —(b [d)a}
+{(cb)a —(c @) b}
=[(ale)b —(alb)c +(ad)c —(b [d)a
+(bl¢)a—(ale)b] =0

Example 58. Show that the vectors

a X (b xc),b X(c Xa) and ¢ x((a xb) are coplanar.

Sol. Let p =a X(b Xc),q =b X(c Xa)and r = ¢ x(a X b), then
ptq+r=a X(b xc) +b X(c Xa) +c X(a xb) =0
0 p=(-1,q=(-r
which shows p is linear combination of ¢ and r.
So, p, q are coplanar.
Hence,a X (b X ¢), b X(c xa)and ¢ X (a x b) are coplanar.

Example 59. Prove that [a xb b xcc xa] =[a b c]?

Sol. We have,[a xb b Xcc Xa]
={(a xb) x(b x¢)} lc xa)
={d x(b xc)} [c xa) [where,d=(a Xb)]
=[(d [¢)b —(d b)c] [{c xa)
=[{(axb)d)b —(a xb) b} c]lc xa)

={labec]b —-0}(c xa) [-(abb)=0]
={labc]{blcxa)}

=[abc][bca] {-[abc]=[bcal}
=[a b c]

Example 60. If a,b and c are coplanar show
[axbb xcc xalare coplanar.
Sol. Since, [a b c]are coplanar.
a [abec]=0
and[a xbb xccxa] =[abc] =0

Ofaxbb Xcc xa] are coplanar, ifa, b and c are
coplanar.

Example 61. If A, B and C are vectors such that
|B|=|C|, prove that
{(A+B) x(A +C)} x(B xC) [B +C) =0.
Sol.LetR;=A +B,R, =A +C,R; =B +C
OLHS={(A +B) x(A +C)} x(B xC)} x(B xC) (B +C)
U {(R; xR;) x(B xC)} [Ry
O [RUBxC}R, —{R, (B xC)R,}] Ry
0 [A+BBC][R,[R;]-[A +CBC](R; [Rj)
a {{[ABC]+[BBCJ}[(A+Q) B +C)] -{{[A BC]
+[CBC]J}[(A +B) (B +C)]
0 [ABCI[(AB+A[IC+CB +CIC) -[ABC]
(AB+AC+BB +BI0)
| [ABCI(AB+AC+CB+|C|°-AB
-AC+BB +BIC)
0 [ABC](CP-|BJ)
[A B C](0)
0  0=RHS

O

C-[B[=]C])



Example 62. Ifb and c are two non-collinear
vector such that a||(b x c), then prove that

(a xb)a xc) is equal to|a|® (b [¢).

Sol. Since, a || (b % c), therefore a Obanda O ¢

0 alb=0andalt=0
Now, consider (a x b)[(a X ¢) = a ale|_|a
bld ble 0 bl

=(a@)(b @) =|a’|(b).

Reciprocal System of Vectors

The two system of vectors are called reciprocal system of
vectors if by taking dot product, we get unity.

Thus, if a, b and ¢ be three non-coplanar vectors and if.
cXa

a’=bxc,b'= andc’=aXb
‘abc‘ ‘abc‘ ‘abc‘

Thena',b" and ¢’ are said to be reciprocal system of
vectors for the vector a, b and c.

Remarks
1. Ifa,b,c anda’,b’, ¢ are reciprocal system of vectors, then
,_albxc)_[abc] _
ald'=—— "= =1
(abc) [abc]

Similarly, bb' = c[¢' =
2.alb'=ale’'=b@'=b@'=cl@a' =cl=0
3.[abc]a'b c']=1

Proof : We have,

v o1 Ubxe _ecxa _axblU
[@'b c]= = = 0
abc] [abc] [abc]f
= ' bxccxaaxbl=— [abc]’
labc]® [abc)’
- 1
[abc]

Ola'b ¢ ]JOabc]l="1 o .
4. The orthogonal triad of vectors i, j and k is self reciprocal.
Leti, ] and k be the system of vectors reciprocal to the system
i ] and k then, we have,
iod
(i
Similarly, j’= iand k' =k
5. a,band c are non-coplanar iffa’, b', ¢’ are non-coplanar.
[abc][a’'b c]=1
1
[abc]

So, [abc]#20 = [a'b c ]z 0

X
>

>

—
>
2,

D [alblcl:|:

Thus, a, band c are non-coplanar iff [a’ b’ ¢' ] are non-coplanar.

6. Ifa, b, c are non-coplanar vectors, then
[xbc]a +[xca]b+[xab]c

[abc]

r=
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Example 63. Find the set of vectors reciprocal to
the set of vectors 2i +3j —k,i —j —2k, —i +2j +2k

Sol. Let the given vector be a, b, c.
2 3 -1
Now, [abc]=|1 -1 -2
-1 2 2
=2(-2+4) -3(2 -2) -1(2 —1)
=4-1=3

bxc=|1 -1

2 |=-8i +3j -7k

J
cxa=|-1 2
3 -1

-1|=-7i+3j -5k
-1 -2

axb=

_ DN e

,_ bxc _23+1A(
[abc] 3

,_ cxa _—8i+3j-7k
[abc] 3

axb _-7i+3j-5k

[abc] 3

Hence, a

I —

and c

Example 64. Find a set of vector reciprocal to the
vectors a,b and a x b.
Sol. Let the given vectors be denoted by a, b and ¢ where
c=a xb.
0 [abc]=(a xb)& =(a xb) =(@a xb)* ..(i)
and let the reciprocal system of vector bea’, b' and c'.
bxc _bx(a xb)

0 a'=
[abc] [axb]
,_ c%Xa _(axb)xa
“labc] [axb]
axb _ axb

1 —

¢ = =
[@abc] [axb]

Oa’', b’ and ¢’ are required reciprocal system of vectors for
a,banda xb.
xXC , cXa

b axb
Example 65. If a’' = [abc]’b “hbd ® [abd

then show that
axa'+bxb'+cxc'=0, where a,b and c are
non-coplanar.
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Sol. Here,a xa' = w
[abc]
axa':w (1)
[abc]
Similarly,
bXb':M (11)
[abc]
cXxc' :M (111)
[abc]
axa'tbxb'+cxc'
(@alé)b-(ad)c+(b@)c -(b@)a
= +(ch)a —(c@)b
[a bc]
(-alb=bM)

=0

Example 66. If (e;,e,,e5)and (e;",e,",e5' ) are two
sets of non-coplanar vectors such that i =1,2, 3

we have e; [&; = S]’ i '=J then show that
o, ifizj

[e;,e;,e3],[e; e, ez]1=1

Sol. We have, e, [by =0, 5 =0
0 e, Oey and e, Oes
O erl(e) xe5)
0 e; =\ (ey X ey) ()

e lé' = }\(6’2 X e;)@;

1= [e; ey e5] (eje' =1, given)

_ 1
[e; €, €3]
From Eq. (i),
€1 = 762, X 63'
[e1 e; e5]
) ) e I x e 1
Similarly, e, = B 1
[e e; e5]
e;' X e,
and €3 :¥
[e; e; e5]
0 [e, e e]:[€2x33€3x€131x32]
1 €263 T 3
[er e; e5]
O ley, €5 .e5][e; €3 €51 =[e, Xes €5 Xey ey Xey] ...(i)

Now,[e X, € %), %é,] <[ s
O From Egs. (ii) and (iii), we get
U S
[e; e, e5]les €2 e5]” =[er e, €3]

[e; e;e;][e ez e3]=1

...(ii)

Solving of Vector Equations

Solving a vector equation means determining an unknown
vector (or a number of vectors satisfying the given
conditions)

Generally, to solve vector equations we express the
unknown as the linear combination of three non-coplanar
vector as; I = xa +yb +z(a Xb);asa,banda x b are
non-coplanar and find x, y and z using given conditions.
Sometimes, we can directly solve the given condition it
would be more clear from some examples.

Example 67. Solve the vector equationr xb =a xb,
rld =0 provided that c is not perpendicular to b.

Sol. We are given,
rxb=a xb

O (r—-a)xb =0
Hence, (r —a) and b are parallel.
O r-a=th
and we known rie¢ =0, ..()
U Taking dot product of Eq. (i) by ¢, we get

r(@a —a (e =t(b[d)
O 0-—ald=1¢bld)

(¢
0 f=— %@ i
o (ii)
0 From Egs. (i) and (ii) solution of r is
r=a- %ﬁﬂb
[¢
Example 68. Solve for x, such that ACX =C and
A x X =B with C £0.
Sol. We have, A x X =B
Taking vector product of both sides with A, we get
A xB=A x(A xX)
S(AX)A-(AA)X
=CA-|A’X
(using AIX =Cand A[ZA =| A |*)
O |A*X=CA -A xB
or X = CA +BxA
A

Example 69. Solve the vector equation r x a +kr =b,
where a and b are two given vector and k is any scalar.

Sol. Since,a, b anda X b are two non-coplanar vectors.
r=xa+yb +z(a xb) (1)

(where, x, y and z scalars)



On puttingrinr X a + kr =b, we get
{xa+yb +z(a xb)} xa +k{xa +yb +z(a xb)} =b
O y(b xa) +z{(ald)b —(ad)a} +k{xa +1yb
+z(@xb) =b
O {kx—z(alb)la +{ky +z(al@)} b+ {(y +zk)}(a xb) =b
a kx —z(alb) =0,ky + z(alad) =1
a - 3 zE 0
On solving these equations, we get
_ 1
zZ= K+ |a ‘2 ’
_ al
T Kaf k)
k
and y_7k2+|a\2

On putting theses value in Eq. (i), we get the solution,

(alb) k 1
r= + b)+———(axb
k(k* +|al’) k2+|a|2() k2+\a|2( )

= 1 [{alb)a
K+|al’H k

+ (k)b +(a x b)gis required solution.
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Example 70. Solve for vectors A and B, where
A+B=a, AxB=b, Ald =1

Sol. We have,
O
O

O
Also,

O

and

A+B=a
AA+Bld=ald
1+BE =a’ (given A [d =1)
B@=a®-1 ()
AXxB=b

ax(A XB)=a xb

(aB)A —(alA)B =a xb

(a®* -1)A-B =a xb
[using Eq. (i) anda [A =1] ...(ii)

A+B=a
From Egs. (i) and (ii), we get
Azi(a xbz)+a and B=a _[(axl)2)+a[]
a U a 4
O B
Thus, A

Exercise for Session 4

:(b xa)+a(a® -1)

@

2
a

2 _
“b)ta g po(bxa) a6’ -1

a a

1. Find the value ofa x (B xy), where o =2i —10j + 2k, p =3i + j +2k, y =2i + j +3k.
2. Find the vector of length 3 unit which is perpendicular to i+ ] +kand lies in the plane of i+ ] +kand?2i —3].
3. Show that(bxc).axd) +(c xa) (b xd) +(a xb)(c xd) =0
4. Provethatix(a+i)+]j x(axj) +k x(a xk) =2a.
5. Provethat[axb axc d]=(ad)[abc]
6. If a,band c are non-coplanar unit vector such thata x (b x ¢) :%, b and c are non-parallel, then prove that
. 3T
the angle betweena and b is i
7. Find a set of vectors reciprocal to the set of vectors -+ ] +k , i —] +k , i +] +K.
Ifa,b,canda, b, c are reciprocal system of vectors, then prove that
axb+bxcd+ dx a:Lb“’.
[abc]

9. Solverxb= a, where a and b are given vectors such that alb =0.

10. Find vectorr, if rfa=mand rxb =c, where alb #0.



JEE Type Solved Examples :

Only One Option Correct Type Questions

Ex. 1 Ifla|=5,|]a—b|=8and|a+b|=10, then|b|is
equal to
(a) 1 (b) /57
(c)3 (d) None of these
Sol. (b) We know that for any two vectors

la+b|*+]a-b|*=2(al* +|b[*)
(10)° + )" =2[(5) +| b [*]
100 +64 =50 +2|b|* O |b|* =57
|b| =57

Ex. 2 Angle between diagonals of a parallelogram whose
sides are represented by a =2i +j +k andb =1 - -k

(a) cos™! %@ (b) cos ™! %@
(c) cos™! %Q (d) cos ™! %Q

Sol. (a) Let ¢ and d be the diagonals of parallelogram.
Then, c=a+bandd=a-b
g c:3iandd:i+23+zﬁ
Let O be the angle between ¢ and d.

cd _ 3ii +2j+2k)

Then, cosb = =
[c|ld] w/(3)2\/12 +2% +2°

_ 3 _1

3x3 3

O 0= cos_lgg

Ex. 3 Leta,b,c, be vectors of length 3, 4, 5 respectively
and a be perpendicular to(b +c),b to(c +a) andc to
(a +b), then the value of (a+ b+ c) is
(a) 245 (b) 2+/2
(©) 1045 (d)5v/2
Sol. (d) We have, |a] =3,|b| =4 and | ¢| =5. It is given that
al(bt c),bO(ct a)and c O(at b)
a allb+c)=0,bllc+a)=0andcl{a+b)=0
a alb+ale=ble¢+b[da=cld +cB =0
or alb+ble+cld=0 (adding all the above equations)
la+b+cl”=[a]” +|b[* +|c[*
+2ab +bE+c@)
=32+ 4% +5% =50
O la+ b+c| =52

Now,

A

Ex. 4 Leta,b>0anda =l+% + bk and

a

N PO N 1
B =bi +aj +—k, then the maximum value ofi0 is

b 5+a B

(a) 1 (b)2

()4 (d)8
Sol. (a) am:f+%+1zs (- AM = GM)

a

o 10

D —
So, E;WH =1

max

Ex. 5 If the unit vectorse, ande, are inclined at an

angle 20 and| e, —e, | <1, then for® (][0, TT], ® may lie in the
interval

c&@%@
Ot 5107

m_[
© Brm @ g2
6 H 2 6
Sol. (a) It is given that e, and e, are two unit vectors inclined at
an angle 20 and | e, — e, | <1.

O ey —e,[<1 0 |e —ef <1
O 4sin0 <1 [ |e —e,|* =4sin’@]

1
O sin’B <=

4
0 em@,gg

Ex. 6 Ifa=3i -] +5k andb =i +2] -3k are given
vector. A vector ¢ which is perpendicular to Z-axis satisfying
cla =9 andclb = —4. If inclination of ¢ with X-axis and

Y-axis is 0 and [3 respectively, then which of the following is
not true?

@a>7 6>
Tt I
(C)G>E (d)B<E

Sol. (c) clies in XY-plane
O c=xi+y]j
From the given conditions3x —y =9
and x+2y=-4

Solving, we get ¢ =2i —3]

O o =cos’' @\/2—7@ B =cos™’ %Q
13 13



Ex. 7 If A is3 X3 matrix andu is a vector. If Au andu are

orthogonal for all real u, then matrix A is a
(a) singular (b) non-singular
(c) symmetric

Sol. (a) Aulii=0

(d) skew-symmetric

O |A|lul>=0,Since|u|#0 O |A|=0
O Aissingular.

Ex. 8 Let the cosine of angle between the vectors p and q
be N such that2p +q =i +jandp +2q =i —j, then \ is

equal to

5 4
a)— b) - —
()9 (b) 5

3 7
cf d) —

() ()9
Sol. (b) It is given that 2p + q =1 +j
and p+2q=1-j

1, & 1, 4

a =—1+jand q=-1-]

p 3 J =3 J

Let 6 be the angle between p and q. Then

e %hj@%i—j@
lpllal J%g u)J%§+kDZ

_ 8
_ 9 _ 9__8 _ 4
1 1 10 10 5
41 -+1 —
9 9 9
4
O )\:cose——g

Ex. 9 Let a,b andc be vectors with magnitudes 3, 4 and
5, respectively and a+ b + ¢ =0, then the values of
alb+bld+clais

(a) 47 (b) 25
(c) 50 (d) -
Sol. (d) We observe, | a|* +|b|* =3% + 4% =5% =| ¢|?
alb=0

b|]:=|b|\c|Eios§'l—cos_1§§
0 14
XSD—COSQ:OS f@]
0 S0
Tih
=4 X5 X —=-
5
3
cEI\c||a|lﬁos§T—cos g@
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=5 BE}- cos%os_l§gg=5 B@§§= -
O 5t 5

O alb+ble+cld=0-16-9=-25

Trick atb+c=0

On squaring both the sides, we get|a+ b+ c¢|? =0
O |al®?+|b|%+|c|*+2ab+bl+cE) =0
0 2ald+ble+cld) =—(9 +16 +25)
O alb+blée+cld =-25

Ex. 10 Letu, v and w be such that|u| =1,|v|=2,

| w | =3. If the projection v along u is equal to that of w
alongu and v, w are perpendicular to each other, then
|u—v+w|equals.
(a)V14
(c)2
Sol. (a) We have,
Projection of v and u =Projection of w along u
@ wh
| ful

(b)f7
() 14

0 O vih=wh .. (@)

Also, v and w are perpendicular to each other

O viv =0 ... (i1)
2(u ¥)

=2 (vwv) + 2(u v)

Now,|u-v+w|=[ul> +|v|® +|w]|* -

lu-v+w|®=1+4+9

0 lu-v+w| =414

Ex. 11 Ifa,b andc are unit vectors, then

la=b|*> +|b—c|* +|c—a|* does not exceed
(a) 4 (b) 9
(c)8 (d)6

Sol. (b) We have, |[a=b |+ |b-c|* +|c —a|?
=la|+|b|"-2@B)+|b[*+|c|* ~2(bLe) +|c[*
+lal® -2(c@)
=2flal +[b +|c| ~@B+b & +c &)]
=2[3-(@alb+bld+cld)]
=6—-2aB+blc+cl) ()
Now, |a+ b+c|* 20

O |al?+|b*+|c/*+2ab+ble+c@E) 20
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a 3+2ab+ble+cld) =0
a al:b+b|]:+c52—§
a - 2@b B¢ dax 3 ...(ii)

From Egs. (i) and (ii), we obtain
la-b|> +|b—c|* +|c—-a|’ <6 +3

O la=-b*+|b-c|* +|c-al* <9

Ex. 12 The vectorsa = 2\*i +4\j +k and
b=7i-2j +Ak make an obtuse angle whereas the angle
betweenb andk is acute and less than Tt | 6

(a)0<)\<% (b) A > 4159
(c) - f<)\ <0 (d) null set

Sol. (d) As angle between a and b is obtuse,a[b <0
O @N4 +4Aj + k) [ —2§ +Ak) <0
O 14N* =8\ +\ <0
a AR —-1)<o0
g

0<A <% (1)

Angle between b and k is acute and less than g

bk =| b |Jk]|cos®
O A =4/53 + A*1 [dosB
A

J53 + A2

I Tt
0<— 0O cosB >cos—
6 6

a cosBO =

a cose>£[l#>£
2 \/m 2
O 4N* =3(53 + A%) >0
O A 2>159
O A <-4/159 (i)

From Egs. (i) and (ii), A =@

0 Domain of A is null set.

Ex. 13 The locus of a point equidistant from two given
points whose position vectors are a andb is equal to

(a) E - a+ b)@lu b) =
(b)%—%(a+ b)g:ﬂa— b) =0

©) H 7(a+ b)@} _

d)[r-(a+b)]B =0

Sol. (b) Let P(r) be a point on the locus.

O AP = BP
0 |[r—a|=|r-b|O|r-al*=|r-b|?
0 (r-a)lr-a)=(r-b) (¥ -b)

P(r)

O 2r(la-b)=ald-b(b

0 rI]a—b)=%(a+b)R}1—b)

0 é‘—é(a+b)§]h—b):0

This is the locus of P.

Ex. 14 In cartesian coordinates the point A is(x,y 1),
where x, =1o0n the curve y = x* + x +10. Then tangent at A
cuts the X-axis at B. The value of the dot product OA [AB is

520
(a) - — (b) — 148
3
(c) 140 (d) 12
Sol. (b) Given curve is y = x* + x + 10 ..(3)
When x =1, y =1 +1 +10 =12
0 A=(1,12)
O OA =1 +12)

From Eq. (i), d—y =2x +1

Equation of tangent at Aisy —12 = %@ (x—-1)

(1,12)

O y—12=@2 %1 +1)(x -1)

u y—12 =3x -3

0 y =3(x +3)

This tangent cuts X-axis (i.e. y = 0) at(—3, 0)
O B =(-3,0)

OB = -3i +0[j = -3i, OA[AB= OA [[OB - OA)
(A +12)0-31 -1 -12))=@G +12)) [-4i —-12))
= -4 -144 = -148

Ex. 15 In a tetrahedron OABC, the edges are of lengths,
|OA|=|BC|=a,|OB|=|AC|=b,|OC|=|AB|=c. Let G,
and G, be the centroids of the triangle ABC and AOC such

2+l

that OG, U BG,, then the value of is

(a) 2
(c)6

(b) 3
(d)9



Sol. (b) OG, [BG, = 0.

a+b+c

0 ljl+c_3b —0
3 3

O a’+c¢? =3b* +2a(d -2b d ~2a B =0
Now, lc—a* =b%|c-b|* =a®and|a-b|* =¢*
0 2a¢ =a® + ¢ —b% 2008 =b° + ¢ -a?,

2ab =a* +b* —¢?
Putting in the above result, we get 2a® + 2¢* —6b* =0
O az};cz =3

Ex. 16 If OABC is a tetrahedron such that OA* +BC?
=0B’ +CA? =OC? +AB?, then which of the following is
not true?

(a) OA 0 BC (b) OB 0 AC
(c)OC O AB (d) AB O AC
Sol. (d) Let OA=a, OB=b, OC=c¢

Then from the given conditions

ald+(b—-c){b-c)=blb+(c—a)lk—a)
a - 2ble- 20a
a cllb-a)=00 BA[OC=0

Hence AB [JOC. Similarly,
BC JOA and CA JOB

Ex. 17 Ifa,b,c and A, B,C OR- {0} such that
aA +bB +cC +\/(a2 +b% +c?)(A* +B* +C?) =0, then

value of ab _ b£ +— CA
bA B aC

()3 (b) 4

(©)5 (d) 6

Sol. (a) Let =ai + bj +ck and I, = Al + Bj +Ck

a r, [, =aA + bB +cC

O Inllr| =@+ +c)A? + B +C?)

n nr, = =[5 |||

0 r andr, are anti-parallel

d L= b =< =k, where k is any constant
A B C

O @ + b£ + ﬂ =3
bA B aC

Ex. 18 The unit vector in ZOX plane making angles 45°
and 60° respectlvely, witha =2i + 2_| ~k andb = j-

T -i+k) G-k

(b) —= f

(d) None of these

(@) ﬁ

(c)?(i +k)
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Sol. (b) Let the required vector be r = xi + Zk, since r is a unit

vector.
U ¥ +yi=1
It is given that r makes 45° and 60° angles with a and b
respectively.
O cos45° = and cos60° = — b
lafr] |r[|b]
1 2x—y 1 -y
O — = d-=-—2=
2 2 2
3 1
O 2x—-y=—andy =—
VTR TR
1
O xX=—
V2
0 Li-T&)
r=—4(@G-
V2

Ex. 19 A unit vector perpendicular to the vector
- +2] +2k and making equal angles with X and Y -axes
can be

(a)31(23+zj—|2) (b)%(zi—zj—li)

1. 5 5.7 1, 2 ~, 0
(C)§(2I+2J+k) (d)g(Zl 2j+ k)

Sol. (a) Let the required vector be r =Ii + mj + nk, where I, m, n
are the direction cosines of r such that [ =m

It is given that r is perpendicular to — i +2j +2k. Therefore,

r{-i+2j+2k) =0

O -+ 2m 2m O
U [+2n=0 [ 1=m]
a ==
Now, 2+ m?+n®=1
0 4n® + 4n* +n® =1
1
O n==%-—
3
2 2 1
0 I=FSm=Fn=F-
3 3 3
1 N
Hence, r= 5(21+21 k)

Ex. 20 If(a +3b) [(7a —5b) =0 and
(a —4b) [{7a —2b) =0. Then, the angle between a andb is

(a) 60° (b) 30°
(c) 90° (d) None of these
Sol. (a) We have, (a + 3b)[(7a —5b) =0
O 7]al*+16alb —15|b|* =0 ()
and (a — 4b)[(7a —2b) =
0 7]al*-30ab +8|b|* =0 ...(ii)
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From Egs. (i) and (ii), we get
15|b]*-7]al?
16

alb=

1
b=—(7]al*+8|b|?
a 3O(Ial [b]%)

15/bF-7]al* _1

O s E(7\alz+8|b|2)
| 1515|b[* =7]al?) =87 |al* +8|b|*)
O 225|b[*—105]|a|* =56 |a|* +64| b
O 161|b|*=161a|?

O |b[*=[al’

From Eq. (i), we get
16alb=15|b > -7]al* =15|b|* =7|b|?

O 16alb =8| b
0 alb=1|bp
2
100
ad |a|\b|cose=5|b|
a cose=l
2
0 6= 6d

Ex. 21 Let two non-collinear vectors a andb inclined at
2Tt
an angle? be such that|a|=3 and|b|=2. If a point P
moves so that at any time t its position vector OP (where O is

10 .0

1
the origin) is given as OP = % +;Ea + E —;%b, then least

distance of P from the origin is

(a) /24133 = 10 (b) \/2/133 + 10
(c)+/5 + V133 (d) None of these

Sol.(b)Wehave,\OP|2=§+%g|a|2+Q_%g“)'z
w2 = Hal bleos
0 |0p|2=9§+§g+4§ ;@12@2_%@3@%@
R

=7t +E +10
t2

O | OP |* > 2[]|7t* E}g +10 (-
t

10 +2+/133

AM = GM)

0 Minimum value of | OP | =

Ex. 22 Ifa,b,c be non-zero vectors such that a is
perpendicular tob andc and|a|=1,|b|=2,|c|=1,b[l¢ =1
and there is a non-zero vector d coplanar with a+ b and
2b— c andd [a =1, then minimum value of |d| is

2 3
(a)ﬁ (b)ﬁ

4 4
(C)f (d)ﬁ

Sol. (d)alb=alé=0,|a|=|c|=1|b|=2and ble=1
let d =x(a+b) +y@2b-c)
But dld=1
O x(1+0)+0=1
u x=1
O d=a+b +y@2b-c)
0 [d =[af’ +b| +2a B +y’
(2b-c)® +2y(a+b) @b —c)
0 [d*=1+4+y%16 +1 —4) +2y(8 —1)
=13y° —14y +5
4 X13 x5 —14 x14 4

0 |d|mm=\/ e

Ex. 23 A groove is in the form of a broken line ABC and
the position vectors of the three points are respectively
2i —31 +2k, 3§ +2_] ~k andi +_j +k. A force of magnitude
24/3 acts on a particle of unit mass kept at the point A and
moves it along the groove to the point C. Ifthe line of action
of the force is parallel to the vector i + 2] +k all along, the

number of units of work done by the force is

(a) 144~2 (b) 144+/3
(c) 722 (d) 7243
i+2j+k _ 2443 .
Sol. (¢c) F= :z4f)|1 ey I(” j+k)

=1242 (1 +2j + k)

Displacement, r = Position Vector of C — Position Vector of A

=G +j+k) -@i -3j +2k)
=(-i+4j -k)
Work done by the force

W=rF=(-1+4j -k) @2 (i +2j +k)
=1242 (-1 +8 —1) =722

Ex. 24 For any vectorsa,b;|ax b|* +(a [b)? is equal
to
@lal*|bf’
©lal*=[b*

(b)|a +b]|
(d)o



Sol. (a) We have,|axb| =|a||b|sin6
O l[axb|* =|a|?| b|*sin’0
=la[*| b]*(1 - cos*0)
=[a|*|b[* ~|a[*|b|*cos’®
=lal*[b|* ~(al| b|cosB)’
=|al’|b[* -(a®)’
Olaxb|*+@b)’ =[al*|b|*

Ex. 25 [fa=i+j+ kb=i +j- k, then vectors perpen-

dicular toa andb is/are

@A +]) B)AG +] +k)
(c) )\(i - j) (d) None of these
Sol. (c) Any vector perpendicular to both a and b = A(a x b)
0i j kO
Now,aXxb =gl 1 1 O
ol 1 —-1p

=-2i +2j=-2(1-))

=-2(-))
[ORequired vector = A - j)

Ex. 26 Ifax b =b X c #0, then the correct statement is
(@)bl|c (b)a|[b
(c)(atc)||b (d) None of these
Sol. (c) We have,
axb=bxc
aXb—-bxc =0
aXxb+cxb =0
@tc)xb=0
@+c)[lb

[ if vector product of two vectors is zero, then
both vectors are parallel to each other]

Oooao

Ex. 27 Ifa=i+2j+3k b=-i+2j +kandc=3i +]. If
(a+b) Uc, thent is equal to
(a)5
(c)3
Sol. (a) We have, a= i+2} +3k

(b) 4
(d) 2

b=-1i+2j+k
and c=3i+]
Since, (a + tb) is perpendicular to ¢
O (@+m)le=0
[1-0i+@+20)j +G +pk]Bi + ] =0
O 3(1-1)+(2+2t) =0
d t=5
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Ex. 28 Ifa =2i —3j +IA(,b:— i +IA<,CZZj - IA<, then the
area (in sq units) of parallelogram with diagonals a+ b and
b+ c will be

(a) V21 (b) 2421
(c) % V21 (d) None of these

Sol. (c) We have, a=2i-3j + k
b=-i+k and c=2j-k
Since, (a+ b) and (b + c) are the diagonals of the parallelogram

Now, a+b=i—33+2f( and b+ c=-1+2]j

0 Area of parallelogram = % [(@+b) x(b +¢)|

1+ .a A N A
=5 173 +2k) x(~1 +2j)|

P
1 -
-1 2

3

1 a A A
—(-4i-2j -k
2( 1-2) )‘

oS NORD

:%\/(_4)2(_2)2 +(_1)2 :gsqunits.

Ex. 29 The coordinates of the mid-points of the sides of
APQR are(3a,0,0), (0,3b,0) and (0,0, 3c) respectively, then
the area of APQR is

(a) 18\/bzcz +c2a® +a’b? (b) 9\/bzcz +c2a® +a*b?

(C)g\/bzcz +c%a® +a®b® (d) 18 /ab + bc +ca

Sol. (a) Let L, M, N be the mid-points of the sides of APQR.

P
(3a,0,0) L N (0, 0, 3c)
Q M R
(0, 3b, 0)

Area of ALMN =§\ MN x ML |
=é\(—3bj +3ck) x(3ai -38)|

:%\9(17& +cdj + abk) |

= g J(be)? + (ca)® +(ab)’
Now, area of APQR = 4 X (Area of ALMN)
=4 X 2 Jb%c? + c%a® +a%?
2
=18 4/b%* + c%a® + a%b?
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Ex. 30 In a parallelogram ABCD, AB= i +j +k and

Ex. 32 Ifa2 +b% +¢? =1 wherea, b, c OR, then the

diagonal AC= i —j + k and area of parallelogram is V8 sq maximum value of (4a —3b)* +(5b —4c)* +(3c —5a)° is

units, then JBAC is equal to

Tt Tt

a)— b) —

( )6 ( )3

| 0

(c) sin_]lél.\/—g[l (d) cos_1EI.\/—g|]

03 0O 03 0O
Sol. (c) We have, AB=i+j+kand AC=i-j+k
D C

0
A B
Let O be the OBAC. Then,
. | ABx AC|
Slnezi
| AB|| AC |
ik
Now, ABxAC=|1 1 1 |=2i-2k
1 -1 1
0 | ABX AC|=+8
NG
Hence, sin@ = ———
NER
_,0v80O
a 0 =sin"!
H3

Ex. 31 Let AABC be a given triangle. If
|[BA-tBC|=| AC| for any t LIR, then AABC is
(a) Equilateral (b) Right angled
(c) Isosceles (d) None of these
Sol. b)|BA|* +t*| BC|* —2BABCt -| AC|* 20, 0] R

Discriminante of the quadratic equation < 0
0 4BABC)*-|BC[*| BA|*+ 4[BC/*|AC| <0
Using (BA [BC)” -[BC[* BA[’
=-|BAXBC/|
=—|(BC + CA) xBC|*
=-|CAxBC/
Using Eq. (ii) in Eq. (i).
|BC|*| AC|* <| AC x BC|?

But | ACxBC|=| AC|| BC |sinC
0 sin’C 21
O sinC==%1

Tt

g U&= —
2

(a) 25 (b) 50
(c) 144 (d) None of these
Sol. (b) Let r, =ai + bj + ck, r, =31 + 4] +5k ()

BRI
i j k
Now, nXr,=|a b c
3 45
=i(5b — 4c) + j (3¢ —5a) +k(4a —3b)
So, from Eq. (i), we get
(5b — 4c)* + (3¢ —5a)* +(4a —3b)* <50

Ex. 33 Ifa,b andc are pth, qth, rth terms of HP and
n R R n N I/;
u=(g=)i +(r =p)j +(p @)k, v="+2 +, then
a b ¢

(a) u and v are parallel vectors

(b) u and v are orthogonal vectors
(c)uly =1

(duxv=i+]j+k

Sol. (b) Let A be the first term and D be the common difference of
the corresponding AP. Then,

1oy +(p —1)D,1=A +(q—1)D,l:A +(r -1)D
a b c

O alg=r)+b7'(r =p) +c"'(p —q) =0

g v =0

u ulyv

Hence, u and v are orthogonal vectors.

Ex. 34 |If the vector product of a constant vector OA with

(i) variable vector OB in a fixed plane OAB be a constant vector,

then the locus of B is

(i) (a) a straight line perpendicular to OA

(b) a circle with centre O radius equal to | OA |
(c) a straight line parallel to OA
(d) None of the above
Sol. (c) Let A(a, B) point be given and O be taken as the origin

B x.y)

)
©,0
A (o, B)

We have, OA =qi + [33
and OB = xi +j
Now, | OA x OB | =| (0y —Bx) k | =constant



ad 0 y B x =constant
OLocus of B(x, y) is a line parallel to OA because slope of
OA = B
a

Ex. 35 Unit vector perpendicular to the plane of AABC
with position vectors a, b, c of the vertices A, B, C is
axXxb+bxc+cxa
(a)
A
aXb+bxc+cxa
24
axb+bxc+cxa
(c)
47
(d) None of the above
Sol. (b) The required vector is given by
ABx AC
| ABx AC |
AB xAC =(b xa) x(c —a)

=bXxc—bxa—aXc +a Xa

(b)

n=

=bxc+axb+c Xa

We also know that,

[-axa=0]

AreaofAABC=%|aXb+ch +c Xa)

aXb+bXxc+c Xa
|[axb+bXxc+c xa|

O n=

_axb+bXxc+cXa
2A

SI" A=%|axb+bxc +c Xa%
Ex. 36 The vectorr satisfying the conditions that
I. it is perpendicular to 3i +2j +2k and 181 -22j -5k
Il. it makes an obtuse angle with Y-axis.
. |r|=14
(a) 2~ 2i - 3j +6k)
(b) 2(2i - 3j +6k)
() 41 +6j — 12k
(d) None of the above
Sol. (a) Let a =3i +2j + 2k and b =181 —22j -5k
Then, the required vector r is given by
r =A(axb)
O r = A\(34i +51j —102k)
=17A(@i +3j -6k)
Now, |r|=14 0 119|A|=14

17
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Since, r makes an obtuse angle with Y-axis. Therefore,

—

17
Hence, r=-20i+3j —6lA()
or r=2(-2i -3j +6k)

Ex. 37 Leta,b,c denote the lengths of the sides of a
triangle such that
(@=bju+b-cv +(c —a)u xv) =0
for any two non-collinear vectors u and v, then the
triangle is
(a) right angled
(c) isosceles

(b) equilateral

(d) scalene

Sol. (b) Since, u, v and u % b are non-coplanar vectors.
O (@=-b)u+(®d—-c)v +(c —a)(u xv) =0
0 a-b=0=b-c=c-a
O a=b=c

So, the triangle is equilateral.

Ex. 38 The value of i [{j x k) +j Tk x i) +k T xj) is
(a)3 (b) 2
(o)1 (d)o
Sol. (a) We have, 1[(jx k) +j [k x1) + k [0 xj)
=i0+j0+kk [vixj=k jxk=1 kxi=j]

=12 +]jF +\R\2 =1+1+1 =3 ['.'i,j,f(areunitvectors]

Ex. 39 For non-zero vectors a, b, c;
[(ax b)[¢|=|a]||b||c|holds if and only if
(@) alb=0bl =0 (b)b@=0,c[a=0
(c)cfa=0,alBd=0 (dyalb=bld=cl@a =0
Sol. (d) We have, | (axb)¢| =|a||b]| c|

O [la||b]| c|sinBcosa |=|a||b]| c]|
O |sin@]| cosa | =1
0 6="anda=0
2
O allbandc||n
O a cand ¢ Obothaandb
O a, b, care mutually perpendicular.
0 ale=ble=cld =0

Ex. 40 The position vectors of three vertices A, B, C of a
tetrahedron OABC with respect to its vertex O are i, 63, IA(,
then its volume (in cu units) is

1
(@)3 (b) 3

1
(c) . (d)6
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Sol. (d) We have, A(6i + 0j + 0k), B0i + 6] + 0k), C(01 + 0] + k)
and 0(01 + 0 + 0k)
0 OA =6i +0j + 0k
OB =0 +6j + 0k
and OC=0i+Oj+ﬁ
OVolume of tetrahedron

=é[OA OB 0C] :é (61 6§ K]

[6(6 —0)] =6 cu units

6 0 0
1 1
==l0 6 0|=-
6 6
0 0 1
Ex. 41 A parallelopiped is formed by planes drawn
parallel to coordinate axes through the points A =(1,2,3)
and B =(9,8,5). The volume of that parallelopiped is equal
to (in cubic units)
(a) 192 (b) 48
() 32 (d) 96
Sol. (d) Translating the axes through A(L, 2, 3).
A changes to (0, 0, 0), B changes to (8, 6, 2).
OCoterminous edges are of lengths 8, 6, 2.
Volume of parallelopiped =8 1[4 [2 =96 cu units.

Ex. 42 If|a|=1,|b|=3and|c|=5, then the value of
[a—bb-cc—a]is

@o (b) 1
(c)—1 (d) None of these
Oor -1 00
Sol. (a) [a—bb—cc—a]+%0 1 —lg[abc]
F1 0 10
=[1(1 = 0) +1(0 —1) +0(0 +1)] [abc]
=0 x[abc] =0

Ex. 43 Ifa,b,c are three non-coplanar vectors, then
3a—7b —4c,3a —2b +canda +b + Ac will be coplanar, if
Ais
(@)-1 (b) 1
(c)3 (d) 2

Sol. (d) Leta =3a—-7b —4c,f=3a —-2b +candy=a +b + Ac
Fora, 3and y to be coplanar [0 B y] =0

3 -7 —4
a 3 -2 1 |[abc]=0
1 1 A
[3(=2A —=1) +7(3\ —1) —4(3 +2) (abc)] =0
O (15A =30)[abc]=0

Since, a, b, ¢ are non-coplanar
0 15A=30=0 OA= 2

Ex. 44. Letr =(a Xb)sin x +(b Xc)cosy +(c Xa),
where a , b and c are non-zero non-coplanar vectors. Ifr is
orthogonal to3a +5b + 2c,then the value of
sec’ y + cosec’x + Secy cosec x is

(@)3 (b) 4
(©)5 (de6
Sol. (a) r[Ba +5b +2c) =0
O alb xc)[2sinx +3cosy +5] =0

O 2sinx +3cosy +5 =0

g 2sinx + 3cosy = -5 [ alb xc) #0]
O sinx = —1,cosy =1

O cosec x = —1,secy = —1

Ex. 45 Leta, b, c be distinct non-negative numbers. If the
vectors ai +aj + ok, i+kandci + q+ bk lie in a plane, then
cis

(a) HM of a and b (b) 0
(c) AM of aand b (d) GM of aand b
Sol. (d) Since, the given points lie in a plane

a a c
O 1 0 1(=0
c ¢ b

On applying C; - C, = C,

0 a c
O 1 0 1|=0
0 ¢ b
ad - 1ab ¢ o0
O ct=ab

Hence, ¢ is GM of a and b.

Ex. 46 Ifa,b andc are non-coplanar vectors and \ is a
real number, then[A(a+ b)|A’b|Ac]=[a a+ c b] for

(a) exactly two values of A
(b) exactly one value of A
(c) no value of A
(d) exactly three values of A
Sol. (c) Given, [A(a+ b)A*bAc] =[ab + cb]

Nay +by) Aay +b;) Aas +bs)
0 b, b, Ab,
A Ae, Acs
4 az as
Slbhta byte, by te
by b, by
a+tb ay+b, a;+bs
O AY b b, bs
G C2 C3
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@ a, as Minimum value occurs when AB = BC = AD =6
=|b +c¢ by tc; byt Hence, AC :\/ABZ + BC? —2AB [BC [d0s30°
b b b
. o
[applying R, - R, - R,inLHS and R, » R, — Ry in RHS]
- . ZI Zz 23 Zl ‘;2 ZS Ex. 49 Ifa=i+j+kb=i-j+kc=i+2j-k then
1 2 3~ 1 2 3 a & a l]) a B:
G C C3 ¢ € C3 .
. A8 the value of|bla blb ble|is
=-1
cla cb cle
Hence, no real value of A exists.
(a) 2 (b) 4
Ex. 47 In a regular tetrahedron, let© be angle between (c) 16 o (d) 64
any edge and a face not containing the edge. The value of Sol. (c) We have, a=1+j+k
cos’ B is b=i-j+k and c=i+2j-k
(a) 1/6 (b) 1/9 ala alb ale
(c)1/3 (d) None of these We know that,| b@ b bl |=[abc]?
Sol. (c) Let OABC be the tetrahedron. Let G be the centroid of the c@ cb cl&
1
face OAB, then GA = ﬁ AC. 11 1P
=1 -1 1
1 2 -1

=[1(1 -2) —1(-1 -1) +1(2 +1)]?

C
b =[-1+2 +3)* =[4]* =16
B
_1

o)

oA Ex. 50 The value of a so that the volume of
Then, cosB = A parallelopiped formed by i +aj +k, j +ak andai +k

S

1 becomes minimum is
O cos’@ =
3 (a)-3 (b)3
©1/3 ()3
Ex. 48 DABC be a tetrahedron such that AD is perpen- Sol. (c) Volume of the parallelopiped
dicular to the base ABC and DABG= 30 . The volume of V=[i+dj+Kkj +akai +Kk]
tetrahedron is 18. vaa{ue of AB + BC + AD is minimum, =(i +dj + k) A +ak) x(ai +k)}
then the length of AC is 4+ 0 T +a% —ak ,
CG ARV TE 402 —al) =1 +a -
(@)6 /72_\/5 (b)3(\/7—\/5) 1+q 2) a’j —ak) a’ —a
v _. ., dV __av _
() 64/2+/3 (d)3(+/6 ++/2) Lo e L Eea =0
1 . 1
Sol. Vol :7AD%AB [BCsin30° 2 1= =+
ol. (a) olume =2 sin @ O 3¢°-1=0 0 a=+ NG
1 2
0 18 = —(AD [ABBC) At = 14dV_56 _,
12 ¢ V3 da® 3
g ADUABI[BC =216

N 1
Now, AB + BC + AD 23(AD [AB [BC)"? DOV is minimum ata = ==

NE)

Ex. 51 Ifa, b andc be any three non-zero and
non-coplanar vectors, then any vectorr is equal to
(a) za + xb + yc (b) xa + yb + zc

(c)ya + zb + xc (d) None of these
_[rbcl _[rcal __I[rab]
where, x = LY = L Z=
fabc] [abc] [abc]

AB + BC + AD =218
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Sol. (b) Since, a, b and c are three non-coplanar vectors, we may
assume r =0a + b +yc

[rbc]=(0a +Bb +yc) b xc)=afalb xc)}

=dafabc]

0 O(:[rbc]
[abc]

But x=[rbc]
[abc]

t a= x

Similarly, B=y,y =z

O r=xa+yb +zc

Ex. 52 The position vectors of vertices of AABC are a, b,
c andala=bb=cld =3. If[a b c] =0, then the position
vectors of the orthocentre of AABC is

(@a+b+c (b)31(a+ b+c)

(c)0
Sol. (a) Hence, [abc] =0

(d) None of these

So, the points O, A, B and C are coplanar. Also,

OA = OB =0C =4/3, hence origin O is the circumcentre.
+b+

Position vector of the centroid G is ardbre

Now, orthocentre divides OG in the ratio of 3 : 2 externally.
So, position vectors of orthocentre isa+ b + c.

Ex. 53 Ifa andp are two mutually perpendicular unit
vectors {rat + 3 +s(a X} [a +(@ XB)] and
{sa +sPB +ta xB)} are coplanar, then s is equal to
(a) AMof rand t (b) GM of rand t
(c) HM of rand t (d) None of these

Sol. Since, a and 3 are two mutually perpendicular vectors and

(o +rB +s@ xB), [a +@ xB)], {so + B + t(a xB)} are

coplanar
ror.s

g 1 0 1|=0
s st

a s®=rt

Ex. 54 Letb=-i +4j +6k andc = 2i -7j —10k. Ifa be
a unit vector and the scalar triple product[a b c] has the
greatest value, then a is equal to

1T 2, 7.0 1 N oy
@ (i+j*h) (b)ﬁﬁu j—+2k)
(c)%(Zi +2j - k) (d) %(33 ~75-k)

Sol. (c) b x ¢ =21 +2]j -k
[abc]=aRi +2j -k) =1 3 GosO <3

The greatest value of [a b ¢] =3, which is obtained when 8 = 0.

bxc 2, 2, 1;
So, a=— S =%i+%j-"k
lbxc| 3 3° 3

Ex. 55 The vectors
u=(al +a,l;)i +(am +a,m, )j +(an +a;n, )IA(
v =(bl +byly)i +(bm +bym,)j +(bn +byn,)k and
w =(cl +c1l])? +(cm +cqmy )j +(cn +c1n1)IA(
(a) form an equilateral triangle
(b) are coplanar
(c) are collinear
(d) are mutually perpendicular
Sol. (b) We have,
al + ajl,
bl + by,

c + ¢l

am + a;my
bm + bmy

cm + ¢y

an +am
[uvw]= bn + bn
cn +om
a a 0|1 L O

b b o0 01=0

c ¢ Ofln n O

a [uvw]= m m

Hence, the given vectors are coplanar.

Ex. 56 Leta,b,c be three vectors such that[a b c] =2.
Ifr =l(b x c) +m(c xa) +n(a Xb) is perpendicular to
a+ b+ ¢, then the value of ([ + m +n) is
(a) 2 (b) 1
(c)o (d) None of these
Sol. (c) It is given that r perpendicular (a+ b+ ¢)
0 rlfa+b+c)=0
l[labe]+ mlcab]+nfabec] =0
2l+m+n)=0
l+m+n=0

[[abc]=2]

[ |

Ex. 57 Ifa,b andc are three mutually perpendicular
vectors, then the projection of the vectors

a | b (ax b)

m——Tn
lal [b] |axb]

vectors a andb is

along the angle bisector of the

(b) /> + m? +n?

(d) None of these

Sol. (a) A vector parallel to the bisector of the angle between the
vectors a and b is

a ., b _i4b

|a|

O Units vector along the bisector



- A
:ﬁ:%@wb)
@+b)?=|al> +|b| +2aB=1+1+0 =2
[ Required projection
b axb 1

a A
=d—+m— +tn— a+b
E\M |b| |axb]| \5( )

Ex. 58 If the volume of parallelopiped formed by the
vectors a, b, c as three coterminous edges is 27 cu units, then
the volume of the parallelopiped have @ = a+ 2b - c,
B=a-b andy =a —b —c as three coterminous edges is

(a) 27 (b) 9

(c) 81 (d) None of these
Sol. (c) We have, |[[ab c]| =27 cu units
2 -1
-1 0
-1 -1

[aBy]= [abc]=3[abc]

Now,

_ e e

ORequired volume = |[a B y]|
=3|[abc]]
=3 x27 =81 cu units

Ex. 59 If V is the volume of the parallelopiped having
three coterminous edges as a,b and c, then the volume of
parallelopiped having three coterminous edges as
oa=(ald)a+(alb)b+(ald)c,f=(alb)a+b b)b+b d)c
and y =(ald)a +(b [d)b +(c [d)cis

(a)V? (b)3V
(c)V? (d) 2v
Sol. (a) We have, |[abc]| =V

Let V; be the volume of the parallelopiped formed by the
vectors 0, B and y. Then,

Vi =|la Byl
ala alb ale
Now, [oBy]l=/alb bl ble|[abc]
ale ble cle
[@aBy]=[abc]*[abc]
U [@aBy]=[abc)’
Vi =[[aBy]

=[fabe]’ =V’
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Ex. 60 Letr,a,b andc be four non-zero vectors such

thatr (A =0,
[rxb|=|r||bl||rXxc|=|r||c| then[abc]is

@la|lb]|c] (b)=lallblc|
(c)o (d) None of these
Sol. (c) Given, r[A =0
|rxb|[=|r||b]
and [rxc|=|r||c]|

This shows r is perpendicular to both b and c.
O ris perpendicular toa, band ¢
O [abe]=0

Ex. 61 Ifa,b andc are any three vector forming a
linearly independent system, then 6 (IR,

[acosB +bsinB +ccos 26, acos%zg +G§+bsiné’% +9§
+ccos 2%’! +9§
3
2T . 21 21,
acos@ —?E+bsm@ —?E+cc052@ —?EIS
(a)[a b c]cosB

(b)[a b c]cos 20
(c)[ab c]cos36
(d) None of the above
Sol. (d) Since a, b and c are linearly independent,
[abc]#0
We know that,
[ax; + bx, + cxsay; + by, +cysaz; + bz, + cz;]

X Xy X3
=labe]lly; y, ys
21 2y Z3

Hence, the given system can be written as

cosB sin@ cos20

[abc]| cos §I+9Q singj+9§ c052@+2—n
3 3 3
% ZTIQ . @ ZHQ @ 21'[@
cos - —0O sin[® —— cos2[® — —
3 3 3

On applying R; - R; + R, + R}, we get

cosO sin@ cos20
[abc]| cos ézg + e@ sinéz? + 9@ cos2 @ + Z?TEQ
0 0 0

Ofabc](0)=0
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Ex. 62 Leta,b, c be three non-coplanar vectors and d be
a non-zero vector, which is perpendicular to a+ b + c. Now,
ifd =(sinx)(ax b) +(cosy) (b Xc) +2(c Xa), then the
minimum value of (x* +y?) is

(@) (b)%
(C)i (d)i
4 4
Sol. (d) Given, da + b + ¢) =0

and d =sinx(a xb) +cosy (b xc) +2(c Xa) ..(»i)
ald =cosy[ab c] ... (ii)
bld =2[bca] ... (iii)
cld =sinx[abc] . (i)

On adding Egs. (ii), (iii) and (iv), we get
ald+bld +cld =(cosy +2 +sinx)[ab c]
sinx + cosy +2 =0
g sinx + cosy = -2
g sinx = —1
["-1<sinx <land -1 <cosy <1]
and cosy =—1

Since, we have to find the minimum value of
T
x2+y2;x:—5,y=1'[

5TC
+t =

T2
4 4

0 x2+y2:

Ex. 63 Leta,b, c be three vectors of magnitude 1, 1 and
2 respectively. If a X (a X c) +b =0, then the acute angle
between a andc is

Tt Tt
(a) ; (b) 7
(c) 16;[ (d) None of these

Sol. (c) Given,|a|=1,|b| =1, and|c|=2
Also, ax(@axc)+b=0
a (al¢)a—(a@)e+b =0

g (@alé)a-c+b=0 [val@=|al*=1]

a @alé)a—-c=-b

g |[(@lé)a—c| =] -b]|

g [@)a—c|*=|b|

O |@kal*+|c|*-2{@k)alé} =|b|

0 @)|al*+[c|’ -2alé)(le) =|bJ*

0 @) {laf’ ~2} +|c [ =|b[

0 - @} £ 1

O ale=+.3

d |a|[c|cos® =~/3

where, 0 is an acute angle between a and c.

a cosh =—

O 0=

o“-:lmﬁ‘

Ex. 64 leta=2i +j +IA(, b=i +Zj —k andc is a unit
vector coplanar to them. If ¢ is perpendicular to a, thenc is
equal to

(a>%<-j+|2) <b)—%<i +j +k)
(c%(i—z}) <d)%<i+3+|§>

Sol. (a)a x(a xb) =(ald)a —(a @)b
=30 +j +k) -6 +2j k)= -9 +9k

URequired unit vector = ax(@xb)
la x(a xb)
= (-] +k)
*5 j

Ex. 65 Leta=2i +] ~2k andb =1} +j. If ¢ is a vector
such thatalé =|c||c—a|= 22 and the angle between

a xb andc is 30°, then|(a Xb) Xc| is equal to

2 3
(a) - b) —
3 ( 2
(c)2 (d)3
Sol. b)|c—a| =22
O |c|*+]al*-2ale =8
O le*+(9)* =2/ c| =8
0 [c|?=2|c|+1=0
0 (lel-1)*=00 |c|=1
Now, a><b=2§+2ji+lA(
0 laxb|=,/4+4+1 =3
O (@ xb) xc| =|a xb||c|sin30°
1 _3
=3 X1 X— =—
2

N ~ . a1
Ex. 66 Leta andb be two unit vectors such thata[b = 3

anda xb =& Also F =04 +Bl; +V¢, whereq, B,y are
scalars. Ifa = k1(lA-' [4) - kz(IA: [13), then the value of

2k, +ky) is
(a) 243 (b) /3
(c)3 (d) 1

Sol. (¢) F=aa +pBb +ye
O F0bxe&)=a[abe]



0 q = FmbAX ¢)
[Abe]
Now, bxe&=bx(@ xb) =(b B)A —(b &)b
—a-1p
3

O a:g 1
8 3
9 3

0 k=_k=>"

Tt

12

0 k+k=2=3
8 2

O 2(k +k)=3

Ex. 67 Leta=i-]j,b J—kandc— —i. Ifd is a unit
vector such that ald =0 =(b c d), thend is equal to

@eGrizo ) G o g
(c)t% (d) + k

Sol. (a) We have,ald =0 and [bcd] =
0a0Odand b, c, d are coplanar.

0 d Da and d lies in the plane of b and ¢, we know that the
vector r =a X (b % c¢)is perpendicular to a and lies in the plane

of band ¢
0 d=+ "
r|
Now, r=a x(b xc)
a r=(ale)b —(alb)c
O r=-( -k +(k -
=-i-j +2k
O &:ii:ti(_i_j-'—z}()
r| J1+1+4
=ii+j—21}
NG

Ex. 68 Ifa, b andc are non-coplanar unit vectors such

that a X (b %Xc) =\/1§ (b +c), then the angle between a andb
is

@ Of

© @m
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bxc
Sol. We h ,a X b x =
(a) We have,a x (b x ¢) NG
O (ale)b —(ab)c = f f
ad (ale) - % =0 [-a, b, ¢ are non-coplanar]
1
d b=-—
an 5
0 a||b|cosB = ——= 0 cos = - —
7 7
0 g=3m
4

Ex. 69 The unit vector which is orthogonal to the vector
3i +2j +6k and is coplanar with the vectors 21 + j + k and

i-j+kis

2i-6j+k 2i - 3]
a) ————— b
N RN
3j-k 4i+3j-3k
d — ~
(c) 710 (d) N

Sol. () Leta=3i +2j +6k b=2i +j+k c=i-j+k

Then, by definition, a vector orthogonal to a and coplanar to b
and c is given by

D aX(b Xc)
0 ax(bxc)=(ald)b —(a B)c
=701 +j + k) —4)d -j +k)=21j -7k
Hence, a unit vector = ax(bxe) _3j-k
lax(bxc)| ~10

Ex. 70 Leta,b andc be non-zero vectors such that

1
(axb) xc =§|b || c|a. If O is the acute angle between the
vectorb andc, then sin0 is equal to

(a)i (b)%

1
(C) g (d) g

Sol. (a) (a xb) xc :§|b|| cla

0 (aDc)b—(bl]:)a:§|b|\c|a
D @b ={(b L&) +1|bl|c[la
0 @b =|b| c|Hosd + LF

O 30

1
Asa and b are not parallel, a [¢ = 0 and cosB + 3 =0

242

O cosGZ—l 0 sin@ =——
3 3
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Ex. 71 The value for[a X (b +c),b x(c —2a),
c X (a +3b)] is equal to
(@[abc]
(b)7[a b c]?
(c)—5[axbb xcc xa]
(d) None of the above
Sol. (b) Letaxb=[LbXxc=mandc xa =n,
O [ax(b+c)bx(c—2a)cx(@+3b)]
=[l -n,m+2l,n —3m)]
1 0 -1
=12 1 1
0 -3 1

[Imn]

=7[lmn]=7[axbb xcc Xa]
=7labc]?

Ex. 72 Ifa,b,c andp, q,r are reciprocal system of
vectors, thena Xp +b xq +c¢ Xr is equal to

(@[abc] (b)[p+q +r]

(©)0 (d)ya+b +c
_bxc _cxa _axb
SOl &P = G abel " [abe]

JEE Type Solved Examples :

><(b X ¢) =(all)b—(a[lb)c

axXp=a
[abc] [abc]
Similarly, b x q :M
[abc]
and cxrzw
[abc]

O aXp+qu+c Xr

-_1 {@le)b —(ab)c +(ab)c —(b [d)a
[abc]

+ (b [¢)a —(a [¢)b}
= 1 X0=0
[abc]

Ex. 73 Solvealt =x,b[# =y,c[¥ =z, wherea, b, c are
given non-coplanar vectors.
Sol. Givenalk¥ =x, bx =y, c¥ =z

Leta’, b, ¢, be the reciprocal vectors of a, b, ¢, respectively.
cXa

Then,a=bxc,': ,c:axb
[abc] [abc] [abc]
r=(rf@d)a' + (rb)b + (r[&)c

:Xa'+yb'+ZC’

Now,

More than One Option Correct Type Questions

Ex. 74 Ifz, =di +bjand z, =ci +d j are two vectors in

i andj system, where|z, | =|z,| =r and z, [, =0, then

w, =ai +¢j andw, =bi +dj satisfy

(@wq|=r
(b)|wy[=r
(c)w;0w, =0

(d) None of the above
Sol. (a,b,¢)|z|=|z,| =rand z;, z, =0

O at+bi=c? +d% =r
and ac+bd =0
as, ac =—-bd
O E:L:)\
b -d

From Egs. (i) and (ii),
a’(1 + N?) =d*1 +\?)

d a®=d* and b*=¢?

Now,

wy [, =ab +bd =0

(i)

|wi|=a® +c* =a® +b° =h =|w, |

Ex. 75 If unit vectors i and j are at right angles to each
other and p =3j +4j,q =5i, 4r =p +qand2s =p —q, then
(@)|r + ks| =|r — ks | for all real k
(b) r is perpendicular to s
(c)r + sis perpendicular tor — s

drl=Is[=|pl=]q]
Sol. (a, b, d) We have, p =3i +4j and p =5i
Also, ar=p +q =3i +4j +51
=8i+4j 0 r=2i+]j

and 2s=p —q =31 +4j +5i=-21 +4j

O s=—1+2)
Now, |r+ks|=|r —ks|
O |28+ j-ki+26)2=12i+§ +K -26°
0 2 -k)*+(1 +2k)? =2 +k)* +Q —2k)*

Which is true for all values of k.

r@=2i+J) (-1 +2))
=-2+2=0

O r s

Now,



Also, (r +s) [r —s) =1 +3j) (31 =j)=3-3 =0
O (r+s)O(r s)

Also, |r|:\/(2)27+l:\/§
[s1=4-17 +@° =5
|p| =43 +4° =5
|q|=+5% =5

0 r|=|s|and|p|=|q]

Ex. 76 a,b andc are three vectors such that
ala=b=cld=3and|a-b|*> +|b —c|* +|c —a|* =27,
then

(a) a, b and c are necessarily coplanar.

(b) a, b and c represent sides of a triangle in magnitude
and direction

(c)alb + bld+c[a has the least value —9/2
(d)a, b and c represent orthogonal triad of vectors
Sol. (a, b, c) Here,
la=b[*+b-c|’ +|c -a|’
=2(lal*+|b|*+|c)*-alb-b-b& -cld)
O a[b+b|]:+cB=—g

Now,|a+b+c|*=|a]® +|b|*+2ab +b¢ +c @)

=3+3+3 —2%@20

a a+tb+c=0 (1)

Also, la+b+c|®20
O a[b+b|]:+cB2—g ...(i)

Thus, least value is =9/ 2

Ex. 77 Ifa andb are non-zero vectors such that
|a+b|=|a —2b]| then

(@2alb=|bf
(byalb =|b |’
(c) least value of a [b + % is/2
|[b|” +2
(d) least value of a b + ! isvV2 -1
b|+2
Sol. (a, d) la+b|=|a-2b]|
2
O a[b:M
Also, alb+ ! =|b|2+2+ ! -1
|b|? +2 2 [b|*+2

2+/2 =1 (using AM 2GM )

Chap 02 Product of Vectors 103

Ex. 78 If vectorsb =(tan, —1,2+/sin0 / 2) and

c= E’[an a, tanq, — \/sin?;i/zgare orthogonal and vectors
a =(1,3,sin 20) makes an obtuse angle with the Z-axis, then
the value of d is

(a)a = (4n + )T +tan” "2

(bya =(4n + T —tan™ '2

(c)a =(4n +2)T +tan” "2

(d)o =(4n +2)1T —tan "2

Sol. (b, d), Since, a =(1, 3, sin 20 ) makes an obtuse angle with the
Z-axis, its z-component is negative.

Thus, —1 <sin2a <0 (1)
Butbl& =0 (.- orthogonal)
tan’a — tano —6 =0
O (tan0 —3) (tana +2) =0
O tand =3,—2
Now, tana = 3.
Therefore, sin20 = 2tain0; = 6 = 3
1+tana 1+9 5

(not possible as sin20 < 0)
Now, if tana = — 2,
2tana -4 -4
O sin20 = Lz =
1+ tan"a

1+4 5

a tan2a > 0

Hence, 20 is the third quadrant. Also, +/sin0 /2 is meaningful.
If 0 <sina /2 <1, the

O =(4n + 1)TT —tan '2

and o =(4n +2)1t —tan"'2

Ex. 79 Ifa andb are any two unit vectors, then the

s . 3lath] .
possible integers in the range of ——— +2|a —b |, is/are

(a)2 (b)3

(c) 4 (d)5

Sol. (b, ¢, d) We have,|a|=|b| =1
Let O be the angle between a and b.

la+b]| =2cosg

2

and la—b]| :Zsing
3cosg + 4sing: 0 0O[o, ]

0 . 6
—5<3cos— + 4sin— <5
2 2

The possible range are 3, 4 or 5.
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Ex. 80 Which of the following expressions are meaning-
ful?
(@ullv xw) (b) (u lv) Gw
(©) (uly) w (d)u x(vLw)
Sol. (a, ¢) (i) Since, v X w is a vector, therefore, ulllv X w) is a
scalar quantity.
O (a) is meaningful.
(ii) (u ) is scalar.
U(u ) B is not meaningful.
(iii) (u [¥) is a scalar.
So, (u[¥)w is a scalar multiple of w.
U(u r)w is meaningful.
(iv) (v3v) is a scalar.

So, u X (v [) is not meaningful as cross product is taken for
two vector quantity and not for a vector and scalar.

Ex. 81 Ifa+2b +3c =0, thena Xb +b Xc +c Xa =
(a) 2(a x b) (b)6(b x c)
(©)3(c x a) (d)o
Sol. (a,b,c)a =—(2b +3c)
axb+bXc+c xa
=-(2b +3¢c) xb +b xc +c x{ {2b +3c)}
=-3¢c Xb +b xc —2¢ xb =6(b Xc)

Similarly, putting the values of b and ¢ in terms ofa and a, b

respectively ina Xb + b X ¢ + ¢ Xa, we get the desired results.

Ex. 82 Leta =ai +bj +ck P =bi +cj +ak and
Yy =ci +dj +bk be three coplanar vectors with a # b and

vZit+j+ k. Then v is perpendicular to

(@)a (b)B
(©y (d) None of these
Sol. (a, b, ¢) It is given that a3 and Yy are coplanar vectors.

a b ¢

Therefore, [aByl=0 O[b ¢ al|=0
¢c a b

or 3abc —a® - b -¢* =0

or a®+ b+ —3abe =0

or (a+b+c)a®+b*+c? —ab —bc —ca) =0
or a+tb+c=0 [ra®+b*+c* —ab —bc —ca #0]
ad vid=vB=vy =0

Hence, v is perpendicular to a, 3 and y

Ex. 83 Ifa is perpendicular tob and p is non-zero scalar
such that pr +(r (b)a =c, thenr satisfy
(a)[rac]=0 (b) p°r = pa —(c@)b
(c) p’r = pb — (a B)c (d) p’r = pc = (b [d)a

Sol. (a, d) Given,alb =0

and pr+(rib)a=c .. (1)
On taking dot product by b, we get
prb) +(rb)al =ble

O p(rb) =ble
-pr_
O =ble
PH—H
pe—p’r =(b@)a
O p’r =pc —(b&)a
g r=£—(b|§:)a
p p
O [rac]=0

Ex. 84 Ifa(a xb) +B(b xc) +y(c xa) =0, then

(a) a, b, c are coplanar if all of a, 3,y #0

(b) a, b, c are coplanar if any one of a, B, y #0

(c) a, b, ¢ are non-coplanar for any a, 3,y #0

(d) None of the above

Sol. (a, b) We have, 0(a X b) +B(b xc) +y(c xa) =0

Taking dot product with ¢, we have
afabce]=0

Similarly, taking dot product with b and ¢, we have
Vlabec]=0,Blabc]=0

Now, even if one of 0, 3, y #0, then we have [ab ¢] =0

U a, b, care coplanar.

Ex. 85 Ifa=i+] +k andb =i —j. then the vectors
(ali)i+(al +(al)k, (b0)i+(b)j+(b Kk and
i+j-2k

(a) are mutually perpendicular

(b) are coplanar

(c) form a parallelopiped of volume 6 units
(d) form a parallelopiped of volume 3 units

A

Sol. (a, ¢) Givena =i+ j+kandb=1 -

@hi+@0)j+@lk=1+j+k =x (say)
and(bO)i+ (b )i+ k=1i-j=y (say)
and i+] -2k =% (say)
Clearly, x¥=yz=zF =0
0 x,y and z are mutually perpendicular

1 1 1
Volume of parallelopiped ={1 -1 0

1 1 -2

=12 -0) —1(=2 —0) +1(1 +1)
=2+2+2=6
" x,y and x are not coplanar, i.e., [x y z] Z 0

OVolume of parallelopiped formed by x, y and z is 6 cu units.



Ex. 86 The volume of the parallelopiped whose cotermi-
nous edges are represented by the vectors 2b X ¢, 3c X a and
4a xb where a =(1+sinB)1 +cos0j +sin 26k

b = sin @ +2—n@i+ cos@ +2—HQ3 + sin@ﬁ +4—n§l}
3 3 3
. T
c=sm@ ?Q +cos@ §J+sm@9——@k is 18

cubic units, then the value of © in the interval @, E@ is/are

TU 2TT

a)— b) —

(a) 5 (b) 5

Tt 4TT

c)— d)—

( )3 (d) 5

Sol. (a, b, d) Volume = |[2b x ¢ 3¢ xa 4a Xb]| =
O 24[abc]* =18
g [[abc]| :ﬁ
2
1+ sine) cosB sin20

Now, [ab ] =| sin[ + ° Q os[P + %"@ Si“@Jr%@
sinf -7 cosf 2T sinflo - 17

Applying R, - R, + R, + Ry and expanding

3
|[abc]|=\/§|00536|=§
TU 2T 4TT
0 cos39=+7[|39=—,—,—
2 3 3 3
O GZE,ZJ’E
9 9 9

Ex. 87 Ifa=xi +yj +27k, b =yi+zj +xk and
c=zi+ xj +yIA(, then a x(b xc) is/are
(a) parallel to (y — 2)i +(z = x)j +(x —y)k
(b) orthogonal to i+ 3 +k
(c) orthogonal to (y + z)i +(z + x)j +(x +y)l;
(d) parallel to i +j +k
Sol. (a,b,c)a x(bxc)=(ald)b —(a B)c
=(xz +yx +yz) O +4 +xk)
—(xy +yz +2x) (@ + 4§ +yk)
=(xy +yz +20[(y ~2)i +(z 0] +(x =y)k]
Clearly, 1to1 + j+ k and also to
+2i+(z+x)]+(x +y)]A(, as dot product are zero, clearly
parallel to

(v —2)i +(z —%)j +(x —y)k
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Ex. 88 Ifa,b andc are three non-zero vectors, then
which of the following statement(s) is/are true?
(a)a x(b xc),b x(cxa),c % (a xb)from aright handed
system.
(b) ¢,(a xb) X ¢,a X b from a right handed system
(calb+ble+cld <0 ifa+b+c=0
() (axb)lb xc) _
(b x¢)l(a xc)
Sol. (b, c, d)
(a)a x(b xc) +b x(c xa) +c¢ X(a *xb) =0
O vector are coplanar, so do not form RHS.
(b) (a xb) X ¢,a X b, cin that order form RHS.

U ¢ (a Xb) X c,a X b also form RHS as they are in same cyclic
order.

(c)a+b+c

O a*+b*+c*=-2a® +b [ +c @)

L,ifa+b+c=0

=00 ]a+b+c|*=0

a alb+ble¢+cldX0
da+b+c=0
O axXxb=b Xc =c Xa

Ex. 89 Let the unit vectors a andb be perpendicular and
unit vector c is inclined at angled to a andb. If
c=la +mb +n(a Xb), then

@!l=m

(c)n* = = cos 20 (d)ym

(byn*=1-20
2 _ 1+ cos2a

Sol. (a, b, ¢, d)
alb=0,cl@d=clb =cosa
Take dot products with a , b and ¢ respectively.

O I=m 1%+ m?+n?=1
nzZ—COSZ(X,
5 _ 1+ cos2a
mé =

2

Ex. 90 Ifa x(b xc) is perpendicular to(a xb) xc, we

may have
(2)(ale)|b|* =(aB)(ble) (b)alb=0
(c)ald =0 (d)ble =0
Sol. (a, c)
a X (b xc) =(a [¢)b —(a B)c
and (@axb) xc =—(cB)a +(a [d)b

We have been given
(ax(b xc))[fa xb) xc) =0
O (@l&)b—(a)c)(ale)b —(cb)a) =
or (ale)? b|* —(ale)(b¢)(ab)
—(ab)ale)(ble) +(ab)(blé)(cE) =0

or @ale)? b|* =(ale)(a b)(bLe)
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or (ale)(ale)(blb) —(alb)(bLle)) =0
ale=0
or @@le) b|* =(ab)be)

Ex. 91 If(a xb) x(c xd) [(a xd) =0, then which of the
following may be true?
(a) a, b, c and d are necessarily coplanar
(b) a lies in the plane of c and d
(c) b lies in the plane of a and d
(d) c lies in the plane of a and d
Sol. (b, ¢, d) (@ xb) x(c xd) [(a xd) =0
or [acd]b-[bcdla)lta xd) =0
or [acd][dad]=0

Hence, either ¢ or b must lie in the plane of a and d.

Ex. 92 The angles of a triangle, two of whose sides are
represented by vectors V3(a xb) andb —(a (b)a, whereb is
a non-zero vector and a is a unit vector in the direction of a,
are

JEE Type Solved Examples :
Statement Type | & Il Questions

= Directions (Q. Nos. 93-96) This section is based on
Statement I and Statement II. Select the correct answer
from the codes given below.

(a) Both Statement I and Statement II are correct and
Statement II is the correct explanation of Statement I

(b) Both Statement I and Statement II are correct but
Statement II is not the correct explanation of
Statement I

(c) Statement I is correct but Statement II is incorrect
(d) Statement II is correct but Statement I is incorrect

Ex. 93 Let the vectors PQ, OR, RS, ST, TU and UP
represent the sides of a regular hexagon.
Statement | PQ X (RS +ST) #0
Statement Il PQ xRS =0 andPQ x ST #0
Sol. (c) Clearly, RS + ST =RT, which is not parallel to PQ.
0 PQ (RS +ST) #0
So, Statement I is correct.
Also, PQ is not parallel to RS.
O PQ xRS 20

So, Statement II is not correct.

(a) tan” '(v/3) (b) tan” '(1/+/3)

(©) cot”0) (@ tan” (1)
Sol. (a, b, ¢) Consider V, [V, =0
- A=90°
Using the Sinelaw,‘ b-@a ‘: V3laxb|
sin® cos0

or  tang=_LIP-@MHA]
3 laxb]|

_ 1 [@xb)xa
3 |axb]

1 |axb||alsing0° _ 1

B |axb| 3

or 0=

Ex. 94 p,qandr are three vectors defined by
p=a %X(b +c),q =b X(c +a) andr =c x(a +b)
Statement | p,qandr are coplanar.

Statement Il Vectorsp, q,r are linearly independent.

Sol. (c) Statement I p+q+r =ax(b+c)+b
X(c+a)+c X@a +b)

=axb+axct+bxc+bXxat+cXxatcxb
=axb+axc+bxc-axb-axc-bxc

Op = -q —r (alinear combination of q and r)

Therefore, p, q, r are coplanar and hence statement I is true.

StatementII p+q+r =00 p,q,r are not linearly
independent.

Therefore, statement II is not true.

Ex. 95 Statement I [fin a AABC,BC =2 - and
lpl Id
2
AC= ﬁ; |p|# q|, then the value of cos 2A +cos 2B +cos 2C
p

is—1
Statement Il If in AABC, UG 90 , then
cos2A +cos2B +cos2C =-1



Sol. (b) Statement II In AABC,0CG= 90
O cos2A + cos2B + cos2C
=2cos(A + B)cos(A —B) +co0s180°
=cos(180° = C)cos (A —B) -1
= —2cosCcos(A —B) -1
=0-1=-1 [ cosC = c0s90°=0]
Therefore, Statement II is true.
Statement I BC = p —§,AC =2p

0 AB=AC+ CB =2p —(p —4) =p +§
Now, ABBC =(p+§).(p —§) 3p° 44> =1 -1 =0
0 08 %

Now, cos2A + cos2B + cos2C
=cos2A + cos2C + cos 2B
=2cos(A+C)cos(A —C) +cos180°

JEE Type Solved Examples :
Passage Based Type Questions

Passage 1
(Ex. Nos. 97-99)
Leta =2i +3j -6k, b =2i —3j +6k and ¢ = -2i +3] +6k.
Leta; be the projection of a on b and a, be the projection
ofa; and c. Then

Ex. 97 a, is equal to
@B i -3]-6k) (b)) (2i -3] - 6k)
49 49?
() 223 (= 2 +3] +6k) (d)@(—ziw} +6k)
49 49
Sol. (b)

D,\ R . S ’:+ T D S ’:+ >
a, = 2i +3j -6 ).(21 3 6k)|]21 3) +6k
0 0 7

41, . 4 o~
=i -3j +6k
49( J )

410, . ~ (=21 +3j+6k)0 (21 +3j +6k
aZ:i%Zi—3j+6k).( 21 +3j 6k)D<( 21 +3j +6k)
9 7 0 7
="M 4 -9 +36)(-2i +3] +6k)

(49’ !

943 .~ 4 A
:E(Zi _3j _6k)

Ex. 98 a;.b is equal to
41

— b _
(a) — 41 (b) 7

(c) 41 (d) 287

Chap 02 Product of Vectors

=2c¢0s(180°—B)cos(A —C) —1
=—-2cosBcos(A—-C)-1=-1
Therefore, Statement I is also true.

Thus both Statements are true but Statement II is not the
correct explanation of Statement 1.

Ex. 96 Statement | Ifa is perpendicular tob andc,
then a x(b %c) =0
Statement Il [fb is perpendicular to c, thenb xc =0
Sol. (c) If a is perpendicular to b and c, then a|| (b X c)
0 ax(bxc)=0
Therefore, Statement I is true.
But, if blc, then bxc # 0

Therefore, Statement II is not true.

Sol. (a) a, [b = —%(zi ~3j +6k) @i -3} +6k) = —41

Ex. 99. Which of the following is true?
(a) a and a, are collinear
(b) a; and c are collinear
(c) a, a; and b are coplanar
(d) a, a; and a, are coplanar

Sol. (c) a, a; and b are coplanar because a; and b are collinear.

Passage I1
(Ex. Nos. 100-102)

Let a, b be two vectors perpendicular to each other and
|a|=2,|b|=3and ¢ xa =h.

Ex. 100 The least value of |c — al is
1

(a) 1 (b) 5
1 3
(c) Z (d) E

Ex. 101 When|c — a| is least the value of 0 (whend is
angle between a and c) equals
(b) tan™ %@

(a) tan™ %@
(d) None of these

(c) cos™! %Q

107

(- B=90°)
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Ex. 102 When|c — a| attains least value, then the value

of || is

1 7
a)— b) —
( )2 ( )2
5
c) = d) 4
() 5 (d)
Sol. For (Ex. Nos. 100-102)
Here, |a| =2,|b| =3

cxa=b 0O |c||a|sina =|b|

3
d |c| ==cosec O
2
. 2 (.2 2
Consider, |¢ —a|]” =|¢|” —2(a.c) +|a|
9 2
=Z cosecd +4 —2(2). . cosec A . cosO

25 9 2
=—+Z.c0t o —6cota

4
25

=— + HF-cota —Zg -4
4

9
=—+ cota —2[] =
4

|c—al 2 g and least possible when

I N

§cotO( =2 [0 tana =3 0 o =tan™" 3
2 4 4
Also, le]= .3 =3 =3
2sina 9 %Q 2
100. (d) 101. (b) 102. (c)
Passage III

(Ex. Nos. 103-105)
Consider a triangular pyramid ABCD the position vectors
of whose angular points are A (3,0,1), B(—1,4,1), C(5,2,3)
and D(0, —5, 4). Let G be the point of intersection of the
medians of triangle BCD.

Ex. 103 The length of vector AG is

@~17 (b) @
3 59
(c) % (d) T

Ex. 104 Area of triangle ABC in sq units is
(a) 24 (b) 8/6
(c) 46 (d) None of these

Ex. 105 The length of the perpendicular from vertex D
on the opposite face is

14 2
(a) f (b) %
3
—_- f
(c) N (d) None of these

Sol. For (Ex. Nos. 103-105)

Point Gis %, %, 2@ Therefore,

oo

51
or |AG| =g

AB = -4i +4j + 0k
AC =2i +2j +2k

D (0,-5, 4)
h
A C (5,2 3)
3,0,1)
iy &
O ABxAC=-81 -1 0
11 1
=8(1 +j —2k)

Area of AABC:%|AB x AC | =46

AD = -3i -5j +3k

The length of the perpendicular from the vertex D on the
opposite face

=| Projection of AD on AB x AC|

(=31 -5j +3k) (i +] —2k)
NG

_|-3-5-6

J6

14

J6
104. (0)

103. (b) 105. (a)



Passage IV
(Ex. Nos. 106-108)

Let A, B, C represent the vertices of a triangle, where A is
the origin and B and C have position vectors b and ¢
respectively. Points M, N and P are taken on sides AB, BC
AM BN CP
and CA respectively, such that —=—— =— =q
AB BC CA

A (Origin)

[Now answer the following questions]

Ex. 106. AN +BP +CM is

(a)3a (b +¢) (b)a(b +c)
((1-a)(b +¢) (d)o

Sol. (d) Since AM
AB

=q,

0 P.V.ofM=ab

. BN
Since, —=q
BC
O E = a
NC 1-a
Position vector of N =(1 —a)b +ac
Since, cr =a
CA
O ﬂ = 17_(1
PC a
O P.V.of p=0-0)c
Now, AN =(1 —da)b +0c

BP=(1 -0a)c-b
CM =ab -c¢
OAN+BP+CM =0

Ex. 107. The vectors AN,BP and CM are

(a) concurrent (b) sides of a triangle
(c) non-coplanar (d) None of these

Sol. (b) Since AN + BP + CM =0
Hence, AN, BP and CM from the sides of a triangle.

Ex. 108. If A represents the area enclosed by the three
vectors AN, BP and CM, then the value of O for which A is
least

(a) does not exist

1
(b) 5

(c) % (d) None of these
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Sol. (b)A:é\AN x BP| =é|{(1 —a)b +ac} x{1 -a)c —b}|
=10 -a)'b xo) +ab xc)

1
:E\b xc@? -a +1)

1
[A isleast, ifa = 5

Passage V
(Ex. Nos. 109-110)

If AP, BQ and CR are the altitudes of acute AABC and
9AP +4BQ +7CR =0.

Ex. 109. JACB is equal to

T Tt
(@) Z (b) ;

(c) cos™! %Q (d) cos™! QJ—;Q
Ex. 110. JABC is equal to

(a) cos™ %\%@ (b)g

O
(c) cos™! Mg )
03 0d 3
Sol. For (Ex. Nos. 109-110)

Since, sum of three vectors 9AP, 4BQ and 7CR is zero, there is
a A whose sides have lengths 9| AP, 4 BQ, 7| CR| and are
parallel to the corresponding vectors.

H is orthocentre.
00 BHP % BCO ACB

O Angle between AP and BQ equal to [JACB, similarly angle
between BQ and CR be JBAC.

AB _ BC _ AC
7ICR| 9AP| 4/BQ|
2. ar. (AABC) =|AB x CR| =|BC xAP|=|CA x BQ|

O

D i:i =_
7 9 4
0 a:b:c=3:2:7
2 2 _ 2
O COSC:M:E
2ab 2
0 Oc 6=
3
Zrpi-c® 2
and cosB=———— = —
2ac «/7
109. (b) 110. (a)
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Passage VI
(Ex. Nos. 111 to 113)
Let a,b,c are non-zero unit vectors inclined pairwise with

the same angle 8. p, g, r are non-zero scalars satisfying
axXb+bxc=pa +gb +rc

Ex. 111 Volume of parallelopiped with edges a,b andc is

(@) p +(q +r)cosb
(c)2p —(q *+r)cosB

(b)(p +q +r)cosB
(d) None of these
Ex. 112 The value of% + ZCOSGﬁiS

(a) 1
(c)2[abc]

(b) 0
(d) None of these

Ex. 113 The value of |(p +q)cos® +r|is

(a) (1+ cosB)4/1—2cosB
(b) 2sinzg|1/1 + 2cosH|
(c) (1= sinB),/1+ 2cosO

(d) None of the above
Sol. For (Ex. Nos. 111-113)
Volume of parallelopiped =[a b c] =a . (b X¢)

JEE Type Solved Examples :
Matching Type Questions

Ex. 114 Match the items of Column | with items of
Column II.

Column I Column II

A. Ifla+ b |=la + 2b]|, then angle between a p. 90°

and bis
B. Ifja+b|=|a —2b|, then angle betweena q. obtuse

and b is
C. Ifja+ b |=la —b|then angle betweena and r. 0°

bis
D. Angle betweena X b and a vector s. acute

perpendicular to the vector ¢ X (a X b)is

Sol.A> gB-s;Cop;Dor

(A) la + b =|a +2b|

111.

Now, we have

axb+bxc=pa+gb+rc
Oa.axb)+a.(bXxc)=pa.a)+q@.b)+r@.c)
O [aab]+[abc]=plal*+qg|a||b| cos® + r|al|c|cosB
O [abc]=p+qcosd +rcos® =p +(q + r)cosb
OVolume of parallelopiped = p + (q + r)cos®

Taking dot products with a, b, ¢ respectively with given
equation

[abc]=p +(q +r)cosO ..()
0=(p+r)cosB +q ..(id)
[abc]=(p +q)cosB +r ...(iii)
1 cosO

[abc]® =[cos® 1
cos® 1

cosB

Also, cosH

cosO

[abc]® =(1 —cosB)*1 +2cosH)

v=|[[abc] =[1 —cosb||,/1 +2cosb)
ZZSiHZg .|4/1 + 2cosH|

From Eqgs. (i) and (iii), p = r substituting in Eq. (ii), we get

2pcosB +q =0
O 9 4 2c08=0
p
(a) 112. (c) 113. (b)

a*+b* +2ab =a® +4b* +4a B
or 2alb = -3b* <0
Hence, angle between a and b is obtuse.
(B)|a + b| =]a —2b|
or a*+b*+2a =a® +4b* —4a B
or 6alb =3b>>0
Hence, angle between a and b is acute.
(C)]a + bl =[a —b|
O alb=0
Hence, a is perpendicular to b.
(D) ¢ x(a xb) lies in the plane of vectors a and b.
A vector perpendicular to this plane is parallel toa x b

Hence, angle is 0°.



Ex. 115 Match the items of Column I with items of
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Ex. 116 Match the items of Column I with items of

Column II. Column II.
Column I Column II Column I Column II
A. Letla|=|b|=2,x =a+b,y=a-b.If p. 4 A. Given two vectorsa = 2i — 3j + 6k, p. 0
1 PN
Ix X y|=2 A —(ab)*}2, then the value of b=-2i +2j ~kand
) _ Projection ofaon b
Ais = — , then the value of
Projection of b on a
The non-zero value of A for which angle q. 42 e
bet een)\f+A'+lA(and¢+)\A‘+lA{isEis ISA A ~ s oA
ween At A 3 . Ifa=i+2j+3k,b=-i+2j+Kk, q. 7

If|]a|=|b|=1and |c| = 2, then the maximum r. 16
value of [a = 2b|* + |b —2¢f + |c —2a[’s

Sol. A~ (1),B -~ (p), C - (q)

(A) x xy =(a xb) x(a —b)
=—a Xxa —a Xb +b xa -b Xb =-2(a Xb)
LHS =|x xy| =|-2(a xb)| =2|a|b|sin®
1 1
RHS =2(A —(a b)*)2 =2(A —|a)?|b|*cos’0)?
1
8sin® = 2(A — 16 cos’0)?

0 16sin’0 = A —16 cos’0
O 16(sin’8 + cos’0) = A
0 A= 16

Tt
(B) We have, cosg

1
2
_Ai+j+ R +Aj +k)

AN+ 24N +2

T_A+A+1
2 AN+2

O AN i+2=2R +1)

0 AP-M =0

0 AN -4)=0

0 A= Oand4

O A= 4

(C) We have, |a —2b|* +|b —2¢|* +|c —2a|?

=|a|* + 4/b|* —4a [ +|b]* +4/¢* —4b @

+|c® +4a® —4c@

O 1+4+1+16+4 +4 —4@a B +blk + c[@)
a 30-4alb +blc¢ +cld)
We know that,

(@a+b+c)* =Za’ +25a b 20
ie.1+1+4+2@b +bld +c@) =0
g alb+ble+cld=-3
O > 36 4 3p 36 12 42

c=3i+ ] and a + pbis normal to ¢ then pis

. Let a, b, ¢be three non-zero vectors such that r. 5

a+b+c=0thenA(axb)y+cxb
+a x¢ =0, where A is equal to

. The pomts whose posmon vectors are s. 2

pl +q]+rk ql +r]+pkandr1 +p]+qk
are collinear, then the value of
(P*+ ¢+ = pg—qr—m)is

Sol. A - (q),B - (1),C - (s),D - (p)

(A) Given, a =2i —-3j+ 6k
and b=-2i+2j -k

Ch (b0

Projection of a on b HIb H |a|
Now, A = —
Projection of bon a T bl |b|

|a
_ N2 H (-3 46t 4+ 9+36 _
T(-2)f 42t +(-1)2 Jat4a+t1 3
O 3a=7
(B) Given, a =i +2:i +3R,

b=—i+23+f( and ¢ =31 +]

Since, a + pb is normal to ¢

O (a+ pb)d =0

O [a-pi+@+2p)]+G +pk]Bi+j) =0

O 31—-p)+2+2p =0

O 3-3p+2+2p =0

g p=5

(C)Given,a+b+c¢=0

O axa+aXxb+a Xc =a X0

a axXb+aXxc=0 (1)
Also, bxa+b Xxb +b xc =b %0

O bxa+bxc=0

0 - b « F 0

O axXxb+cxb=0 ..(id)

On adding Egs. (i) and (ii), we get
2(a xb)+c xb +a Xc =0

On comparing, we get A =2
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p q r (A) Givena and b are two unit vectors, i.e.,|]a] =|b| =1 and
M) g r p|=0 angle between them is g
rpgq
. laxDb| . T
0= O — = xb
O (p+q+np’+q° +r' —pq —gr —p)=0 00 = e sy TRl
O p*+q* +r* —pg —qr —mp =0 ?=|a><b|
Ex. 117 Match the items of Column I with items of Now,[ab+axbb]=[abb] +[aa xbb]
Column II. =0+[aa xbb]
Column I Column II =(a xb) [{b xa)=~(a xb) [l xb)
3
A. Ifaand bare two unit vectors inclined at  p. —12 =-la xb|’=- 1
Tt .
3 then16[a b+ a x bb]is (B) If b and c are orthogonal b [t = 0

B. If band ¢ are orthogonal unit vectors and  q. 1 Also, it is given that b x ¢ Za.

bxc=a,then[a+ b+c a+b b+dis Now[a+b+ca+bb +c]
=[aa+bb+c]+[b+ca +bb +c]

C. If|a|=|b|=|c|=2and r. 3
alb=bl¢=cla =2 then[a b ¢]cos45°is =[abc]=allb xc)
equal to =aa =|a* =1 (because a is a unit vector)
D. a=2i +3j-k b=-i+2j -4k, s. 4 (C) We know that,[a xb b x ¢ ¢ xa] =[a b ¢]?
c=i+j+kandd=3i +2j + Kk, then ala alb altl |4 2 1
%(axb)llcxd)isequalto and=[abcl®*=|ba blb blk|=|2 4 2| =32
clh clb clk| |2 2 4
Sol. A~ (p):B - (@:C > (s):D - (1) O [abc]l=4v2

(D) (a [k)(b [H) — (b [&)(a [d) =21

JEE Type Solved Examples :
Single Integer Answer Type Questions

Ex. 118 Given thatu=1i —2] +3k; v =2i +j +4k; Ex. 119 The position vector of a point P is
w=i+3j +3k and r =xi +yj +zk, where x,y, z[(ON anda =i +2j +k. If
(uR -15)i +(v R -30)j +(w R _20)[( =0. Then, the r [a =20 and the number of possible of P is 9\, then the

value of A is

greatest integer less than or equal to |R| is
Sol. (9)ra=20 O x+2y +z=20,x1y,z 0N

Sol. (6) Let R = A+ yj' +zk
0 Number of non-negative integer solution are

O "¢+ % +5 +...+q

=81=9A A= 9

u=i-2j+3kv=2i+]j+akw=1+3j+3k

(uR -15)i + (v R -30)] +(wR -20)k =0 (given)

So,uR =150 x -2y +3z =15 (1)
vIR =300 2x + y + 4z =30 ..(ii) Ex. 120 Letu be a vector on rectangular coordinate
wR =250 x +3y +3z =25 ..(ili)  system with sloping angle 60°. Suppose that|u — i is
Solving, we get geometric mean of |u| and|u — 2i|, where i is the unit vector
x=4 along the X-axis. Then, the value of(\/i +1)|ul is
y=2 Sol. (1) Since, angle between u and i is 60°, we have

z =

- u[i:|u|\i|cos€»0°:M
Now, |R| =44 +2% +5% =45 2

[R[]=[V45] =6 Given that,| u |,|u — 1|, |, |u —2i] are in GP.

So, lu -1 =|u||u -2i



Squaring both sides,

(uf® + 3% —2u A1 =|u/*[Ju® +4i* —4u O]

2
@uﬁ +1 —ﬂg :|u|2@u|2 +4 —MQ
2 2

or |ul+2/ul-1=0
+
0 uff = 2242
2
or [ul =2 -1
O W2+ jul =2 +1)(2 -1) =2 -1 =1

Ex. 121 Let A(2i +3] +5k), B(- i +3] +2k) and
C()\i + Sj +u|A() are vertices of a triangle and its median
through A is equally inclined to the positive directions of the

axes, the value of 2\ — L is
Sol. (4) Median through A is

A
B
b o,
+
Ap = AB + AC
2
AB = -3i -3k
AC =(\ -2)i +2j +@ -5)k

AD =%[(>\ —5)i +2§ +([ -8)k]

We have, AD is equally inclined to the positive direction of

axes
L -5)i 2§+ -9k &
cosB = =
|AD||]
%[(A —5)i +2j + (@ -8)k] [
|AD[Jj
%[(A —5)i +2) +(u -8)k] Tk
|AD]| K|
0 A =5 -1 _k-38
2 2
ad A= 7andpu =10
0 2N -p=14-10 =4

Ex. 122 Three vectors a(|a| #0), b and c are such that
1
a xb =3a Xc, also|a|=|b| =1and|c]| :g, If the angle

betweenb andc is 60° and|b —3c| = A | a|, then the value of
Ais

Chap 02 Product of Vectors 113

Sol. (1) We have, axb=3a xc

O aX(b-3¢c)=0

O a is parallel to b — 3c.

Now, b-3c=Aa

0 |b —3c|®* =A\a|®

O [b|® +9/¢]* —6(b [&) = N|a®

0 1+9x1 -6 x1 x1 ><1:)€(1)2
9 3 2

1+1-1=N 0O\ *=1
A=+ 1
Ex. 123 Ifa,b, c are unit vectors such that
Tt
a[b =0 =a [d and the angle betweenb andc is 5, then the

value of|a Xb —a Xc|.
Sol.a.b=00 allb

a.c=00alc

O alb- ¢
O Jaxb-axc|=]a X(b —c)|

=la|lb —c[ =[b ~c|
Now,

Tt
—-c|” = +|c|” — c|cos—
b -c|* =|b -2|b 3

=2-2x- =]
2

b-c|=1

Ex. 124 |f the area of the triangle whose vertices are
A(=1,1,2);B(1, 2, 3) and C(t,1, 1) is minimum, then the
absolute value of parameter t is
Sol. AB=2i +j+k AC =(t +1)i + 0j -k

j k
1 1
0 -1

AB X AC =
t

+ N e

1

=i+ +3)j - +1Dk

=1+ +3)2 +(t +1)°

=22 + 8t +11

Area of AABC = %\AB X AC|

1,2
=2t +8t +1

2

Let f(t) = N =i(2t2 +8t +1)
fy=00t=-2

At t=-2f"(t)>0

So, Ais minimum at ¢ = =2



114  Textbook of Vector & 3D Geometry

Ex. 125 Let OA =a,0B=10a +2b andOC =b, where
O, A and C are non-collinear points. Let p denote the area of
quadrilateral OACB, and let q denote the area of parallelo-
gram with OA and OC as adjacent sides. If p =k q, then k is
equal to
Sol. Here, OA =a, OB =10a +2b, OC =b

q = Area of parallelogram with OA and OC as adjacent side.

0 q=laxb] ...(1)
C B
20
b \03*
O a A

p = Area of quadrilateral OABC
= Area of AOAB + Area of AOBC

=%|a x(10a +2b)| +%|(10a +2b) xb)|

=la xb| +5]a xb]|

O p=6laxb]|
or p =6q [From Eq. (i)]
O k=6

Ex. 126. If x, y are two non-zero and non-collinear
vectors satisfying [(a —2)a* +(b =3)a +c]x +[(a —2)B>
+(b=3)B +cly +[(a ~2)y> +b -3)y *+](xxy) =0
where d,[3,y are three distinct real numbers, then find the
value of (a> +b* +c* —4).

Sol. (9) Since, x and y are non-collinear vectors, therefore

X, y and x X y are non-coplanar vectors.
So,[(@a —2)a? + (b =3} +c]x +[(a —2)PB*
+(b =3B +cly +[(a —2)y* +(b -3)y +c](x xy) =0
O Coefficient of each vector x, y and x X y is zero.
(@a=-2)a?+{® -3 +c =0
(a—2)B*+(b —-3)B +c =0
@-2)y* +(b -3)y+c =0

The above three equations will satisfy if the coefficients of a, 8
and y are zero because a, 3 and y are three distinct real numbers

a—2=0ora=2,
b-3=0orb=3andc=0
O a® +b* +¢* =27 +3% +0% =4 +9 =13

Ex. 127 Letv=2i+] ~kandw =i +3k. Ifa is unit
vector and the maximum value of [uv w] = VA, then the
value of (A = 51) is
Sol. (8) We have, [uvw]=u.(vXxw)

0 [uvw]<|u|vxw [a.b<|a||b]
O [uvw]<|vxw| [l =1]
ik
Now, vxw=[2 1 -1|=31 -7j -k

1 0 3

0 [vxw =./9+49 +1 =59
Hence, maximum value of [u v w] = 4/59
On comparing, we get A =59

0 A- 5 8

Ex. 128 Leta=ai +2j -3k,b =i +20j —2k and
c=2i-0qj +k. Then the value of 60, such that
{(a xb) x(b xc)} x(c xa) =0, is
Sol. (4)a=ai +2j-3k b =i +20j -2k, ¢ =2i —0j + k
{@ xb) x(b xc)} x(c xa) =0
or {[abc]b—-[abb]c} x(c xa) =0

or [abclbx(cxa)=0

or [abc]((@a.b)c—(b.c)a)=0

or [abc]=0 (-a and ¢ are not collinear)
a 2 -3

g 1 20 -2|=0
2 —a 1

or a2 —1) —2(1 +4) =3(-0 -4 ) =0 or 10 — 150 =0

2
a a=-
3
6 X2
60 = =4



Subjective Type Questions

Ex. 129 Leta andb be two unit vectors such that a +b

is also a unit vector. Then, find the angle between a and b.

Sol. Since, a + b is a unit vector.

O la+b/ =10 |a+b=1
O (A+b)M +b) =1
O AA+bb+2ab=10 1+1+2ab=1
0 ah=-10 [4|B|cosd=-+
2 2
1 . n
0 cosf =~ (14 =|b| =1)
0 8= 1M

Hence, the angle between a and b =120°

Ex. 130 Determine the values of c so that for all real x,

the vectors cxi —6j +3k and xi +2j + 2cxk make an obtuse
angle with each other.
Sol. Given, a =cxi —6j +3k and b =xi +2j +2cxk

. a and b make an obtuse angle with each other.

a.b
ad cosb =—— <0
[a]|b
R ex? =12 + 6¢x
ie., <0
\/czx2 + 36 +9\/x2 +4 +4c%x?
O ex? + 6ex —12 <0 ()

Now, two cases are possible.

Casel cZ0

O cx?® + 6cx— 12 is a quadratic equation which has real solution
“iff A < 0and B* - 4AC <07

ie. if c < 0and36c® + 48¢ <0

ie ifc <0and12¢(3c + 4) <0

a 3c+4>0 [re>0]

0 Ao <o (i)
3

Case Il c=0

[+ 1% 0 which is an identity.

a ¢ = 0 satisfy Eq. (i) ...(iif)

O From Eqgs. (ii) and (iii), we get —g <c<0

Ex. 131 A, B, C and D are four points in space. Using

vector methods, prove that AC* + BD* + AD* +BC*
> AB? + CD? what is the implication of the sign of equality.
Sol. Let the position vector of A, B, C and D be a, b, ¢ and d,

respectively.
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Then, AC? + BD?* + AD* + BC?
=(c —a) [c —a) +(d —b) [[d -b)
+(d -a).(d —a) +(c =b).(c -b)
=|c|* +|a)* —2a & +|d|* +|b|* -2d B
+|d|* +[al* —2a.d +|c|* +|b|* -2b.c
=la]® +|b|* —2a b +|c|* +|d)* —2¢ W
+[a)* + b’ +[c® +|d|* ~2a b +2c @
-2alt-2b.d —2a [d —2b [&
=(a-b)[{a -b) +(c —d) [c [d) +
@+b-c-d){a+b —c —d)
=AB*+CD*+(@ +b —c —-d) [a +b
-c¢—d) 2AB* +CD?
0 AC?+ BD?* + AD* + BC? 2 AB* +CD*

Ex. 132 Using vector method, prove that the altitudes of
a triangle are concurrent.

Sol. Let the point of intersection O of two altitudes BQ and CR be

taken as origin and the position vectors of the vertices A, B, C
be a, b, ¢ respectively. Let AO produced meet BC at P. We
will show that AP is perpendicular to BC , showing there by
that the three altitudes are concurrent.

0 OB =b, BQ = b

as its collinear with OB.

Similarly, since oCc=C

0 CR =vC

Now, AC=c—-a and AB=b —-a

Since, BQ J AC, we haveub . (c —a)and soa.b=b.c
Again, since CR [ AB, vc.(b —a) =0

g b.c=c.a

O a.b=b.c=c.a

or a.(c—b)=0

O A a.(c-b)=0

O AP.BC=00 APOBC

Ex. 133 Using vector method, prove that the angle in a
semi-circle is a right angle.
Sol. Take the centre O as origin and AB is the diameter, so that

OA = OB.

If the point A is a, then B is — a and |a| = r =radius.
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Let P be any point r on the circumference, so that|r| =OP =r
Then, AP =Position vector of P — Position vector of A =r —a
and BP = Position vector of P — Position vector of B=r + a
O AP.BP=(r—a).(r +a) =r* =a’=r*=r* =0

Ex. 134 The corner P of the square OPQR is folded up so
that the plane OPQ is perpendicular to the plane OQR, find
the angle between OP and QR.

Sol. After folding OPQ, PS TJSR.

P
P\ a /Q
a e a
//S\\ Q Q
o a R
R
Here, SQ [JSR, SQ LI PS
a a
Let SR——,S —1,SP=—]j
L Q= Nk L
a,, a_ a5  z
OP=-SO+SP=—j+—=1=—F(] +1
a ~ ~
R=SR -SQ=—(k -1
Q Q= ﬁ( )

|OP| :%ﬁ:a 0 |QR|=a

Cosine of angle between OP and

_OPMR _a*({+jak-1i
QR = =L
|OP||QR| 2 a
0 cos=L(-1)=-L1 9=2"
2 2 3

Ex. 135 InaAABC, prove by vector method that

3
cos2A +cos2B +cos2C = _E

Sol. As we know, (OA + OB + OC)? 20 ()
and |OAJ* =|OBJ* =|OC|* = R? ...(i)

OUsing Eq. (i),
|OA|* +|OB|* +|0C|* +2(0A.OB + OB. OC +0C.0A) 20
O 3R*+ 2R*(cos2A + cos2B + cos2C) 20

3
O c0s2A + cos2B + cos2C = —5

Ex. 136 Let =4i +3j andy be two vectors

perpendicular to each other in the XY -plane. Find all the
vectors in the same plane having the projections 1, 2 along 3
andy, respectively.
Sol. Here, B = 41 +3]

Since, Y is perpendicular to Bie..y=0

OWe can choose Y =3l — 4A]j for all values of A.

Let the required vector bea = Ii + m].

Now, projection of 0 along 3 = |T[|3

+

1=853m 0 v sm=s ()

> a
Similarly, projection of a along y = My
O _ 3N = ahm

5\

O 3l —4m =10 ..(ii)

On solving Egs. (i) and (ii), we get
[=2andm=-1
a=2i-j

Ex. 137 Ifa,b andc are three coplanar vectors. If a is
not parallel tob, show that

c.a a.b a.a c.a
a+
c.b b.b a.b c.b
Cc=
a.a a.b
a.b b.b
Sol. Since, a, b and ¢ are coplanar, we may write
c=ANa+A,b
O a.c=Aa.a+Aa.b ..(i)
and b.c=Ab.a+A,b.b ..(i)
On solving Egs. (i) and (ii), by Cramer’s rule, we find that
a.c a.b a.a a.c
c b.b b.a b.c
)\l_a.a a.b and A, = .a a.b
a.b b.b a.b b.b
On substituting A and A ,, we get
c.a a.b a.a c.a
a+ b
_|c.b b.b a.b c.b
c_

a.a a.b
a.b b.b
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Ex. 138 InA ABC, D is the mid-point of side AB and E a|PA|* + b|PB|” + c|PC[*
— 2 2 2 2
is the centroid of A CDA. I[fOE [CD =0, where O is the =(@+b +c)|PI + a[IA]" + 1B + d|IC]|
circumcentre of A ABC, using vectors prove that AB = AC. +2P1[JalA + bIB +dC|*
Sol. Let us take O to be the origin and position vector of the O aPA]* + b|PB)> + ¢ PC|*=(a +b +c)
vertices A, B and C be a, b and ¢, respectively. \PI|2 ta |IA\Z ) IB|2 te \IC|2
We have,
— bl = (- aIA + bIB + ¢IC =0) shown as, since D be point of
laf =| |+_I|)C| intersection of AI with side BC , we have BD: DC =c¢: b and
Now, p=2 . (.- mid-point of AB) Al:ID=b +c:a
_¢IC + bIB ~
A(a) a ID—? and aAI—(b+C) ID
D aAl =cIC +bIB [0 alA + bIB + cIC =0
Ex. 140 |If two circles intersect, prove by using vector
B(b) Clo) method, that the line joining their centres is perpendicular to
_3a+b+2c their common chord.
E= 2 Sol. Let O be the centre of the first circle and C be the centre of
a+bh a+bh-2¢ second. Let a and b be the radii of the two circles. Position
u CD = 5 = — vector of C is ¢ and AB be point of intersection of two circles.
+b+ A
and op=2tbtze
2
O OECD =0 %
0 L5a+b+20)M +b —2¢) =0 B
4 If r is the position vector of A.
3/a|* +|b|* —4/c|*+4a b —4a [d =0 O CA=0A-0OC=r —¢ ()
0 alb=ale (- OA =rand OC =¢)
ad 3lal® + |b]* —4/c]* =0 Also, rF=q¢’and(r - ¢)[{r —c) =b° ...(i1)
O |laj*+|b|* -2ab=|al®* +|c| —2a [d (+|al =|b| =|c|) Hence, at the point of intersection of two circle
1
O Ja-b*=]a-c] a*—2rle+|c/*=p* O rie :E[b2 —a*® -|¢*]
2 2
0 |AB[" =[AC| If E is the point of intersection of OC andAB, then
u |AB| =|AC| OA = OE +EA =)\c +kAB
. _ OB = OE + EB = Ac + k,AB
Ex. 139 Let! be the mcem‘rezofAABC.2 Using vecztors 0 20A e =2r[& =2 [Ac + KAB]k =a” — b + o]
prove that for any point P a(PA)“ + b(PB)* +c¢(PC) ), s )
and 20B[t =2r[¢ =2{Ac + k,AB} & =a” = b" +|(|

=a(IA)* +b(IB)* +c(IC)* +(a +b +c)(IP)*
where a, b and ¢ have usual meanings.
Sol. We have, IP + IA =PA

O 2[Ac-KkAB]&=2[Ac+ k,AB]c O ABLE=0
Hence, AB is perpendicular to OC.

A p Ex. 141 Using vector method prove that
V cos(A — B) =cos Acos B +sin AsinB.

Sol. Let OX and OY be two lines perpendicular to each other and
OPOX= A,0QOX= B.So that, J PO A- B shown as,

B D C 2N
) 5 ) P(rcos A, sin A)
O |PA|? =|PI* +|IA]* +2PI A
,
a|PAJ* = a|PI|* + g/ IA|* +2PI [WIA) () Q(ry cos B, rysin B)
Similarly, ~ b|PB|* = b|PI* + b|IB]* +2PI (b IB) ...(id) A-B 7
| PC|>=¢|PI] + c|IC|* +2PI IC) = B »x

On adding Egs. (i), (ii) and (iii), we get
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Let 1 and j denote unit vectors along OX and OY so that,
id=j0=1andifj=jd =0
Also, let OP =rand OQ =,
0P (rcosA, rsinA)and Q (r cosB, r;sin B)
a OP =(rcosA) 1 + (rsinA)j
and OQ = (1 cosB) i + (r;sinB) j
By definition
OP [OQ =|OP||0Q| cos POQ =rrcos(A — B)
0  OPLOQ =rrcos(A —B)
Also, from Eq. (i)
OP[OQ =rr cosAcosB + rr sin Asin B
=rr(cosAcosB + sin Asin B)
From Egs. (ii) and (iii), we get
rr; cos(A — B) =rr(cos AcosB +sin Asin B)
[ cos(A — B) =cosAcosB +sinAsinB

Ex. 142 A circle is inscribed in an n-sided regular

polygon Ay, A,..., A, having each side a unit for any arbi-

trary point P on the circle, prove that

i(PAI)Z =n

i=1

a* O +cos®m/n

4 [ sin*1t/n

g
g

O

Sol. Let the centre of the incircle be the reference point.
Then, PA, = OA, - OP

A Aal2 Ay

PA,[PA, =(0OA, - OP) [[OA, - OP)
(PA;)° =(|0A||)* +(|OP|)* —20A; [OP

=1

_é(PAi)Z = 3(0A/))* +(|OP}) 204, (OP

n
=nR® + nr® —20P (X OA,

i=1
=n(R* +r%) -2 OP [0)

a T a Tt
R =—cosec—,r =—cot—
n

2 n
2
a Tt
0 R% + 2 =—%osec2— + cotzlﬁ
4 n n

_a® O+ cos’m/nl

T4 O sin’m/n O

Now,

O From Egs. (i) and (iii), we get
a: + cos’ 1 /n0
4

O X (PA) =n >
i=1 0 sin“mt/m 0O

...(i)

Ex. 143 Ifa,b,c andd are the position vector of the

vertices of a cyclic quadrilateral ABCD, prove that
axb +b xd +d xa| N |b Xc+c xd +d xb| —0

(b-a){d-a) (b-c)[{d(a)

() laxb+bxd+d xal

Sol. Consider,
(b—a)[{{d-a)

_ (a—d)x(b-a) _ la—d||b - a|sin A

(b—a)[{d—a) |b—c||d—c|cosA
-+ (i) =tan A (1)
.. (iii) ,,’/
AR e

[bxc+exd+dxb| _|(b=c)x(c—d)
(b-c)dd-c)  (b-c)dd—-c)
_Ib-dlc-d|sinC _,

|b~-¢|d - c|cosC

Again,
anC

As cyclic quadrilateral
A=180°—-C
O tan A = tan(180° — C)
0 tanA+tanC =0
laxb+bxd+d xa] + [bxc+exd+dxb| _

(b-a)l{d-a) (b-c)lld-c)

Ex. 144 In A ABC, points D, E and F are taken on the

sides BC, CA and AB , respectively such that
BD _CE _AF _
— =—=—=n.
DC EA AB

2 _p 41
Prove that, ADEF = uA ABC.
(n+1)?

Sol. Take A is the origin and let the position vectors of the points

..(0) B and C be b and ¢, respectively.

U The position vector of D, E and F are

..(iif) nc+b ¢ nb

n+l n+1 n+1
nc+b-nb_nc+(1-n)b
n+1 n+1

FD = AD - AF =

nb-c¢
n+1

and EF = AF - AE =




1
Now, vector area of AABC =E(b x ¢) and vector area of ADEF

_1 <
=~ (FD <FE)
=m{(nb—c) x ne +(1 —n)b}
:7Z{n2bxc+(1—n)bxc}
2(n+1)
=L -n+1)(bx0)]
2(n+1)
2(n + 1)

Zon+1

[J Area of A DEF :n—iz area of A ABC

2(n+1)

Ex. 145 Let the area of a given A ABC be A. Points
A,, B; and C; are the mid-points of the sides BC, CA and AB,
respectively. Point A, is the mid-point of CA, lines C;A; and
A A, meet the median BB, at E and D, respectively. If A is
the area of the quadrilateral A;A,DE, using vectors prove

A 11
that — = —.
A 56
Sol. Let the position verctor of A, B and C be a, b and c,
respectively.
We have, AC, = g, AB, =
+ +
AAz—b C,AA2—3C b
2 4

Equation of the lines BB, AA, and C, A are

r=b+)\1%—bg

r:)\23c+b and r:E+)\3%§
4 2

For the point D, we have
+
b+ Alg—bgzm éLz; b@

A c
b@—)\ ——2§+sz —3M,)=0
17, 4( 1 2)

6 4
O M=o, =2
TR
+
0 AD:3c7b
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For the point E, we have b + A, % - b@: g

+hc
2

0 b%—)\1§+§0\1—)\3):0
1
O A =A==
1 3 2
0 AE_2b+c
4
Now. EAZ_3c+b—2b—c_2c—b
4 7
DA1=b+c_3c+b=5b+c
2 7 14

Area of quadrilateral EA;A, D = é |[EA, X DA,|
=L |@2c ~b) x(5b + o)
112

1
=—|[10c xb —b xc|
112

11 11 11
=—|c Xb|:—dr\c xb| =—
112 56 2 56

11
Thus, required ratio is %

Ex. 146 Let ABC be an acute angled triangle with
centriod G and the internal bisectors of angles A, B and C
meets BC,CA and AB in M, N and K respectively using
vectors, prove that if G lies on one of the sides of A MNK,
then one of the altitudes of A ABC equals the sum of other
two.

Sol. Let G be on MK.

Let the position vectors of B and C with reference to origin A
be b and c, respectively.

O BC =a,CA =bandAB =¢
NOW, ﬂ:g
MC b

+
[0 Position vector of M = bb + ce
b+c
s i bb
Similarly, position vector of K =
a+b
+
MK = PV of K — PV of M= 22 _bb*ce
a+b b+c
+
pvofG=2t¢
bb _ b+c

GK =PVof K = PVofG=
a+b 3
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Since, G lies on MK, MK X GK =0

U ob bb+ccld 0O bb b+cl_
ad - X - E—O
+b b+c +b 3
bb b+c¢ bbxcc
ad - X -
a+b 3 a+c
bb bb+cc b+ec
+ X =0
a+b b+c 3
_bbxc)  bec(cxb) +b(b><c)+b(c><b)_
3at+b) (b+c)@+b) 3(b+o) 3
g b be b c O
- + +
Ha+b) (G+c)a+b) 3b+c) 3(b+c)[
(cxb) =0
b _ bc _ b + c .
3@a+b) (b+c)la+b) 3b+c) 3(b+c)
O b +c)—3bc —b(a +b) +c(a +b) =0
O b*+ bc —3bc —ab —b* —ac +bc
O ac =ab + bc
0 1_1,1
b ¢ a
a %=%+% (where, A denotes area of A ABC)
c a

O P, =P, + P, denotes the altitudes drawn through A, B and
C, respectively.
Aliter
g=am +(1 -a)k
b+c:0((bb+cc)+(1—0()bb
3 b+c a+b

O

On comparing coefficients of b and ¢, we get

1_ ac
3 b+ec
+
- O(:b c
3c
and 80, A-0)b 1 substituting o, we get
b+c a+b 3
ca=ab + bc
- 11,
b ¢ a

Ex. 147 Three poles of height x, x +y and x + z are

posted at the vertices A, B and C of a triangular park of
sides a, b and c , respectively. A plane sheet is mounted at the
tops of the poles. If the plane of the sheet is inclined at an
angle© to the horizontal plane, prove using vector

af,,2 2 O

y .z —%cosAD

0 :tan_1E b b &
0 sin A

mOad

H

Sol. Let A', B and C' be the tops of the poles at A, B and C,

respectively. Through A" draw a AA’" B,C; congruent to

A ABC and parallel to the horizontal plane of the park. Take

A' B, as the X-axis and a line perpendicular to it as the Y-axis
(in the plane of A A" B,C}) and a line through A’ and perpen-
dicular to the plane A" BC; as the Z-axis.

/4
c
| B
, !
a 1
b i
:C > X
A’ By
If i, j and k are the unit vectors along these axes, then
A'B,=ci
A'C, =(bcosA)i + (bsinA)]j
A'B=d+ yk

A'C = (bcosA)i+ (bsinA)j + zk
Since, the planes A' B C is inclined at an angle 6 to the plane
A’ B,C,, angle between the normals to the planes is (T —6).

Obviously, the unit vector normal to the plane A" B,C, is k and
the normal vector to A'B C is

[(bcosA) i+ (bsinA) j + (z) R] x(ci+ ylA()
=(ybsinA) i —(ybcosA —zc)] —(bcsinA)]A(
cos(TT —60) =
{(ybsin A)i — (ybcos A —zc)]j —(bcsinA)ﬁ} Ok
\/yzbzsinzA + y%b? cos® A + z%c* —2yzbccos A + bc?sin®* A

sin A

2 2

2

\/312 + Z—Z — 22 CosA +sin’A
c b be

0 cosB =

2

2
\/y2 + ;—2 —ZbﬂcosA
0 tan® =€ ¢

sin A

Ex. 148 Ifa,b andc are three vectors such thata X b =c,

b xc =aandc % a =b, then prove that|a| =|b| =|c|

Sol. Here, axb=c (given)
O (@axb)le=cle
O [abc] =|c|? ..(1)
Also, bXxc=a (given)
(bxc)lda =ald
0 [bca]=|al (i)
and cxa=b
0 (cxa)b=bD (given)
O [cab]=|b] (given)
Since, [abc]=[bca]=[cab] ...(1ii)

OFrom Egs. (i), (ii) and (iii), we get
lel* =[a]” =b|* O |¢[=|al =|b]



Ex. 149 Ifa,b,c andd are four coplanar points, then
show that[abc] =[bcd]t[cad] +[abd]
Sol. Since, a, b, ¢ and d are coplanar points.
We have, b —a, ¢ —a and d —a are coplanar.
a [b—ac —ad —a] =0
O {(b-a)x(c —a)} ld —a) =0
d (bxc)ld —(b xc)[@ —(b xc) @ =0
—(axc)ld +(a x¢) @ =0
0 [bcd]-[bca]-[bad]-[acd]=0
a [abc]=[bcd]+[abd]+[cad]

Ex. 150 LetG and v be unit vectors. If w is a vector such
1
that w +(w Xu) =v, then prove that|(u % v) Q| SE and

that the equality holds if and only if u is perpendicular to v.
Sol.

w+(w Xu) =v

a wXu=v-w (1)
a (wxu)? =v? +w? —2v v
a 2viv =1 + w? —(u xw)? ..(id)

Also, taking dot product of Eq. (i) with v, we get
wly+(wxu)lv =v¥y

g vilwxu) =1 —w¥ ..3il) (- v =|v[* =1)

Now, VEﬂwXu)=l—%[l +w® —(uxw)?]
[using Egs. (ii) and (iii)]

2
(uxw) (0 < cos?0 < 1)

2

+

2

NI SR

(1 —w? +w?sin?0) (i)
As we know, 0 < w?cos’0 < w?

1_1-w?cos’® _ 1—-w?
> >

0 Ly >
2 2 2
2 2
0 17wicos® 1 )
2 2

From Egs. (iv) and (v), we get|v [{{w X u) | S%

Equality holds only when cos*8 =0 O ="
ie., ullw= 00 uliv=0 2
w+(w Xu) =v
ullv+ ullw xu) =u ¥

0+0=uly 0 uly=00 wulv

Ex. 151 Prove that
[RBx(Bxa)]a  R.(ax(@xp)B _[Raf]@xB)
o xB|? o xB? laxB|®

Sol. a,(3 and a xf3 are three non-coplanar vectors. Any vector R

R +

can be represented as a linear combination of these vectors.
O R =ka + kf + k@ *B) ..(1)
0 R@xB)=ks@ xB).a *B)=ks( xP)’

Chap 02 Product of Vectors 121

. ¢, = R xB) _ [Rop]
axBf o xp

On taking dot product of Eq. (i) witha x@ %[3)

0 R.a x(a xB) = k@ x@ B))B
klapl -@aBlB =k[ap)* -a B’
= —kla xB|°
. (= ~[R(@ x@ B))]
o xB [*
Similarly, Kk = _ [R@xBxa)] >;O())]
laxp|
. R T[REXExa _ (R x B)Ip
la x| laxpB|
. [R@ *B)l(a xB)
o xB |*
. s [RExExa)]a , (R x(@ xB)]B
o xB [* o xp?
- [R@xB)l@ xB)
o xB [*

Ex. 152 Ifa, b andc represents the sides of tetrahedron
and 0 be an angle between a andb, @ be an angle between a
andc, Y be an angle between b and c, then prove that the
volume of the tetrahedron is given by

1 cos® cosO

cos Y
cos® cos Y 1

2p2 2
, _ab'c

36

cosB 1

1

Sol. OABC represent a tetrahedron, where
OA =2a,0B = b,0C =c relative to O

Volume of tetrahedron (v) =

é[aE(JbXC)]

Also,

bl¢
cla cb cle

2 _ 1 2_ 1
=— b x =—/b@A b
v 36[21'11 o] %

a’ abcos B

-1 ab cosB b?
36

accos@ bccos P c

accos @
becos Y

2

1 cos® cosQ
1
= gazbzcZ cosO 1 cos
cos@ cos 1
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Ex. 153 A pyramid with vertex at the point P, whose
position vector is 41 +2] +2+/3k has a regular hexagonal
base ABCDEF. Position vectors of points A and B are i and
i+ Zj, respectively. Centre of the base has the position
vector i +j + 3k. Altitude drawn from P on the base meets
the diagonal AD at point G. Find all possible position vectors
of G. It is given that volume of the pyramid is 6+/3 cu units.
Sol. Let the centre of base be (0).

AB=2j O |AB| =2

AOAB:ian:x/g

P(4i+2j+2v2 k)

(i+i+v§f<)://
4G

0 Base are a =6~/3 sq unit.
Let height of the pyramid be h.

0 § B3h = 63
O h =3 units

AP =3i +2j + 2.3k
|AP| =,/9+ 4+ 12 =5 units
AP =,/9 + 4 +12 =5units

AG =,/25 -9 =4 units

|AG| = 4 units
Now, AQ and AO are collinear.
a AG = A\AO
ad |[AG| =|A||AO|
ad 2N =4
d [A|=2
O AG =+(i +j +3k)
0 G=+2(1+j+3k) +1i

= —(i +2j +243k), -3i +2j +23k

Ex. 154 leta, l} and ¢ be the non-coplanar unit vectors.
The angle betweenb and ¢ be o and angle between ¢ and a
be 3 and between a andb bey. If A(acosq,0), B(b cosf3,0)
and C(¢cos Y, 0), then show that in AABC.

|ax(bx&)| _|bx(&xa)| _|&x(xb)

sin A sinC

sinB

ra(b xc)l
| = sinat cosP cosy N
bxc .~ _cxa ~ _axb
where, Ny = ——— N, =———andN; = ~
|b x ¢ lcxal |a x b
Sol. We know from sine rule,
AB _ AC _ BC
sinC  sinB sinA
L ABXBO)CA) 0
2AAABC)

BC =|BC|| =|&cosy —b cosp|
=|@mh)e e @)b| =|a x(b x@)

AC =|AC| =|b x(& xa)|

AB =|AB| =|& (& xb)

Similarly,

and

Also, AABC :%|BC x BA|
:%\(écosy —bcospP) x(@ cosa —bcosp)

= l\(é Xa)cosd cosy + (f) X¢)cosycos 3

+@ Xf))cosBcosG|

1. . A
= 5\ My sin0 cosP cosy + 1), sinf3 cosa cosy
+ f]3siny cosd cosf|
0  2AABC =|Zf;sina cosp cosy|
UEq. (i) reduces to
|ax (b x&)| _[bx(&xa)| _[¢x(@ xb)|

sin A

sin B sinC
mja x (b x &)

_|Zsinu cosPB cosy 0]

Ex. 155 Leta and b be given non-zero and non-collinear
vectors, such thatc X a =b —c. Express c in terms of a, b and
axb
Sol. Let ¢ = xja + x,b + x3(a Xb)

0 ¢ xa =xyb *xa) —x;a X(a Xb)

= x,(b Xa) — xs(a b)a + x;)a*b
We have been given, ¢ xa =b —¢
O b-xa —x,b —x;@ Xb) = —x,(a xb) — x;(a [b)a + x;]a|’b
U x{alb)-xja +(1 —x, —x3|a\2)b +(xz —x3)@ xb) =0
Now, a, band a X b are linearly independent.

Hence, x;alb)=x,1=x, + x;/al?, x, =x;

U e pf T 14l
c= 2P i 1 [br@xb)
(T+lal®) @a+al?)



Product of Vectors Exercise 1:

Single Correct Type Questions

. If a has magnitude 5 and points North-East and vector b
has magnitude 5 and points North-West, then |a — b|is

equal to
(a) 25 (b)5
(©)7V3 (d)5v2
. If|a + b|>|a —b|, then the angle betweena and b is
(a) acute (b) obtuse
(c) /2 (dm

. Ifa, b and care three vectors such thata =b + cand

. Tt
the angle between b and cis —, then
2

(a)a’=b*+c* (b) b? =c* + 4°

(¢)c* =a’® + b? (d) 2a® - b* = ¢*

Note Here,a =|a|,b =| b|and ¢ =|c|

. If the angle between the vectors a and b be 8 and
a[b = cos 0, then the true statement is

(a) a and bare equal vectors

(b) a and bare like vectors

(c) a and bare unlike vectors

(d) a and bare unit vectors

. If the vector i +3 + k makes angles d,3 and y with

vectors i, 3 and k respectively, then

(@a =pzy (bya=y=#p
(©B=y#a (da=p=y

. (rlj)2 +(r [j)2 +(r [ﬁ{)z is equal to
(a)3r? (b) r?
(c)0 (d) None of these

. Letaand b be two unit vectors inclined at an angle 6,
then sin(6/2) is equal to

1
(a) 2 la = b
(c)]a = b] (d)]a + bl
. Ifa =4i + 63 and b = 3} + 4k, then the component of a
along b is

f ——(3j
(c) ﬁ(Bj + 4k)

1
b)—|la+ b
()2\ |

+ k) (b) g(gj + ak)
@) + 4k)

. If vectora = 2i — 3} +6k and vector b = —2i +23 —lA(,
Projection of vector a on vector b

then is equal to
Projection of vector b on vector a
3 7
2 b) =
(a) ; (b) 3
(©3 ()7

10.

11.

12.

13.

14.

15.

16.

17.

18.

Ifaand b are two vectors, then (a x b)? is equal to
alb ald al@a alb
a (b)
b bR b@a b
alb
c) (d) None of these
b(a
The moment of the force F acting at a point P, about the
point C is
(a) Fx CP
(b) CP[F
(c) a vector having the same direction as F
(d) CPxF
The moment of a force represented by F = i+ 23 +3k

about the point 2 —j +kis equal to

(a)5i -5 + 5k (b) 51 +5j —6k

(c) =51 —5] +5k (d) =51 -5j +2k

A force of magnitude 6 acts along the vector (9, 6, —2)

and passes through a point A (4, —1, —=7). Then moment
of force about the point O (1, —3,2) is

150 2 _ ~
(a) 7(21 33)
(c) 150 (21 —3j)

(b) 1%(501 ~75] +36Kk)

(d)6(50i - 75] + 36k)

A force F =2i +3' ~kactsata point A, whose position
vector is 2i — j . The moment of F about the origin is
(a)i+2j -4k (b)i-2j-4k

(01 +2j+4k (d)i-2j+4k

Ifa, b and c are any three vectors and their inverse are
a ', b 'andc ' and[abc]#0, then[a” b~ 'c™!]will be

(a) zero (b) one
(c) non-zero (d) [abc]

Ifa, b and c are three non-coplanar vectors, that

albxc bl Xxc,

+ is equal to
cxal clAxb
(a) 0 (b) 2
(c)—2 (d) None of these
a X(b X ¢)is coplanar with
(a)band ¢ (b) canda
(c)aand b (d)a,band ¢
Ifu=ix(axi)+j x@a xj)+k x(a xk), then
(@)u=0
b u=i+]j +k
()u 2a
(D u
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19.

20.

21.

22,

23.

24

25.

26.

27.
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Ifa =i+2j—2k,b=2i—j+kandc=i+3j—k, then
a x(b xc)is equal to

(a) 20 -3 + 7k

(b) 201 -3j -7k

(c) 201 +3j -7k

(d) None of the above

Ifa X (b % ¢) =0, then

(@fa|=|b|Qc|=1 (b)b]lc
(©allb (dbOc
A vector Whose modulus is ﬂ and makes the same
+
angle witha = 2" 2k ,b = -3k and ¢ = J , will

be

(a)5i +5j + k
(b)5i + j -5k
(c)51 + j +5k
(d) + 5i - j -5k)
The horizontal force and the force inclined at an angle
60° with the vertical, whose resultant is in vertical
direction of P kg, are
(a) P, 2P

(c)2P, P\3

(b) P, P\/3
(d) None of these

If x+y+z=0]x|=|y] =|z| =2and 0 is angle between

y and z, then the value of cosec” 8 + cot? Bis equal to
(2)4/3 (b)5/3

©1/3 @1

The Value of x for which the angle between the vectors
a=-3i +X_] +kandb = xi +2xj +k is acute and the
angle between b and X-axis lies between Tt 2 and Tt
satisfy
(a)x>0

(c) x >1 only

(b) x <0

(d) x <=1 only
Ifa, b and c are non-coplanar vectors and
d =MAa +ub +vc, then A is equal to

[dbc] [bed]
@ Ibac] [bac] (b) [bea]

[bdc] [cbd]
© abe] [abc] @ [abc]

If the vectors 3p + q, 5p —3q and 2p + q, 4p —2q are pairs
of mutually perpendicular vectors, then sin (pq) is

(a) /55 / 4 (b)~/55/8
(c) 3/16 (d) +247 / 16

Letu=i+j,v=i—j andw =1 +2j +3k. If i is a unit
vector such that uh =0and v[h =0, then | wlh |is

equal to
(@)1 (b) 2

©3 () o

28.

29.

30.

31.

32.

33.

Given a parallelogram ABCD. If | AB | band

| AC| =c, then DB [AB has the value

:a)|AD|:

3a2 + b? - ¢?
s 7 C
(a) 5

a? +3b% - ¢*
b > °
(b) 5

a’ —b* +3c?
P P
(c) .

(d) None of the above

For two particular vectors A and B, it is known that

A XB =B x A. What must be true about the two

vectors?

(a) Atleast one of the two vectors must be the zero vector

(b) A xB =B XA is true for any two vectors

(c) One of the two vectors is a scalar multiple of the other
vector

(d) The two vectors must be perpendicular to each other

For some non-zero vector V, if the sum of V and the
vector obtained from V by rotating it by U 20 equals to
the vector obtained from V by rotating it by [d , then
the value of , is

(a) 2nTT + g (b) nTT % g
(c) 2nm £ Z?T[ (d) nTt £ 2?1'[

In the isosceles AABC, | AB | =|BC| =8, a point E

divides AB internally in the ratio 1 : 3, then the cosine of
the angle between CE and CA is (where,| CA | =12)

() = % (b) i
3.7 - 3f
(c) e (d) 7

Given an equilateral AABC with side length equal to a.
Let M and N be two points respectively, on the side AB

and AC such that AN = kACand AM = % If BN and

CM are orthogonal, then the value of k is

1 1
(a) : (b) "
1 1
(c) 3 (d) 5

In a quadrilateral ABCD, AC is the bisector of the
(AB, AD) which is 2; 15| AC|=3| AB| =5| AD | then

cos(BA, CD) is equal to
i
(a) ﬁ (b) =

(©) (d)

o
73
zf

14

N



34.

35.

36.

37.

38.

39.

40.

If the distance from the point P(1, 1, 1) to the line passing
through the points Q(0, 6,8) and R(— 1, 4,7) is expressed in
the form ./p / q, where p and g are co-prime, then the

+ +g -1

value of (p*q) (Z -1 is equal to
(a) 4950 (b) 5050
(c) 5150 (d) None of these
Given the vectors

u=2i —:i -k

v=i —j +2k

w=i-k

If the volume of the parallelopiped having — cu,v and cw
as concurrent edges, is 8, then ¢ is equal to

(@) £ 2 (b) 4

(c) 8 (d) Cannot be determined

The vector cis perpendicular to the vectorsa =(2, =3, 1),
b =( -2, 3) and satisfies the condition

cml +2_] 7k) =10. Then, the vector cis equal to

(a) (7,5, 1) (b) (=7, -5 -1)

(o)1, 1,-1) (d) None of these

Leta =i +3, b :3 +kandc=0a +Bb. If the vectors,

R a .
i—2j+k,3i +2j — kand care coplanar, then — is

equal to
(a) 1 (b) 2
©)3 d) -3

A rigid body rotates about an axis through the origin
with an angular velocity 10+/3 rad/s. If @ points in the

direction of i + j +k, then the equation to the locus of
the points having tangential speed 20 m/s is

(@ x> +y*+2z% —xy —yz —zx -1 =0

(b) x* + y* + 2% —2xy —2yz —2zx -1 =0

() x*+y*+2z" —xy —yz —zx =2 =0

(d) x* + y% + 2% —2xy —2yz —2zx -2 =0

A rigid body rotates with constant angular velocity w
about the line whose vector equation is,

r= )\(? + 23 +21A<) The speed of the particle at the instant
it passes through the point with position vector

(21 +3j+ Sk) is equal to

() N2 (b) 2w

(w/~2 (d) None of these

Consider AABC with A =(a), B=(b)and C =(¢). If
blla+c)=bB +ald|b—a|=3and|c—b| =4, then the

angle between the medians AM and BD is

(a) T —cos ™" %Q (bym —cos_l%@
© COS_I%Q (d) cos‘l%g

42.

43.

44.

45.

46.

47.
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. Given unit vectors m, n and p such that angle between

m and n = Angle between p and (m X n) = g, then

[npm]is equal to

(a)/3 /4 (b) 3/4
(c) 1/4 (d) None of these
If a and b are unit vectors, then the vector defined as

V=(a
(a)a+b
(c)2a—b

+b) x(a +b)is collinear to the vector
(b)b-a
(d)a +2b

If a and b are orthogonal unit vectors, then for any
non-zero vector r, the vector (r X a) is equal to
(a)[ra B] (A + fs)

If vector i +2 j +2k is rotated through an angle of 90°, so

as to cross the positive direction of Y-axis, then the
vector in the new position is

2 » A 4 -

@-2i+55- Lk ) Zi-Bj+ ik
5N f T

(c) 41 - j -k (d) None of these

10 different vectors are lying on a plane out of which
four are parallel with respect to each other. Probability
that three vectors chosen from them will satisfy the
equation Aja +A ;b +A 5¢ =0, where A, A, and

As Z0is

(a) 6C2 X 4C‘l (b) (6C3 X 4Cl) + 6C3
e, ¢,
©) (°Cy x ') + (1 Cy) ) (°Cy + ') +(°C, x Q)
10 10
Cy Gy

If a is a unit vector and projection of x along a is 2 units
and (a X x) +b =x, then x is equal to

@ 5[~ b+ xb)

(Mi%—b+QXM]

(c)[a+@ xb)]
(d) None of the above
Ifa[b and c are any three non-zero vectors, then the
component of a X (b X ¢) perpendicular to b is
@axbxe + EEN Iy
@xo)lla xb)
|b|®
(bxo)Mbxa),
|b|*
(@xb)b xc)
|b|®

(b)a x(b x¢) +

(c)ax(b xc) +

(d)ax(bxc)+
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48. The position vector of a point Pis r = xi + yj +zk, where

49.

50.

51.

52,

53.
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x,y,zDNanda=l+23 +k. Ifr@ =20, then the

number of possible position of P is

(a) 81 (b) 49
(c) 100 (d) 36
Leta b>0anda = 1+% +bﬁandB =bhi +aj +%1A(
a
. 10 .
then the maximum value of is
+aP
(@)1 (b) 2
(c)4 (d) 8

If a, b and care any three vectors forming a linearly

independent system, then@l [0 R
%cose +bsin® + ccos26a coséiﬂ +9§

+ bsin? +9@+ ccos Zgi-[ +9§,
3 3
a cos@ - 2—“@+ bsin@ —Z—T[§+ccos 2@ —m%equals
3 3 3

(a)[a b ¢] cosB

(b) [a b ¢] cos20

(c)[a b c]cos30

(d) None of the above

Two adjacent 51des of a parallelogram ABCD are given
by AB =2i +10_] +11k and AD = —i +2] +2k. The side
AD is rotated by an acute angle O in the plane of
parallelogram so that AD becomes AD'. If AD' makes a

right angle with the side AB, then the cosine of angle a
is given by

8 Jﬁ
(a) 5 (b) —

1 4
()= (d) i

9
HmamwaBC=f{w; dACTT|ﬂ¢HHMn

e
the value of cos2A + cos 2B + cos 2C must be
(a) -1 (b)o
-3

2 d) —

(0) (d) 5

a, b, care three unit of vectors, a and b are
perpendicular to each other and vector cis equally
inclined to both a and b at an angle 6. If

c=0a +[3b +y(a Xb), where 0,3, y are constants , then
(a)a =B = —cosb, y* =cos20

(b)a =B =cosB,y? =cos20

(c)a =B =cosb,y* = —cos26

(d)ya =p = —cosB,y* = —cos28

54,

55.

56.

57.

58.

59.

60.

61.

The AABC is such that the mid-points of the sides
BC, CA, ABare(l,0,0), (0, m,0), (0,0, n) respectively. Then,
AB* + BC? +CA*

I is equal to
m® +n

(a) 2 (b) 4

(c)8 (d) 16

The angle between the lines whose direction cosines are

given by 2l —m +2n =0,Im +mn +nl =0is
T T
= b) —
(a) . (b) .
T T
= d) —
() 3 (d) 5
A line makes an angle O both with X and Y-axes. A

possible range of Ois

nQgd g
, — b) 0, —
A
DT i DT o
VB2 V58
Leta, b and cbe the three vectors having magnitudes 1,

5 and 3 respectively such that the angle between a and b
isBanda X (a Xb) =, then tanBis equal to

2

0 b) =

(a) (b) 3

3 3

2 >

() 5 (d) .
The perpendicular distance of a corner of a unit cube

from a diagonal not passing through it is

3 2
@5 (b) \E
3 4
©45 (d) \E

If p, q are two non-collinear vectors such that
(b—c)p xq +(c —a)p +(a —b)q =0 where a, b, c are
lengths of sides of a triangle, then the triangle is

(a) right angled (b) obtuse angled
(c) equilateral (d) right angled isosceles triangle

Leta=i+j+kb=-i+j +k ¢ =i —j +kand
d=i+ 3 -k Then, the line of intersection of planes one

determined by a, b and other determined by ¢, d is
perpendicular to

(a) X-axis

(c) both X-axis and Y-axis

(b) Y-axis
(d) both Y-axis and Z-axis

A parallelopiped is formed by planes drawn parallel to
coordinate axes through the points A =(1,2,3) and

B =(9,8,5). The volume of that parallelopiped is equal to
(in cubic units)
(a) 192

(c) 32

(b) 48
(d) 96



62.

63.

64.

65.

66.

67.

Leta, b and cbe three non-coplanar vectors and d be a
non-zero vector, which is perpendicular toa +b +c.
Now, if d =(sin x) (a X b) +(cosy)(b Xc) +2(c xa),
then minimum value of x* +y? is equal to
2

T
b) —
(b) .

510
(d) e

(a) T

T[2
() T

Ifa(a xb) +B(b % ¢) +y(c xa) =0, then
(a) a, b, c are coplanar if all of o, 3,y # 0

(b) a, b, ¢ are coplanar if any one 0,3,y =0
(c) a, b ¢ are non-coplanar for any a, 3, y

(d) None of the above

Let area of faces,
AOAB=\,, AOAC = \,, AOBC = A5, AABC =\,

andhy, hy, hs, h, be perpendicular height from 0 to face
AABC, A to the face AOBC, B to the face AOAC, C to the
face AOAB, then the face

1 1 1
f)\hd)\h+f)\h+—)\h
314323332341

1

() §| [AB AC OA]| (b) [[AB AC OA]|

1

(c) g| [OA OB OC]| (d) None of these

Given four vectors a, b, cand d. The vectors a, b, c are

coplanar but not collinear pair by pair and the vector d
is not coplanar with the vecotrs a, b and c. If it is known
that the angle between a and b is equal to that between
b and ¢, each being equal to 60°. The angle between d
and a is 0 and between d and b is 3. Then, the angle
between the vectors d and c.

(a) cos”!(cosP — cosar)

(b) sin"*(cosp — cosa)

(c) sin”!(sinP - sina)

(d) cos(tanp - tana)

The shortest distance between a diagonal of a unit cube
and a diagonal of a face skew to it is

1 1
il b) —
(a)2 ()\/5
1 1
- d) —
©% D%
Let V =2i +j +kand W =i +3k. If Uis a unit vector,

then the maximum value of the scalar triple product
(UV W]is

(a) -1 (b) 35
(¢) \59 (d) 60

68.

69.

70.

1.

72.

73.
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The length of the edge of the regular tetrahedron ABCD
is ‘a’. Points E and F are taken on the edges AD and BD
respectively such that ‘E’ divides DA and ‘F’ divides BD
in the ratio 2 : 1 each. Then, area of ACEF is

(a) >d sq units (b)Ls units
1243 1243 0

2 2

a 5a
¢) —— sq units d sq units
()12J§ d ( )12J§ d

If two adjacent sides of two rectangles are represented
by the vectors p =5a —3b, q = —a —2b and
r = —4a —b;s = —a +b respectively, then the angle

1 1
between the vectors x = g(p +r+s)andy = g(r +s)

(a) T —cos™’ @%@ (b) cos™ @%@
(©) —cos™! %Q (d) Tt— cos ! Q%@

Let a, b, c are three vectors along the adjacent edges of a
tetrahedron, if|a]=|b| = ¢|=2andalb=b ¢ =c[d =2,

then volume of tetrahedron is

1 2
“% ©%
V3 242

The angle O between two non-zero vectors a and b

satisfies the relation
cos0=(a xi) (b xi) +(a xj) (b xj) Ha xk) (b xk)
then the least value of |a| +|b|is equal to (where 8 # 90°)

@2 (b) 2

()2

If the angle between the vectors a = i+ (cos x)j +k and

(d) 4

b =(sin® x —sin x)i —(cos x)j +(3 —4sin x)lA< is obtuse

TT . < 5.
and x [ @, 5@ then the exhaustive set of values of ‘x’ is

(a)x[lg),gg (b)xm%;"@
(c)xD%é@ (d)x[l%,;g

If position vectors of the points A, Band C area, b, ¢

equal to

respectively and the points D and E divides line
segments AC and ABin the ratio2:1and 1:3,
respectively. Then, point of intersection of BD and EC
divides EC in the ratio
(a)2:1

(c)1:2

(b)1:3
@3:2
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Product of Vectors Exercise 2 :
~ More than One Option Correct Type Questions

74.

75.

76.

77.

78.

79.

80.

81.

If vectors a and b are non-collinear, than 24 L is
(a) a unit vector lal |b]
(b) in the plane of a and b

(c) equally inclined to a and b

(d) perpendicular to a xb

Ifa xb(b xc) =(a xb) Xc, then

(a) (cxa)xb=0 (b) cx(a xb) =0

(c) bx(cxa)=0 (d) (cxa)xXb=b X(c xa) =0

Let a and b be two non-collinear unit vectors. If
u=a—(a.b)bandv=a xb, then|v]| is

(a) ul (b) [u|+|u.a

(© [ul+[u.b | (@lul+ wa +b)

The scalars l and msuchla + mb =¢, wherea,b and ¢
are give vectors, are equal to

(@)1 _(cxb).(a xb) (b) 1 _(cxa).(bxa)

(axb)’ (bxa)’
(¢) m={&xa)(bxa) (d) m =(c*2)-(bxa)
(bxa)” (bxa)?

Let t be a unit vector satisfying t xa =b, where |a|=+/3
and | b|=~/2. Then,

(a)fr=§(a+a><b) (b) £ =—(a +a xb)

_ W | =

2

(c) £=%(a-a xb) (d) £=—(-a +a xb)

w
w

a,,a,,a; JR {0}and a, +a, cos2x +a, sin® x =0 for

all xOR, then

(a) vectorsa =aji +a,j + aJ( andb=4i +2j + k are
perpendicular to each other

(b) vectorsa =aji + a,j + a3lA< andb=-1+j + 2k are
perpendicular to each other

(c) if vectorsa=aji + a,j + aJ{ is of length +/6 units, then
one of the ordered triplet (a;, ay, as) =(1, =1, —2)

(d) if vectors 2a, + 3a, + 6a,, then |ali + azj + a3lA(| is 24/6

Ifa and b are two vectors and angles between them is 6,
then

(a) |]axb[*+(@ () =la|*|b|?

(b) |axb|=(a b),if0 =T1/4

(c)axb=(a (b)f (where f is a normal unit vector), if = 11/4
(d)[axb| Ga+b) =0

If unit vectorsa and b are inclined at an angle 20 such

that|a —b|<1and 0< 6 < = 11, then 0 lies in the interval
(a)[0,TT/6) (b)(51/6 11
(c)[mt/6, /2 (d)(Tt/2,5 6]

82,

83.

84.

85.

86.

87.

88.

b and c are non-collinear ifa x(b X¢) +(a )b =
(4—-2x —-siny)b +(x* —1) ¢ and(c[¢)a = c Then,
(a) x =1 (b) x =-1
T Tt

(c)y:(4n+l)5,n[ll (d)y:(2n+1)5,n[|l

S 2
If in triangle ABC, AB = v ._v and AC = —u, where

luf [v] [u]

|u|#|v], then
(a)1 + cos2A + cos 2B + cos2C =0
(b)sinA = cosC
(c) projection of AC on BC is equal to BC
(d) projection of AB on BC is equal to AB

Ifa, b and c be three non-zero vectors satisfying the
conditiona X b =cand b X ¢ =a, then which of the
following always hold(s) good?

(a) a, b and c are orthogonal in pairs.

(b)[abec]=|b]|
(©label=|c|
@[b|=|c|

Given the following information about the non-zero
vectors A, Band C

(i) (AxB)xA =0 (i) BB =14
(iii) AB=-6 (iv) BIC=6
Which one of the following holds good?
(@@AxB=0 (b)) ABx*xC)=0 (c)AA =8 (d)ALC=-9
Let a, b and c are non-zero vectors such that they are not
orthogonal pairwise and such that V; =a x(b X c)and
V, =(a X b) X ¢, then which of the following hold(s)
good?
(a)a and b are orthogonal (b) a and c are collinear
(c) b and c are orthogonal (d) b =A (a X ¢) when A is a scalar
Given three vectors
U =2i +3j -6k, V =6i +2j +3kand W =31 -6j -2k
which of the following hold good for the vectors U,V and W?
(a) U, Vand W are linearly dependent
(b) (UXxV)XW =0
(c) U,Vand W form a triplet of mutually perpendicular vectors
(d) (U x(VxW) =0
Leta =2i —j +k b =i+2_Ai —lA(andc=i+j —2k be
three vectors. A vector in the plane of b and ¢ whose

— . . 2,
projection on a is of magnitude 3 is

(b)2i + 3§ + 3k
(d)2i +j +5k

(a)2i +3j -3k
(c)-2i -j +5k



89.

90.

91.

92,

93.

94.

95.

Three vectorsa (Ja| #Z0), b and care such that
axb =3 xclAlso,|a|=|b| =1and|d _; If the angle

between b and cis 60°, then

(a)b=3c +a (b)b=3¢c —a

(c)a =6¢c +2b (d)a =6¢c —2b

Let a, b, cbe non-zero vectors and |a| =1land ris a

non-zero vector such that r xa =b and r[¢ =1, then
(a)aOb (b) rOb

(ra=_—[abcl (d)[rab] =0
alb
Ifa and b are two unit vectors perpendicular to each
other and c=Aja +A ,b +A ;(a xDb), then the following
is (are) true
(a) A, =ale
(b) A, =|b xal
(©) A5 =|(a xb) x¢f
(A, +A, +A;=(@a +b +a xb) [d
Given three non-coplanar vectors
OA =a,0B =b,0C =c
Let S be the centre of the sphere passing through the
points, O, A, B, C if OS = x, then
(a) x must be linear combination of a, b,c
(b) x must be linear combination of b X ¢, ¢ Xaanda X b
(©x = a’(b x c)+ b(c xa) + cXa xb)
2[abc]

»a =[al,b =[b|,c =[c|

(dx=a+b+c

Ifa=i +3 +kandb =i —j,thenthe vectors
()i +(a[§)j +(@ Wk.(b Di +(b §)j +(b {k and
i+j-2k

(a) are mutually perpendicular

(b) are coplanar

(c) form a parallelopiped of volume 6 units

(d) form a parallelopiped of volume 3 units

Ifa = xi +y_Aj +zk,b :yi +zj' +xk, ¢ =z +x5 +ylA(, then
ax(bxc)is

(a) parallel to(y —2)i +(z —x)j +(x —y)lA<

(b) orthogonal to i+ ] +k

(c) orthogonal to (y + 2)i +(z + x)j +(x +y)lA(

(d) parallel to i + j + k

Ifa, b, c are three non-zero vectors, then which of the

following statement (s) is/are true?

(a) a x(b Xc),b x(c Xa),c X(a xb)form a right handed
system

(b) ¢,(a x b) X ¢c,a X b form a right handed system

(c)alb+ble+cld<0,ifa+b +c =0

@@ DB xo)
(bxc)lla xc)

-1,ifa+b +c =0
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96. Let the unit vectors a and b be perpendicular and unit
vector cis inclined at angle 0 to a and b. If
c=la +mb +n(a xb), then

@l=m (b)yn?=1-2I*
(c) n® = —cos2a (d)ym* = %

97. If a, b, c are three non-zero vectors, then which of the

following statement(s) is/are true?

(a)a x(b % c), b x(c Xa),c X(a xb) form a right handed
system

(b) ¢, (@ X b) X ¢,a Xb form a right handed system

(ccalb+ble+cld<0ifa+b +c =0

@ @D xe) _
(bxc)lla xc)

98. Leta and b be two given perpendicular vectors, which

—-lifa+b +c =0

are non-zero. A vector r satisfying the equation
rXb =a,canbe........

(@b—jaf wmb—ﬁap
p-2xP 4)[b|b - @ D)
(c)]al b2 (d)[b] b

99. Ifa and b are any two vectors, then possible integers(s)

3la+b
in the range of% +2|a —b|is

(a) 2 (b) 3
(c) 4 )5
100.1f a is perpendicular to b and p is non-zero scalar such
that pr +(rb)a =c thenr
(a)[rac]=0
(b) p’r = pa —(c@)b
() pr = pb —(a (b)c
(d) p’r = pc —(b (&)

101.1In a four-dimensional space where unit vectors along

axes are i, jkandlanda,,a,,a4,a, are four non-zero

vectors such that no vector can be expressed as linear
combination of others and
(A —1)(a; —ay) +(a, +a;) +y(as +a, —2a,)

+a, +da, =0, then
A=1 byp=-2
(a) (b)p 3

102. A vector (d) is equally inclined to three vectors
a=i —j +k b =2 +3andc=3j -2k Let x,y, z be

three vectors in the plane of a, b; b, ¢; ¢, a respectively,

then
(a)x[d =14 (b)yld =3
(c)zld=0

(d) r[d =0, where r =Ax +puy +0dz
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103.1f a, b, c are non-zero, non-collinear vectors such that a
vctors such that a vector p = abcos (211 —(a, ¢)) ¢ and

a q=ac cos(T-(a c¢))thenb + qis

(b) perpendicular to a

(d) coplanar witha and ¢

(a) parallel to a
(c) coplanar with b and ¢

104. Given three vevtors a, b, ¢ such that they are non-zero ,
non-coplanar vectors, then which of the following are
coplanar.

(aa+b,b+ccta (b)a—-b,b+c c+a
(c)a+b,b-cc+a (da+b,b+c,c-a

105.1fr =i+ j +A(2i +j +4k)and r({i +2j — k) =3 are the
equations of a line and a plane respectively, then which
of the following is incorrect?

(a) line is perpendicular to the plane

(b) line lies in the plane

(c) line is parallel to the plane but does not lie in the plane
(d) line cuts the plane obliquely

106. If vectors a and b are two adjacent sides of a
parallelogram, then the vector representing the altitude
of the parallelogram which is perpendicular to a is

b xa alb
b b)—b
@b+ Che
©b-23, (@22 & >2)
jal’ jaf’

Product of Vectors Exercise 3

Statement | & Il Type Questions

= Directions (Q. Nos. 110 to 121) Each of these questions
contains two statements.
Statement | (Assertion) and Statement Il (Reason)
Each of these questions also has four alternatives
choices, only one of which is the correct answer. You
have to select the correct choice, as given below.
(a) Statement I is true, Statement II is true and Statement II is
a correct explanation for Statement I.
(b) Statement I is true, Statement II is true but Statement II is
not a correct explanation for Statement I.

(c) Statement I is true, Statement II is false.
(d) Statement I is false, Statement II is true.

110. Statement I A component of vector b = 4i +2j +3k in
the direction perpendicular to the direction of vector
=i+ _] +kisi- j
Statement I A component of vector in the direction
= 1+_] +k1521+2_] +2k.

111. Statement I ali +a,j+ask byi+b,j+bsk and
c11 +cy J + c3k are three mutually perpendlcular

unit vector, then all + bl_] +clk a,i +b2_| +c2k

107.Let a, b, ¢ be three vectors such that each of them are
non-collinear,a + b and b + c are collinear with canda
respectively and a + b + ¢ =k. Then, (| K|, | k|) lies on
(a)y2:4ax (b)x2+y2—ax—by =0
(€ x*-y* =1 @1« + [yl =1

108.1f a, b, c are non-coplanar unit vectors also b, ¢ are
non-collinear and 2a x (b X ¢) =b +c, then

(a) angle between a and ¢ is 60°

(b) angle between b and c is 30°

(c) angle between a and b is 120°

(

d) b is perpendicular to ¢

109. Ifa —7(21 +3J +6k) b=- (61 +2J 3k)

c=cqi+c,j+cskand matrix A =

N o w
|
w
|

o
S}

o
w
O

MELHAHY

and AAT=1, then ¢

SERDIEE (b) 261 - 65 + 2k)
7 7
1 a0 oa o 1 2 a .
(c) ;(—31 +6j —2k) (d) —;(31 +6j +2k)

and a3i + b3j +cy R may be mutually perpendicular
unit vectors.
Statement II Value of determinant and its transpose
are the same.
112. Consider the vectora, b and c.
Statement I a x b =(i xb).(b)i
+(j*a).(bjx(k xa).b)k

Statement II c=(i.c)i +(j.c)j +(1A(.c)lA(

113. Statement I Distance of point D(1,0, — 1) from the plane
8
of points A(1,—2,0), B(3,1,2)and C(—1,1, —1)is .
\229

Statement II Volume of tetrahedron formed by the

\/229
2

points A, B,C and D is

114, Statement I A =2i +3j +6k, B=i+j -2k and
C=i+2j+k, then|A x(A x(A xB)).C| =243

Statement II |A x(A x(A xB)).C| =|A|* |[[ABC]|



115.

116.

117.

Statement I The number of vectors of unit length and
perpendicular to both the vectors i+ _] and j jt k is zero.

Statement II a and b are two non-zero and non-parallel
vectors it is true thata X b is perpendicular to the plane
containing a and b.

Statement I (S;) : If A(x,y,), B(x,,y,), C(x3,y3)are
non-collinear points. Then, every point (x, y) in the
plane of AABC, can be expressed in the form

Lkx, +1Ix, +mx; ky, +1ly, +my;0Q

U k+l+m k+l+m [

Statement II (S,) The condition for coplanarity of four
points A(a), B(b), C(c), D(d) is that there exists scalars,
I, m, n, p not all zeros such that

la+mb+nc+pd=0
wherel+m+n +p =0
If a,b are non-zero vectors such that |a + b| =|a —2b|,
then

is2v2 -1

Statement I Least value ofa [b +

bl* +2

Statement II The expression a [b +

when magnitude of bis [2tan %@

is least

[bl* +2

118.

119.

120.

121.
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Statement I Ifa =3i - 3} +kb=-i +23 +k and
c=i +j +kandd=2i - j, then there exist real numbers
0,B,y such thata =ab +Bc +yd

Statement II a, b, ¢, d are four vectors in a
3-dimensional space. If b, ¢, d are non-coplanar, then
there exist real numbers a, 3, y such that

a=0b +Bc+yd.

Statement I Leta, b, c and d are position vector four
points A, B,C and D and 3a —2b +5c¢ —6d =0, then
points A, B, C and D are coplanar.

Statement II Three non-zero, linearly dependent
coinitial vectors (PQ, PR and PS) are coplanar.

Ifa=i +j -~k b=2i +3 —3k and r is a vector satisfying
2r+r Xa =b.

Statement I r can be expressed in terms of a, b and

a Xb.

1 ~ A~ A
Statement Il r = ;(7i +5j —9k +a Xxb)
~ ~ . L
Let a and c be units vectors at an angle 3 with each
other. If (3 x (b x &)) (& X &) =5 then

Statement I[a b ¢] =10
because
Statement II[x yz] =0, if x =yory=zorx =z

Product of Vectors Exercise 4:

Consider three vectors p = i+ j +l:;, q= 2i + 4j

Passage Based Questions

Passage 1
(Q. Nos. 122-124)

~k and

r=i +]’ +3k and let s be a unit vector, then

122.

123.

124.

p.qand rare

(a) linearly dependent
(b) can form the sides of a possible triangle
(c) such that the vectors (q — r) is orthogonal to p

(d) such that each one of these can be expressed as a linear
combination of the other two

If(pxq)Xr=up +vq +wr, then(u+v +w)is

equal to
(a) 8 (b) 2
(c)-2 (d)4

The magnitude of the vector

(pl8)(q xr) +(q8)(r xp) +(r§)(p xq)is
(a) 4 (b) 8
() 18 (d) 2

Passage 11
(Q. Nos. 125-127)

Cons1der the three vectors p, q and r such that
p—l+]+kandq—1—J+k pXr =q+cpand pi¥ =2

125.

126.

127.

The value of [p q r]is
5+/2¢
(a) =

| |
(c)0

8
(b) - 3
(d) greater than 0
If x is a vector such that [p q r]x
@)c(-2j+k)
(c) indeterminate, as [p q r] (d) — (1 —2j + ﬁ) /2

=(p X q) Xr, then x is

(b) a unit vector

If y is a vector satisfying (1 +c)y =p X(q Xr), then the

vectors X, y and r

(a) are collinear (b) are coplanar

(c) represent the coterminus edges of a tetrahedron whose
volume is ¢ cu units

(d) represent the coterminus edge of a paralloepiped whose
volume is ¢ cu units
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Passage 111
(Q. Nos. 128-130)
Let P and Q are two points on the curve

y=log,(x—05) +log, m

and P is also on the circle x* + y2 =10, Q lies inside the given

circle such that its abscissa is an integer.

128. The coordinates of P are given by
(a) (1, 2) (b) (2, 4) (©) (3, 1) (d) (3,5)
129. OP [DQ, O being the origin is

(a)4or7 (b) 4 or 2 (c)2or3 (d)7or8
130. Max {| PQ|}is
(a)1 (b) 4 (©)0 (d)2
Passage IV

(Q. Nos. 131 to 134)

If a, b, c are three given non-coplanar vectors and any arbitrary

vector r is in space, where

rfa bla chd ala rla chd

Ay =(r(b bbb clb|; A, =|alb rib clb

ri¢ ble cle ale rle cle

ala bl rQ ala bl chd

A; =|alb blb rib|; A=|alb blb clb

ale ble rle ale cle cle

131. The vector r is expressible in the form
A A A
(@ar=—a+—b+—c¢c
2 2A 24
byr=2Bry 422y  28s

A A
(c)r=£a+£b+£c
Al 2 3

(d)r:ﬁa+&b +$c
A A A

132. The vector r is expressible as
[rbe] at [rca] b+ [rab] c

(a)r=
2[abc] 2[abc] 2[abc]
(b)r = 2[rbc] At 2[rcb] b+ 2[rab] c
[abc] [abc] [abc]
(o)r = ([rbela +[rca]b +[rab]c)

[abc]
(d) None of the above

133. If vector is expressible as r = xa +yb + g ¢, then

(a) a=

! [@.a)(b xc) +(b.b)(c xa)+ (c.c)(a xb)]

bc]

(b)a = ! [@.a)(b xc) +(b.a)(c xa)+(a.a)(a xb)]
[abc]

(c)a=(a.a)(b xc) +(a.b)(c xa) +(c.a)(a Xb)
(d) None of the above

a b c
134. The value ofja.p b.p c.p|is
a.q b.q c.q
a)(pxq)[axbb xcc xa]
b)2(p xq)[a Xbb xcc xa]
c)4(p xq)[a xbb xcc xa]
d)(p xq)4I[axbb xcc xa]|

Py

Passage V
(Q. Nos. 135-136)

Let g(x) :J'g (3t? +2t + 9)dt and f(x)be a decreasing

function, J & Osuch that AB = f (x)f + g(x)j and

AC= g(x)i + f (x)} are the two smallest sides of a AABC
whose circumcentre lies outside the triangle, [J 2 0.

135. Which of the following is true (for x >0) ?

(a) f(x) >0, g(x) <0
(b) f(x) <0, g(x) <0
(c) f(x) >0, g(x) >0
(d) f(x) <0,g(x) >0

0 (x)g(x)
136. lim lim [tot %(l—tz) is equal to

t-0 x—

()0 (b) 1

(c)e (d) does not exist
Passage VI

(Q. Nos 137-139)
Let x, y, z be the vector , such that |x| = |y| =|z| =+/2 and
X, y,z make angles of 60° with each other also,
x X (y Xz) =a
y X(z Xx)=b and x Xy =c, then

137. The value of x is
(@@+b)xc—(a+b)
(b)(a +b) —(a +b) xc

© J{@+b)xc ~@ +b)}
(d) None of the above
138. The value of y is
(a)%[(a +b)+( +b) xc] (b)2[(@+b)+(@ +b) xc]

(c)4[(a + b) +(a +b) xc] (d) None of these
139. The value of z is
@ (b ~a) xc + +b)

(b)é{(b—a) +(a +b) xc]

(c)(b—a)xc +(a +b)
(d) None of the above



Passage VII
(Q. Nos. 140-142)
a, b, c are non-zero unit vectors inclined pairwise with the
same angle 0. p, g, r are non-zero scalars satisfying
axb+b xc=pa +¢gb +rc. Now, answer the following
questions.

140. Volume of parallelopiped with edges a, b and cis equal

to
(@) p +(q +r)cosB (b)(p +q +r)cosb
(c)2p —(r + q)cosO (d) None of these

Product of Vectors Exercise 5

~ Matching Type Questions

143. Given two vectorsa =i +2j +2k andb =i + j +2k.
Match the Column I with Column II and mark the
correct option from the codes given below.

Column I Column II
A. A vector coplanar with a p- - 3{ + 3} + 4lA(
and b
B. A vector which is q. 2i- Zj +3k
perpendicular to both a
and b
C. A vector which is equally r. i+ ]
inclined to a and b
D. A vector which forms a s. I—] + 5K

triangle with a and b

144. Volume of parallelepiped formed by vectorsa xb, b x ¢
and ¢ Xa is 36 sq units.

Column I Column II

A. Volume of parallelopiped formed by  p. 0 sq units
vectors a, band cis

B. Volume of tetrahedron formed by q- 12 squnits
vectors a, band cis

C. Volume of parallelopiped formed by . 6 sq units
vectorsa+ b, b+candc+ais

D. Volume of parallelopiped formed by  s. 1 sq units
vectorsa—b, b—candc—a is

Chap 02 Product of Vectors

141. 4 +2c050is equal to

p
(a)1 (b)2[abc]
(c)0 (d) None of these

142. |(p + q) cos B +r|is equal to

(a) (1 + cosB),/1 —2cos O
(b) ZSinngl + 2cos0|
(c) (1 —sinB)|4/1 +2cosO |

(d) None of the above

145. Match the statement of Column I with values of
Column II.

133

Column I Column II

A. LetO be an interior point of AABC such p.
that OA + 20B + 30C =0, then the
ratio of the area of A4BC to the area of
AAOC, with O as the origin

0

B. AB=A =0,B[T =3/2 q.
AMA=BB=CC=,[ABC| =

C. [Ifa, b, cand d are non-zero vectors such r.
that no three of them are in the same
plane and no two are orthogonal, then
the value of the scalar
(bxc¢)l{a xd) + (¢ xa) (b ><d)iS
(ax b)ld x¢)

o —

146. Match the statement of Column I with values of
Column II.

Column I Column II

A. |a|=|b/=2,x=a+by=a-b p. 4
If |x x y| =2 {A = (a [b)*}""?, then
value of A is

B.  The non-zero value of A for which q. 42
angle between Ai + j + k and

f+ﬁ+ﬁmg




134

147.

X

148.

149.

150.

151.

152.

153.
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Column I Column II

C. The non-zero value of k£ for whichthe r. 16
lineskx —4y+7z+16 =0
=4x + 3y -2z +3and
x=3y+4z+6=0=x-y+z +1
are coplanar is

D. [If|a|=|b/=1 and |¢|=2, then s. 7
maximum value of

la—2bf +|b—-2¢f +|c —2afis

t. 5

Match the statement of Column I with values of
Column IL

Column I Column II

A. Leta, b, cbe the three vectors such p. 5
thatal{b+ ¢) = bl{c +a) =clla +b) 2
=0and |a|=1,|b| =4, |c| =8, then

|a + b+ ¢|is equal to

Integer Type Questions

Let u, v and w are three unit vectors, the angle between
u and V is twice that of the angle between 1 and w and
v and w, then [0 v w] s equal. to

If a, b and c are three vectors such that [a b ¢] =1, then
find the value of[a +bb +cc +a]+[a Xxbb Xcc Xa]
+[a +(b Xc)b X(c Xa)c¢ X(a Xb)].

If4, b and ¢ are the three unit vectors and @, B andy are
scalars such that ¢ =aa +Bb +y(a xb). If is given that
a b = 0and ¢ makes equal angle with both a and b, then

evaluatea® +p% +y?.

The three vectorsi + j, j + k and k + i taken two at a time

form three planes. If V be the volume of the tetrahedron
having adjacent sides as the three unit vectors drawn per-
pendicular to those three planes, then find the value of

9+/3V.

Let ¢ be a unit vector coplanar witha = i —3 +2k and

b=2i —j +k such that ¢is perpendicular to a. If P be

the projection of ¢ along b, where P = @ then find k.

Let a, b and c are three vectors having magnitudes 1, 2
and 3, respectively satisfy the relation [ab c¢]=6.If dis a

unit vector coplanar with b and ¢ such that b Eﬁ =1, then

evaluate | (a ><c)|§v§l\2 +|(a Xc¢) X&|2.

154.

155.

156.

157.

158.

159.

160.

B. Ifay,a,, a;are vectors reciprocalto  q. 9
the non-coplanar vectors by, b,, bs
then[a; a, a3][b; b, bsy]is
equal to

C. ABCD is a quadrilateral with AB =a, r. 8§
AD = band AC =2a + 3b. Ifits area
is O times the area of the
parallelogram with 4B, AD as its
adjacent sides, then o is equal to

D. Ifd=x(axb)+ y(bxc¢c) +z(c xa) s. 1
and[a bc]=é,then

x+ y+z=R(a+b +c) [d, where
R =adjacent sides, then a is equal to

Product of Vectors Exercise 6 :

Let A(2i +3j +5k), B(—i +3j +2k)and C(Ai +5j +pk)
are vertices of a triangle and its median through A is

equally inclined to the positive directions of the axes.
The value of 2\ — [ is equal to

If V is the volume of the parallelopiped having three
coterminous edges as a, b and c are the volume of the
parallelopiped having three coterminous edges as

o =(ald)a + (ad)b +(a [d)c

B=(bE)a +(bDB)b +(b [d)cand

y =(c@)a +(c B)b +(c H)cis V, then A =

If a, b are vectors perpendicular to each other and

|a]| =2,|b| =3,¢ xa =b, then the least value of 2| ¢ —a| is
If M and N are the mid-point of the diagonals AC and

BD, respectively of a quadrilateral ABCD, then
AB+ AD +CB +CD =kMN, wherek =.......

Ifaxb=cb Xc =a,c xa =b. If vectorsa, b and c are

forming a right handed system, then the volume of
tetrahedron formed by vectors 3a —2b +2¢, —a —2c and
2a —3b +4cis

Let a and ¢ be unit vectors inclined at gwith each other.
If (a X (b x ¢)) (A x¢) =5, then —[abc] -1 =

Volume of parallelopiped formed by vectorsa X b, b % ¢

and ¢ X a is 36 sq units, then the volume of the
parallelopiped formed by the vectors.



161. If o and B are two perpendicular unit vectors such that
X = é — (o xx); then the value of 4| x|° is.

162. The volume of the tetrahedron whose vertices are the
points with position vectors i + j + k,
-i-3j +7k,i +2j —7k and 3i — 4j + Ak is 22, then the
digit at unit place of A is.

Product of Vectors Exercise 7 :
Subjective Type Questions

164. Prove Cauchy-Schwartz inequality (a . b)* <|a|*[b|*

165. Two points P and Q are given in the rectangular
cartesian coordinates in the curve y =2* *2 such that
OP.i=-1and 0oQ G= 2, where i is a unit vector along
the X-axis. Find the magnitude of OQ — 4OP.

166. O is the origin and A is a fixed point on the circle of
radius a with centre O. The vector OA is denoted by a. A

variable point P lie on the tangent at A and OP =r.
Show thata . r =a”. Hence, if P(x, y) and A(x,,y;)

deduce the equation of tangent at A to this circle.

167. If ais real constant and A, Band C are variable angles
and y/a® —4tan A +atan B ++/a’ +4 tan C =6q, then

find the least value of tan? A + tan® B + tan’ C.

168. Given, the angles A, Band C of AABC. Find cos (JBAM,
where M is mid-point of BC.

169. Find the perpendicular distance of A(1, 4, —2) from the
segment BC, where B(2,1,—2)and C (0, —5,1).

170. Given angles, A, Band C of A ABC. Let M be the
mid-point of segment AB and let D be the foot of the
Area of A CDM

bisector of OC. Find the ratio of ——————an
Area of A ABC

also cos @ =cos [IDCM.

171. In the AABC a point P is taken on the side AB such that
AP: BP =1:2and a point Q is taken on the side BC such
that CQ: BQ =2:1. If R be the point of intersection of
lines AQ and CP, using vector find the area of A ABC, if
it is known that area of AABC is one unit.

172. If one diagonal of a quadrilateral bisects the other, then
it also bisects the quadrilateral.

163.

173.

174.

175.

176.

177.

178.

179.

180.

181.

Chap 02 Product of Vectors 135

Volume of a tetrahedron whose coterminous edges are
a, b and cis 3 and volume of a parallelopiped whose
coterminous edges area +b —¢, a —b,b —cis V. Then,
units digit of Vis.

Two forces F;, ={2,3}and F, = {4, 1} are

specified relative to a general cartesian form. Their
points of application are respectively, A =(1,1) and

B =(2, 4). Find the coordinates of the resultant and the
equation of the straight line [ containing it.

A non-zero vector a is parallel to the line of intersection
of the plane determined by the vectors, ii+ j and the

plane determined by the vectors i —j and i +k . Find the

angle between a and i —2} +2k

The vector i + 2} +2k turns through a right angle while
passing through the positive X-axis on the way. Find the
vector in its new position.

Let u and v are unit vectors and w is a vector such that
uxv+u =wand w x u =v, then find the value of
[avw].

A, B and C are three vectors given by 2 +k i +j +k
and 4i — 3} +7k Then, find R, which satisfies the
relation RXB =C xBand R[A =0.

Ifx[@=0x =1 [xab]=1anda[b # 0, then find x in
terms of a and b.

Let X,y and z be unit vectors such that x +y +z =a,
RX(§%2) =by (% x9) X3 =ca & :g,aljf:%and

‘ a ‘ =2.Find x,y and z in terms of a, b and c.

Let a, b and ¢ be three mutually perpendicular vectors of
equal magnitude. If the vector x satisfies the equation.

a x{(x—b) xa} +b x{(x —¢) Xb}+ ¢ x{(x —a) xc} =0
then find x.

Given vectors CB =a, CA = b and CO = x, where O is
the centre of circle circumscribed about A ABC, then
find vector x.
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Product of Vectors Exercise 8 :
" Questions Asked in Previous Years' Exam

(i) JEE Advanced & IIT-JEE

182. Let O be the origin and let PQR be an arbitrary triangle.
The point S is such that
OP [OQ + OR[OS = OR [OP +0Q [0S
=O0QI[OR +OP [0S
Then the triangle POR has S as its
[Single Correct Type, 2017 Adv.]
(b) orthocentre
(d) circumcentre

(a) centroid
(c) incentre

Passage
(Q. Nos. 183-184)

Let O be the origin and OX, OY, OZ be three unit vectors in the
directions of the sides, OR, RP, PQ respectively of a APOR.

[Passage Type Question, 2017 Adv.]

183.1f the triangle PQR varies, then the minimum value of
cos (P + Q) +cos(Q +R) +cos(R +P)is

3 3 5 5
(a) _5 (b) E (C)g (d) ‘g
184./0X x OY| =
(a)sin (P + Q) (b)sin (P + R)
(¢)sin(Q + R) (d) sin 2R
185.Let a, b and ¢ be three unit vectors such that
V3

aXx(bxc)= o (b +c¢). If b is not parallel to ¢, then the

angle between a and b is [Single Correct Type, 2016 Adv.]

3T T 2T 5Tt
() 7 (b) E (c) ? (d) ?

186.Let a, b and c be three non-zero vectors such that no two
1
of them are collinear and (a X b) X ¢ :g |b||c|a. IfOis

the angle between vectors b and ¢, then a value of sin 0
is [Single Correct Type, 2015 Adv.]
22 -2 2 -24/3
a) — b) — c)— d) ——
(a) 3 (b) 3 (o) 3 (d) 3
187.1f a, b and c are unit vectors satisfying
la—b|®+|b —c|® +|c —a|* =9, then|2a +5b +5c|is

equal to [Subjective Type Question, 2012]

188. The vector(s) which is/are coplanar with vectors
i+ j+2k andi+2j+k,are perpendicular to the vector

i+j+kis/are [More than One Option Correct Type, 2011]
(@ j-k (b) -i+j
(c)i-} d -j+k

189.Leta=i+j+k b=i-j+kandc=1i- j—kbe three
vectors. A vector v in the plane of a and b, whose
projection on cis L, is given by
\/g [Single Correct Type, 2011 Adv.]
(b) -3i -3j -k
(d) i+3j-3k

-3

i-—

(a)
(©)
190. Two adjacent sides of a parallelogram ABCD are given
by AB =2i +10j +11k and AD = —i +2j +2k. The side
AD is rotated by an acute angle O in the plane of the

parallelogram so that AD becomes AD’. If AD’ makes a

right angle with the side AB, then the cosine of the angle
o is given by [Single Correct Type, 2010 Adv.]

= R/

+3
+3

O o>
>

8 V17
(a) 5 (b) T
1 4+/5
(c) 5 (d) T

191.Let P, Q, Rand S be the points on the plane with position
vectors —2i —j', 4i,3i +33 and —3i +23, respectively. The
quadrilateral PORS must be a
[Single Correct Type, IITJEE 2010]
a) parallelogram, which is neither a rhombus nor a rectangle
b) square
c) rectangle, but not a square

d) rhombus, but not a square

i—2j

V5

192.1f a and b are vectors in space given by a = and

b _2i+j+3k
V14

(2a +b)[(a xb) x(a =2b)]is [Integer Type Question, 2010]

, then the value of

193.1fa,b, cand d are the unit vectors such that
(axb)lcxd) :1andaﬂ::%,then

[More than One Option Correct Type, 2009]

(a) a,b, c are non-coplanar
(b) a, b, d are non-coplanar
(c) b, d are non-parallel

(d) a, d are parallel and b, c are parallel

194. The edges of a parallelopiped are of unit length and are
parallel to non-coplanar unit vector a, b, ¢ such that

ﬁl]Ab =|; d=cl@ Z%.Then, the volume of the

parallelopiped is [Single Correct Type, IIT-JEE 2008]



(a) 2 cu unit (b)

1
——= Ccu unit
V2 22
3 1
(c) £ cu unit (d) —= cu unit
2 V3

195. Let two non-collinear unit vectors a and b form an
acute angle. A point P moves, so that at any time ¢ the
position vector OP (where, O is the origin) is given by
a cost + b sint. When Pis farthest from origin O, let M
be the length of OP and 1 be the unit vector along OP.

Then, [Single Correct Type, IIT-JEE 2008]

(@) @ :|‘i‘+z| and M =(1 +4 b)"2
a+

b ia=2"P andm=q +amb)”
|a-b]|
a—

(c)ﬁ=|f+zl and M =(1 + 24 (b)"2
a+

@a=2"P sndm=a +2a )
[a-b]|
Py

196. Let the vectors PQ, QR, RS, ST, TU and UP represent
the sides of a regular hexagon.
Statement I PQ X (RS + ST) # 0. because

Statement II PQXRS =0and PQ x ST Z0
[Single Correct Type, 2007, 3M]

(a) Statement I is true, Statement II is true and Statement II is
a correct explanation for Statement I.

(b) Statement I is true, Statement II is true but Statement II is
not a correct explanation for Statement I.

(c) Statement I is true, Statement II is false.
(d) Statement I is false, Statement II is true.

197. The number of distinct real values of A, for which the
vectors —7\2i+j +k, i —)\23 +k andi+_Ai - A%k are
coplanar, is [Single Correct Type, IIT-JEE 2007]
(2) 0 (b) 1
(c) 2 3

198.Let a, b, c be unit vectors such thata +b +¢ =0. Which

one of the following is correct?
[Single Correct Type, IIT-JEE 2007]
(a)axb =bxc =c xa =0
(b)axb =bxc =c¢ xa #0
(c) bxb =bXc =a xc =0
(d)axb, bxc, ¢ Xa are mutually perpendicular
199. Let A be vector parallel to line of intersection of
planes Pl and P2 through orlgln P, is parallel to the

vectors ZJ +3k and 4J 3k and P, is parallel to J -k and
30+ 3J, then the angle between vector A and 2 +J -2k

is [More than One Option Correct Type, 2006, 5M]
T T

a) — b) —

(a) 5 (b) .
T 31

c)— d) —

(c) . (d) "
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200.Let,a=i+2j+k,b=i-j+kc=i+j-k.Avector
coplanar to a and b has a projection along ¢ of

. 1 .
magnitude — , then the vector is
V3
[Single Correct Type, IIT-JEE 2006]
(a)4i-j+4k
(©2i+j+k

(b) 4i +j -4k
(d) None of these

201.1f a, b, c are three non-zero, non-coplanar vectors and

b1=b—b%a,b2 b+b—%a,
|al |al

o = _cBa_cDb c _c_cBa_cEll)1

1 — Q5 b C;=CcTm—— 1>
|al Ibl? lal>  Ibl?

_cla alb, _ cld

CS —C_iza_iz 2 C4 —a_iza

|al b, | lal

Then, which of the following is a set of mutually
orthogonal vectors?  [Single Correct Type, IIT-JEE 2005]
(a) {a, by, ¢, } (b) {a,by, c2}
(c) {a,byas} (d) {a,by,cq}

202. The unit vector which is orthogonal to the vector
3 +23 +6k and is coplanar with the vectors 2i + 3 +k

andi-jt+kis [Single Correct Type, IIT-JEE 2004]

2i-6j+k 21 -3j
(61)7\/H (b) T

3j-k 4i+3j -3k
() Tio (d)im

203. The value of a, so that the Volume of parallelop1ped
formed by i i+ a_] +k, _] +ak and ai + k become

minimum, is [Single Correct Type, IIT-JEE 2003]

(a) =3 (b)3
0)1/~3 (A3

204.1fa :(; +3 +1A(),a (B =1anda xb :j ~k, then b is equal
to [Single Correct Type, IIT-JEE 2003]
@i-j+k (b)2j-k
(01 (d)2i

205.1f v =2i +3' —k and W= i +31A(. If Uis a unit vector, then
the maximum value of the scalar triple product [U V W]

is [Single Correct Type, IIT-JEE 2002]
(a) -1 (b) V10 + /6
(©) V59 (d) V60

206.1f a and b, are two unit vectors such that a +2b and
5a —4b, are perpendicular to each other, then the angle
between a and b is [Single Correct Type, 2002, 1M]
(a) 45° (b) 60°

(c) cos™? %Q (d) cos™ %Q
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(ii) JEE Main & AIEEE

207.Leta =2i +3’ -2k b =i +j and ¢ be a vector such that

|c—a|=3|(a xb)xc|=3and the angle between ¢ and
a X bis30°. Then, a [¢is equal to [JEE Main 2017]

25
(a) 3 (b) 2

(0)5 (d)

x| =

2

208.1f[axbb xcc xa]=A[abc
(@) 0 (b) 1
(c) 2 (d) 3

209.Let a and b be two unit vectors. If the vectors ¢ =a +2b

—

, then A is equal to
[JEE Main 2014]

and d =5a — 4a are perpendicular to each other, then the
angle between a and b is [AIEEE 2012]

T T
(@) Z (b) E
T T
() ; (d) Z

210.Let ABCD be a parallelogram such that AB = q, AD = p

and [JBAD be an acute angle. If r is the vector that
coincides with the altitude directed from the vertex B to
the side AD, then r is given by [AIEEE 2012]

0

(@) r=3q + —3(‘;’3 P B)r=-q+ ﬁ%}ap
_ _%&15 ., 3pm)

() r=q EPHP d r= 3q+(pEb)p

211.1fa=—1 (3i +k)and b = % (23 +3] —6K), then the
10

J10
value of (2 —b) [J(a xb) X(a +2b)]is [AIEEE 2011]
(a) =3 (b) 5
()3 (d) -5

212. The vectors a and b are not perpendicular and cand d
are two vectors satisfying b x ¢ =b xdanda [b =0.
Then, the vector d is equal to [AIEEE 2011]

213.1f the vectors pi + j +k, i +¢j +kand i+ j+rk
(Where, p # q # r # 1) are coplanar, then the value of
pqr—(p +q +r)is [AIEEE 2011]
(a) -2 (b) 2
(c)0 (d) -1

214.Leta = j-kanda =i —j —k. Then, the vector
b satisfyinga xb +c¢ =0and alb =3, is [AIEEE 2010]
(@) -i+j -2k (b) 2i-j +2k
(¢ i-j-2k @ i+j-2k

215.1f the vectorsa = i —3 +21A(, b=2i +43 +k and
c=Mi +3 +p.lA( are mutually orthogonal, then (A, [) is

equal to [AIEEE 2010]
(@) (-3,2) (b) (2,-3)
(©) (-2,3) (d) 3,-2)

216.1f u, v and w are non-coplanar vectors and p, g are real

numbers, then the equality [3u pv pw]—[pv w qu]
- [2w gv qu] =0holds for [AIEEE 2009]

(a) exactly two values of (p, q)

(b) more than two but not all values of (p, q)
(c) all values of (p, q)

(d) exactly one value of (p, q)

217. The vectora = ali + 2} +BIA( lies in the plane of the
vectorsb =i + 3 and ¢ = 3 + k and bisects the angle

between b and c. Then, which one of the following gives

possible values of o and 3? [AIEEE 2008]
(a) a =1, =1 (b) a =2, =2
(c) a =1, =2 d) a=2,B=1

218.1f u and v are unit vectors and Bis the acute angle between
them, then 2u X 3v is a unit vector for [AIEEE 2007]

(a) exactly two values of 6
(b) more than two values of 6
(c) no value of 8

(d) exactly one value of 0

219.Leta :i+jj +k,b :i—j +2k and ¢ = xi +(x —2)3 -k If
the vector clies in the plane of a and b, then x equal to
@) 0 (b) 1 [AIEEE 2007]
(c) -4 (d) -2

220.1f (a x b) x ¢ =a x(b xc), where a, b and care any three
vectors such thata [b # 0, b[¢ # 0, then a and c are

Tt
) inclined at an angle of o between them [AIEEE 2006]

a
b) perpendicular
c) parallel

(
(
(
(d) inclined at an angle of g between them

221. The value of a, for which the points, A, B, C with

position vectors 2 —j + lA<; —33 ~5kandai - 33 +k

respectively are the vertices of a right angled triangle

with C = ; are [AIEEE 2006]

(a) -2 and -1 (b) -2 and 1

(c) 2and -1 (d) 2and 1

222. The distance between the line

r =2i —2j +3k +A(i —j +4Kk)and the plane

r i +5j +k) =5is [AIEEE 2005]
10 3 10 10
i b) = 2 4 =

(a)3 ()10 (C)3J§ ()9



223.For any vector a, the value of

(axi)? +(a xj)? +(a xk)? isequalto  [AIEEE 2005]
(a) 42’ (b) 2a’
() a (d) 3a’

224.1f a, b, c are non-coplanar vectors and A is a real number,
then[A (a+b) A’b Ac]=[a b +cb]for

(a) exactly two values of A

[AIEEE 2005]

(b) exactly three values of A
(c) no value of A
(d) exactly one value of A

225.Leta=i-kb=xi+j+(1 -x)kand
c= y; + xj +(1 +x —y)lA(. Then, [a b ¢]depends on
[AIEEE 2005]
(a) Neither x nor y
(b) Both x and y
(c) Only x
(d) Onlyy
226.Let u,v,w be such that|u |=1,|v|=2,|w| =3 If the

projection v along u is equal to that of w along u and
v, w are perpendicular to each other, then |u —v +w]|

equal to [AIEEE 2004]
(a) 2 (b) 7
(c) V14 d) 14

227.1Let a,b and ¢ be non-zero vectors such that
(axb)xc =§|b [|c|a.If Bis an acute angle between the

vectors b and ¢, then sin 8 is equal to [AIEEE 2004]

1 V2
() g (b) ?\/7
2 2+/2
() g (d) T

Chap 02 Product of Vectors 139

228. A particle is acted upon by constant forces 4i + j -3k
and 3i + 3 —k which displace it from a point i+ 23 +3k
to the point 51+ 43 +k. The work done in standard units

by the forces is given by [AIEEE 2004]

(a) 40 units
(c) 25 units

(b) 30 units
(d) 15 units

229.1f u,v and w are three non-coplanar vectors, then

(u+v-w) [[{u-v) x(v —w)]equal to [AIEEE 2003]
() 0 (b) ul¥ xw
(c) ulvxv (d) 3uly xw

230.a,b, c are three vectors, such thata +b +¢ =0,|a|=1,
|b|=2,|c|=3thenalb+blé+cldisequal to
(a) 0 b) -7 [AIEEE 2003]
(©) 7 @ 1

231. A tetrahedron has vertices at O(0, 0,0), A(1,2,1), B(2,1,3)

and C(—1, 1, 2). Then, the angle between the faces
OAB and ABC will be [AIEEE 2003]
L A7
(b) cos %Q

(a) cos™ g%@
(d) 90°

(c) 30°

232.Letu=i+j,v=i-jand w =i +2j +3k. If nis a unit
vector such that uh =0and v[h =0, then |wlh]|is
equal to [AIEEE 2003]
(a) 0 (b) 1
(c) 2 @ 3

233. Given, two vectors are i —j and i +2}, the unit vector

coplanar with the two vectors and perpendicular to

first is [AIEEE 2002]
1 1 ~ 4
RN by 2i + 7

(a) ﬁ(l J) (b) ﬁ( 1+))

(c) ii(i +7) (d) None of these
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Answers

Exercise for Session 1 67.(b)  68.(d) 69. (b) 70.(d)  71.(c)  72.(b)

4r=+30+j+k

l.cos‘lgg L 73.(d)  74. (be,d) 75.(acd) 76. (ac) 77.(ac) 78.(b,d)

4 79. (a,b,c,d) 80. (a,b,c,d) 81. (a,b) 82.(a,c)
s I 6 60 - _5 83. (a,b,c) 84. (a,c) 85. (a,b,c) 86. (b,d)
) /114 ) 87. (b,c,d) 88. (a,c) 89. (a,b)
8. 0° 9. 2m 10.a>2 90. (a,b,c) 91. (a,d) 92.(a,b,c) 93. (a,c) 94. (a,b,c)
3 95. (b,c,d) 96. (a,b,c,d) 97. (c,d) 98.(a,b,c,d)
i+l 12200+ + 2k L—20i + 8j + 16k) 99. (b,c.d) 100. (a,d) 101. (a,b,d)
6 9 9 102. (c,d) 103. (b,c) 104. (b,c,d) 105. (a,c,d)
13.40 106. (c,d) 107. (a,b)
Exercise for Session 2 108. (a,c) 109. (b,c) 110.(c)  111.(a) 112.(a) 113.(d)
_ 27 114.(d) 115.(d) 116.(a)  117.(a) 118.(b) 119.(a)
1.19V2 2.A = 3andp =" 120.(a) 121.(b) 122.(c) 123.(b) 124.(a) 125.(b)
3 - 74 6.3 , T 126.(d) 127.(c)  128.(c) 129.(a) 130.(d) 131.(d)
6 132.(d) 133.(c)  134.(b) 135.(d) 136.(a) 137.(a)
g Tt 0.+47 1014 d 4 kK 138.(a) 139.(b)  140.(a) 141.(c) 142.(b)
SR R S 143. (A) ~ (p.0), (B) = (@), (C) = (5), (D) ~ (p)
> (71 - 4§ - 4k) 12. ] (160 i - 4i - 70k) 144. (A) - (1), (B) - (5), (C) - (q), (D) - (p)
1 ) 145. (A) - (s), (B) - (1), (©) - (@)
13.+ 2 (b X C) 14. E \/6 Sq. units 146. (A) . (I'), (B) N (p)’ (C) . (S), (D) R (q)
m . a ~ ~ 147. (A) - (q)’ (B) - (S)’ (C) - (p)’ (D) - (r)
15 == 5q. units. 171+ 2] + 4k 148.(0) 149.(3)  150.(1) 151.(2) 152.(6) 153.(9)
18.21 - 7§ - 2k 19. - 201 + 16§ + 12k 154.(2) 155.(3)  156.(3) 157.(4) 158.(2) 159.(9)
160.(5) 161.(2)  162.(3) 163.(8) 165.(10)

Exercise for Session 3

1.4 2. 4 cubic unit 3.

[SRENC)

166.xx, +2yy, =a  167.(12)
sinC + sin B [$in 4

\/sinzB + sin%C + 2sin B Gin C [osA4

168

o 2438 . .
4. 4 cubic unit 5. TH 169. 3426 170. sin4 —sin B 171, 49 sq units
. 7 2(sin 4 + sin B) 28
6.a, b, cform a right handed system. 9.6 10.1 -
. . 173. {6, 4} and 4x— 6y + 13 =0 174.0 = —
Exercise for Session 4 4
A A : 1+ 10
(=71 + 8j - k) 175. szz 1—7177k@ 176. 1
1.0 2.3~ — - 7
114 o V2 R V2 alb
S S A I 177. —i - 8j + 2k 178, 212
7.a—5(1+k),b—5( ]+k)andc—5(1+]) (alb)y’—a’ b’

9.r:yb:i(a><b) !
b2

10.r =—— (a X ¢+ mb)
alb

179. % =%(3a+4b+8c),§f =—4c,i=g(c—b)

180, x= 40+ ¢
Chapter Exercises

L) 2 () 3@ 4@ 5 6 (b 8oz L ab—blal) 12’ -ala@) o

7.(a) 8. (b) 9.y  10.(d) 11.(d) 12.(d) 222’ b)—(ab)’  2(a’ b)-(alb)’
13.(a) 14.(c) 15.(c)  16.(a) 17.(a) 18.(c) 182.(b) 183.(a)  184.(a) 185.(d) 186.(a) 187.(3)
19. (a)  20.(b) 21.(d)  22.(c) 23.(b) 24.(b) 188.(a) 189.(c)  190.(b) 191.(a) 192.(5) 193.(c)
25.(b)  26. (b) 27. (c) 28.(a)  29.(c)  30.(a) 194.(a) 195.(a)  196.(c)  197.(c) 198.(b) 199.(b,d)
31.(c) 32 (a) 33. (c) 34. (a) 35.(a)  36.(b) 200. (a) 201.(b) 202.(c)  203.(c) 204.(c) 205.(c)
37.(d)  38.(c) 39.(a)  40.(a) 41.(a) 42.(b) 206. (b) 207.(b)  208.(b)  209.(c) 210.(b) 211.(d)
43.(c) 44.(a) 45.(d)  46.(b)  47.(d) 48.(a) 212.(c) 213.(a)  214.(d) 215.(a) 216.(d) 217.(d)
49.(a)  50.(d) 51.(b)  52.(a) 53.(c) 54. (c) 218.(d) 219.(d)  220.(c) 221.(d) 222.(c) 223.(b)
55.(d)  56. (c) 57.(d)  58.(b) 59.(c)  60.(d) 224.(c) 225.(a)  226.(c) 227.(d) 228.(a) 229.(b)
61.(d)  62.(d) 63.(a)  64.(a) 65.(a) 66.(a) 230.(b) 231.(a)  232.(d) 233.(a)



10.

11.

12.

Solutions

. Since,a b0 alb=0
la-b|*=(@ —b)’ =a’ +b* —2a B =25 +25
O |a-b|=5/2
.la+b|>|a-b|

On squaring both sides, we get

a’+b*+2a >a’ +b* —2a B
ad 4dalb >0 O cosB >0
Hence, 8 <90° (acute)

. Given that,a = b + c and angle between b and c is ;
So, aZ=b?+c?+2bld
d a2=b2+c2+2|b|\c|cosE
g a’=b*+c?+0 2
O a’=b’ +c°
ie., a’=b’+c?
. Obviously, a and b are unit vectors.

. Angle between i + j + kandiis equal to

OG+5+kd0
cos”! (Al ;] I()EE]DD a=cos_1§\/l—,§
Hi+j+k|\i|D 3

Similarly, angle between 1 + j + k and jis

B=cos! @\/%@and betweeni + j + kand k is

Y :cos_lgj—g@

a:B:y

Hence,

L Let r=xi+yj+z O r[i=x,r§=y,r[f(=z

O @)+’ +@ [ﬂ<)2=xz +yt 4zt =7
. la-b|=41* +1* -2 @’ cosB 1/2(l—c059
=2 X\/Esmf —251ng O smf = [a=b]
2 2 2 2

. The component of vector a along b is
(alb)b _ 18( +4k)
[b]> 25
. Required Value—E -_— u z
[b] Ia\ [b| 3
2 ald alb
(@axb)? =a’* -(a.b)’ =
bAa bbb
Torque =r XFor CPxF
i j ok
rxF=|2 -1 1|=-51-5j +5k
1 2 3

13.

14.

OA =3i +2j -9k F = (9} + 6} —2Kk) xlil

i) k
[0 Moment=0AXF 216—1 3 2 -9
9 6 —2

6 2 A _ 150 4 A
=—(501 —75j)=— (21 —3j

" D= @380
Force (F) =2i + j — k and its position vector =2i — j. We
know that the position vector of a force about origin
(r)=@i-73) —-(oi +0j + Ok) or r =2i — j Therefore, moment
of the force about origin

Pk
=rxF=2 -1 0 |[=i+2j+4k
2 1 -1
15. 2! = bxc o _axb __, cxa
' [abc]’ [abc]’ [abc]
0 [a'b? )= (bxc) [é(c xa) (axb)0]
[abe] U[abc] [abc]
_ bxc _ a _ 1 20
[abc] [abc] [abc]
16. albxc + blhxc _ [abc] + [bac]
cxalb claxb [cab] [cab]
_ [abc] _ [abc] -0
[cab] [cab]
17. b x cis a vector perpendicular to b, c. Therefore,a X(b X ¢)is a

vector again in plane of b, c.

. Let a:xi+yj+zlA(

u=ix@xi)+jxa xi) +k xa xk)
=(10)a-i@Q) +( G —ja b
+ (IA( DA()a —lA<(a DT() =3a —a =2a

Py &k
19. ax(bxc)=a x[2 -1 1 [=ax(-2i +3j +7k)
1 3 -1
ik
=l 1 2 -2|=20i-3j+7k
-2 3 7
20. a x(b xc) =0
0 aj|(bxc)orbxc=0
ie., bl cora=0
21. Let the required vector be o = d,i + d,j + dJ(

where, d? + d? + d? =51 (given) (1)
Now, each of the given vectors a, b and c is a unit vectors.
d@ d dle
cosB = = =
[difa] [d|[b] [d]|c]
or da=db=d[¢

| d|=+/51 cancels outand|a | =|b| =|c| =1

Hence, %(d1 —2d, +2d;) :g(—4d1 +0d, -3ds) =d,



142

22,

23.

24,
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O d, =5dy +2d5 =0
4d, +5d, +3d; =0
d _d, _ds

On solving, we get — = =
& & 5 -1 -5

and

=A (say)

Putting d;, d, and d5 in Eq. (i), we get A =+ 1
Hence, the required vectors are * (51 — j — 5k)
Let OA = P1,CB=-PBiand OB = - Bi + P]

OB[j
H = c0s60° A

o CRi+P)HH _1

lPlz_'_Pz 2 B c
0 op = IPZ +Plz 60 B

O B =P\3 0
| OB|=,/P? + B? =,/P? +3P? =2P

x+y+z=00 x=—(y +2z)
|x|*=(y +2)lly +2)
[x [P =y " +|z|" +2y

ad

O | x|* =]y [ +|z|* +2|y|| z| cos®
ad 4=4+4+2 %2 x2cosO

0

cosB :_71 0e= 120
0 cosec?120° + cot?120°
IR
3 V3O 3 3 3
For acute anglea[b >0
ie, —3x+2x*+1>0

O (x-1)@2x-1)>0
For obtuse angle between b and X-axisb.i<0 0 x<0

25. Since,d = \a + Ub +ve

26.

27.

ad dbxc)=Aala xc) +ub (b xc)+ vel(b x ¢)
=A[abc]
[dbe] _ [bed]
[abc] [bca]
@3p +q) Gp —3q) =0
or 15p* —=3q* =4p [4 ..(3)
(2p + q) T4p —2q) =0 or 8p° =2q°
0 q? = 4p’
g Pt
lpllql
On substituting q* = 4p? in Eq. (i), we get
O 3p? =dp [4
2
SEN I SRS 55

cos@ == == sin© =
4 |pl2|p| 8

g A=

...(ii)

Now,

n=al +a,j +ask,

28.

29.

30.

31.

2, 2, 2 _
where, a; +a; +as =1

ulh=0 0 g +a,=0

Also, vih=0 O q —a, =0
Hence, a =a, =0
g a;=1or —1
0 =k or -k
|wl|=3
To find(a - b) & D(b) Clo)
ie., la]®—alb e
Now, a+b=c

O lal>+|b|*+2a b =|c? ..(i) Aorigin) B(a)
On substituting the value of a [b from Eq. (ii) in Eq. (i), we get
2 L 2 2 52
a”——(c"—a" -b
5 ¢ )

3a® + b - ¢?

a
2

AxXxB=-A xB ¢ B

AXB=0
either A=0

Vi
or B=0
or A and B are collinear @
Given, V+V =V, O y
Also, VIV, =20
(V))!=(V,-V)* and VIV, =a
Also, [VI=[Vi|=| V]| =A (say)
Hence, A2 =20% —2)\? cosa
a cosQ = 1
2

Given, |b|=|b-c| =8 and |c|=12 ..(i)

AE=EandEC=c—E
4 4

B
b
E c—(b/4)
A c C

(Origin)

c E@; - EQ c? _cth
cosB = i ‘ = 4b ...(id)

lejle=——] 12|c——

4

FromEq. (i), |b|=8,|c| =12
0 [b-c|”=|b|*
O |bfP+|c]?-2b&=|b]?



32,

33.

Cep 4Pl b
|16] 2
=144 + 4 —-36 =112

O

From Egs. (ii), (iii) and (iv)
_144-10 347

T12x47 8

Ccos

6 6
Given,15| AC| =3| AB| =5| AD|
Let [AC|=A>0
0 | AB| =5\

| AD|=

D{d)

/3

BALCD

...(iii)

.(iv)

A (origin)

N (kc)

C(c)

Now, cos (BAICD) = ———
|BA||CD|

_ bld-¢
Ibfld-c|
Now, numerator of Eq. (i), we get

blt

=60 () 5 +5A@N)

5A% + 1502
=20 0N’

Denominator of Eq. (i)
=[bl|d-c|
Now, |d-c|*=d® +c* -2cd

=M + A% —20\) (3N) %

=10A* —3\* =7\?
O |d-c|=+7A

Denominator of Eq. (i)

= (5A) (7A) =5+/7A?

100 2
0 cos (BALCD) = =—
( ) N
a=-1i-2j-k
b=1-5j -7k
axb
ja)=22Pl =k
la|

A(a) origin

-bld :\b\|c|cos;—|b||d|cosz?n

B(b)

()
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P
b d
Q(0, 6, 8) a R.4,7)
laxb|*=a’b® «a [b)*=(6) (75)

laxb|=

—(=1+10 +7)* =450 —256 =194

_—

g p+q =100

(p+a)(p+g-1) _100%x99 _
2
2 -1 -1
35. v=-cfluvw]=-¢c*|1 -1 2
10 -1
=—c’[201 - 0) —1(1) +(-2 -1)]
=-c’[2-1-3] =8
0 2¢2=8 0 c=20r-2

36. Letc =A(a xb)

Hence, Ma x b) [{i +2j —7k) =10

2 -3 1
A1 -2 3 |=10
1 2 -7
0 A=- 10 c=-( xb)
a=2i- 3+kandb—1—21+3k
Pk
2 -3 1|=(-9+2)i 65)] H-4 +3)k
1 -2 3
O (-=7,-5 -1)
37.v,=i-2j+k
V,=3i +2j -k

V;=c=0a+Bb=a(i +

) +BG + k)
=ai+@ +B)j +Bk =c

Since, V;, V,, V; are coplanar.

1 -2 1
Now, | 3 2 =1[=0,using C, - C, —(C, +C3), we get
a o+B B
1 -4 1
3 0 -1|=0henced4(3B+a)=0
a 0 pB
3B+a =0

a
~— =-3

B
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38.

39.

40.

41.
42,

43.
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L_itjrk
—F
w=|wha=100+] +k)
Now, v=wxr=10(1 +j +k)x(xi +yj +zk),

where r is the position vector of the point whose locus is to be
determined.

v=10[E =) ~(z =x)j +(y ~x)k]
0 [VI=10J(x -y)* +(v —2)° Hz —x)’

Hence, 2(x* + y* + 2% —xy —yz —zx) =4

Hence,

g x*+y? 4zt —xy —yz—zx =2 =0
which is the equation of a cylinder.
'.*+':+A R R .
A=t P YK =96 405 42k
3 3
PGk
v=oxr=2l1 2 2[=%ui-j-k
3 3
2 3 5
w
| |v|:?ﬁ:wﬁ
bCa+blk=bb+ale
)/‘L
A
D
[u]
3]
M
Boignma — Cay ~
or blh —-b)—clta —b) =0
or (b-c)lth -b) =0

0 BC and AB are perpendicular.
Now, find angle between AM and BD.

where, AM=2i - 33,
’.‘+ i)
BD:41 3j
2
. cosg = AMDEBD _ -1
|AM || BD| 513
ad 0 =1 —cos_lal—g
[npm]:sinecos(p:sinEDcosl[ lEl\/—i ﬁ
6 6 2 2 4

V =(a xb) xa +(a Xb) xb
=b —(a (b)a +(a (b)b —a=(b —a) +(b —a)(a [b)
=(b —-a)(1 +a [b) =A(b —a)

Since, a and b are perpendicular, hencea, banda x b are

non-coplanar. Hence, any vector say (r X a) can be expressed
as

a rxa=xa+yb +z(a xb) (1)
dot with a 0=x+0+0 O x=0

dotwithb [rab]=0+y +0 O y=[rab]

dot with r 0=xalt +yrlb +z[rab]

4.

45.

46.

47.

0=[rab](r(b)+z[rab] O z=
rxa=[rab]b —(r b)(axb)
rxa=[rab]b +(r[b)(b xa)

—(rb)

Hence,

Since, i+ 23' + 2k is rotated so as to cross Y-axis, the vector in
new position. Let the required vector be xi + yj + zk

where, x*+y? 428 =9 (1)
x+2y +2z =0 ...(i)
Xy z

and 1 2 2|0 2x-z=0 ...(iii)
0 1 0

On solving Egs. (i), (11) and (iii), we get
=5z=

o _T’ y=5= f

0 Required vector, is — «/7 1 + /5] _T

Set A - Set B

(Parallel) (Non-parallel)
4 6

ways —
(i) 3 from B - °C,
(ii) 2 from B, 1 from A - *C, x °C,
(iii) 3 from A - *C,
Total number of ways

=Cs + ("G x°Cy) +1G

g n(E) = °Cs + 'C, +(*C, x°Cyy)
and n(S) = 1°c,
0 P(E) = 5Cy + 1+ (°Cy x 1Cy)

e,

@xx)+b=x

O ax(@xx)+(@ xb) =a xx
@x)a-@M@)x+@xb)=x -b

Projection of x along a is 2 units

0 @) -, 0 amk=2
la|
1 . A
So, X 25[2a -b +@ xb)]
We know,a x(bxc) =(alé)b —(alb) c

Component ofa X (b x c) along b is

%a Ce)b —(a [b)c Eb[b E{a[b)(bEb) (alb) (b EI:)EIb

b b 0

So, component of a X (b X c) perpendlcular tobis

x(b x c) - g (b [b) (a[b)(b[b)

d | bl? EI
+E(a[b) b [k) —(a [&) (b [b)
b D

(@xb) b xc)
——————b

|b*

—a X(b Xc

x(b xc) +



48.

49.

50.

51.

52,

53.
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rla =200 x+2y +z =20,x,y,z UN 54. The mid-points of sides are D (1, 0, 0), F (0, 0, n).
The number of non-negative integral solution are EF? = BC* 0 BC? =4(m? + n?)
e + P+ .. ¢, =81
2 2 2
b B+ BC'+ CA* _
G[[B—g 5 +m+n
as é + % +12=5 A
a
F E
S U 10 O .
0, V =
+a [BHmax B c
D
The system of vectors is coplanar. o
-+ Their sum is zero. §5. Eliminating m,
2(l+n)+nl=0
D D C
or @I +n)( +2n) =0
—‘*vae n=-21 O m=-2l
:4 B or I=-2n O m=-2n
The dr’s1, —2, —2and -2, —2, 1. The lines are perpendicular.
cosp = ABIAD__5 56, w00 1 et oty
|AB||AD| 9 . cos“0 + cos“O + cos“y =1
o O cos’y = —cos20
O cos™’ %§+ o =— by hypothesis
2 O c0s20 <0 0 GDD—T,ED
8 Be’ 2B
g sind = —
9 §7. ax(a xb) =cO |a]]a xb| =|c]
0 cosa = 1—%:% 10 X5)sin9:j; 3
8 sin® == gives tan® =—[J
BA + AC =BC > 4
O BA =BC - AC 58. From the figure the vector equation of OP is r = A(i + j + k)
e f 2e Ue fO O OM = projection of OC on OP
0 —————:—B»+—H .
le| [f] el el |f] :OCEOP=T
N BA [BC |:|e+f[||:|e f 0 3 L o
ow, = — -—0=
Ba |f|HB?| MH Now, CM?* =0C?* -0OM? =1 s
ad O =s 9 2
ad cos2B =-1 O M = 3
and cos2A + cos2C =2cos(A + C)cos(A —C) =0 7
(: A+ C=90) .
0 cos2A + cos2B + cos2C = -1 <
We have, c[2d =cb =cosB,a® =0 \\( —1p
Now, c=aa +Bb +y(a xb) oTM
Taking the dot product of both sides with a, we get O/ . y
cl@a=a =cosb (sla*=1alb =0)
Similarly, 3 = cos® A
Now, taking the dot product witha x b, we get X
bl = X b 2 =
[ca ]2 Via 2| ¥ 59. p x q, p, q are non-coplanar vectors
Now, [cab]"=[abec] O b-c=0c-a=0,a-b=0
alh alb ale 1 0 cosO 0 a=b=c
=|bla blb blej=| 0 1 cosB OA s equilateral.
cfa alb cle cos® cosB 1 60. (axb)x(é Xd) :[abd]c _[abc]d
=1 - cos’0 + cosB(—cosB) =4c —4d

Thus, o =B =cosB,y* = —cos28 = —8i perpendicular to Y-axis , Z-axis
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61.

62.

63.

64.

65.
66.

67.

68.
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Translating the axes through A(1, 2, 3).
A changes to (0, 0, 0) B changes to (8, 6, 2).
U Coterminous edges are of lengths 8, 6, 2.

Volume of parallelopiped =88 [2 =96 cu units

a, b, c are non-coplanar [ [a, b, ¢c] Z1 Also,a Xb,b X ¢, ¢ Xa
are non-coplanar given

d =sinx (a xb) + cosy (b xc) +2(c xa).
Taking dot product witha + b + ¢, we get

O =sinx[abc] +cosylabc] +2[ab c]
O sinx + cosy +2 =0

g sinx + cosy = —2
a x =(4n —l)g,y =@2n -1)1n Uz

2

Tt .
for least value of x* + yz, x = 7 y = Ttand least value is T

We have, d(a x b) +B(b xc) +Yy(c xa) =0
Taking dot product with ¢, we have
afabc]+B[bec]+y[cac] =0
ie. afabc]+0+0=0
afabc]=0
Similarly, taking dot product with b and ¢, we have
y [abc] =0, B[abc] =0
Now, even if one of 0, 3, Y # 0, then we have [abc] = 0
O a, b, care coplanar.

%)\lh4 + %)\ Jhy + %)\ shy + i)\ 4+l =4 area the tetrahedron
OABC.

8 = cos '(cosP — cos)

Equation of OO' [ —:% TDr—a+tb

-1
Equation of AB: X . =% =% @) ¢ sd,
wherea =0,b =1+ +kec=id=- +]j
Shortest distance = [(c ~2) @ xd)| =1
bxd 6

v X w =31 —53 -k

Maximum value of [uvw] =|u||v x w| =1 &35 =+/35
|a] =[b| =]¢]

|b—a| =|b —¢| =|c —a| =a

alb=bl¢ =cld =AB[AC =CA [CB =BA BC

_ 2 T
=a°cos—

69.

70.

1.

2
0 EF = O EF=-%
(EF) N 5
|CF|—|CE|—£ and |CM| =

where ‘m’ is middle point of EF.

D (origin)

[\
o0

Bb

Area of ACEF = %|EF| ™|

2

leixs—a:—squmts
2 V3 6 1243
plg=0andr3=0
0 (5a —3b)[(-a —2b) =0
6b> ~7a b —5a% =0
O (-4a —=b)[(~a +b) =0

42’ -b?* -3 =0

Now, b'e I%(p +r +s)
1
25(5a -3b —4a —b —a +b)
1 1
0 x =-b,y =g(r +s) =g(—5a) =-a
Angle between x and y i.e cos® = xy _ab
Ix|lyl  [al[b]

From Egs. (i) and (ii), we get

\rf7w4’de|J7J*

V25%X43 | - 19 alb
|af|b|= ———(@0b) = =
19 543 |a||b]
19
O cosB =
54/43
- 19
0 9:coslé—§
Va3
1
Volume of tetrahedron = g[a b c]
ala alb alel |4 2 2
Now,[abc]?=|bld blb bll=[2 4 2
cta clb cle| (2 2 4

= 4(12) +2(—4) +2(—4)

Volume = g x 42 —Tf

Given, cos 8 =(a xi) b x1) +(a +j) (b xj)
+(a x k) b
=(@ xi) xb) §

Consider, (a x1)[b x1) =[@@ x1)bi]

x]})

()

(i)

()
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73.

74.

-(AM)a)i =@ )1 0)-@G
=alb —a;b,

Similarly, (a x j) b x j) =a (b —a,b,

and (axk)(bxk)=alb - asb,

OFrom Eq. (i), we get

cos® =3a B —(a;b, +a,b, +asbs)

(ab)i) b) (a )

=3alb-alb
alb _ oot O faf[b| =2
|af |b]
Now, use AM 2 GM on]a, \b\
|a] +[b| Ibl 2
a > 2 [ |a|+|bl2—=
(la \EI]DI) |a] +[b] NG
0 a\+\b|zf
calb<0
O (sin’x —sinx) — cos’x +3 —4sinx <0
g 2sin® x —5sinx +2 <0
a (sinx —2) 2sinx —1) <0
NI

(-)ve

0 sinx>l O x[l%,—n@
2 2

3a+b

Positive vector of point E =

+ 2¢

. . a
Position vector of point D =

Let point F divides ECin A : 1and BD in : 1,
+
b+%(a +2c¢) )\c+3a b

then =
o+ 1 A +1

§)+%(a +2c)§(k+l):§\c+¥@1 +1)

Comparing the coefficient ofa b and c.

0 HAA +1) 3 +1) )
3 4
0 Ae1=Htl (i)
2u _
?()\ +1) =AW +1) (iid)
. 3
On solving, we get A= 5
b
+ — is a vector in the plane ofa and b and

Obv10usly,
la] [b]

hence perpendicular to a X b. It is also equally inclined to a and

b as it is along the angle bisector.

75.

76.

77.

78.

79.
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aX(bxc)=(axb) Xc
or (@lk)b-(alb)c=(@ld)b—-(ch)a
or (@ab)c—(cb)a=0
or b x(cxa) =
or (cxa)xb=0
or bx(cxa) =(c xa) Xb =0

Let angle between a and b be 6
v=axb =|a||b|sin® A
(ax D

Xb\ H
a —cosBb
(ralb=|a||b]|cos® =cosb)
uli=|u|* =1 + cos’® —2cos® =sin’H
O |u|=sinb
ul@=al@=-cosOa =1 —cos’0 =sin’0
ulb=alb-cosd b =cosB —cosB =0

O |v|=sin6,

O
H:|a|=l,|b|=l,n—

u=a-—-(ab)b=

ulta+b)=(a —cosOb)(a +b)
=1+ cosB —cos?’B —cosO
=1-cos’® =sin’0
Here, (la + mb) xb=c Xb
O laxb=cXxb
O I@axb)? =(cxb)laxb)
. | (exb)Taxh)
(axb)*
Similarly, m= w
(bxa)

a X(rxa)=axb
3r—(al¥)a=axb

Also, |[rxa|=|b|
O sinze—g

3
or (1 = cos? 9):g

3

1 2

or §:COSGD alf=+1
O 3rta=aXb
or r=l(a><bia)

a, + a,cos2x + azsin®x =0, Ox0 R

or (ay + ay) +sin’x(a; —2a,) =0
O a +a, =0anda; —2a, =0
2

a _a" _a; _

L =" =2 = \(#0

-1 1 2 (#0)
O a'==M\a, =\ a; =2\

80. axb=|a||b|sinBh
or |axb| =|a||b|sin®
or - laxb] ()
|a| ¥ |b]
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81.

82,

83.

84.
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alb =|a||b| cosb
ad cosB = | Cb|
|a||b]

From Egs. (i) and (ii),
sin®@ + cos’B =1
O laxb |* +(a Bb)* =[a|*|b|*
If8 = 11/ 4 then sin® = cosB =1/+/2. Therefore,
=%anda& = \a\|/|§b\

|ax b

laxb| =a b
_Jal/b] |

ﬁn

axb =|a||b|sinBn

=(alb) h
We have, |a—b|* =|a|* +|b|* —2(a B)
or |a—b|* =|a|® +|b|* —2|a||b| cos28

or |a—b|*=2-cos20 (|l =|b| =1)
=4sin’0 or |a—b|=2]sinf|
Now, la-b|<1
d 2|sinB| <1 or |sin@| <%
d 6 0O[at/6 )or® OGT/6, 1
ax(bxc)+@d)b
=(4 —2x —siny) b +(x* -1) ¢
or (ale)b—-(alb)c+(ald)b
=(4 —2x —siny) b +(x* -1) ¢
Now, (cl¢)a=c.
Therefore, (c[¢) (al¢) =(c[¢)ora.c =1
a 1+alb=4-2x —siny, x* -1 = —(a B)
or 1=4-2x —siny +x* -1
or siny = x? —2x +2 =(x —1)% +1

I
But,siny <1 0 x=1siny=1 0 y=(4n+1)§,n 0r

AB+ BC=AC
2u u v u v
= _ + — +

v Tl i
Ou v 00w v
ABBC=" - ¥ + ¥
Hal “viHHa " vib
=(@-%)[a+9) =1 -1 =0
O 0B %9

lul  [u]

a 1+ cos2A + cos2B + cos2C =0

Clearly,alé¢ =0and bl¢ = 0. Also,alb =0
aXxb=c

dot with bOb&e 0

Similarly, bxc=a

dot with bOalb=0

dot with clale=0

a alb=blt=cld =0

Again, lal[b[=]c]

Ibl[c|=]a]

85.

86.

87.

8s.

0 laf _lel
lel faf
0 la|=|c| and |b|=1
O axble=|al|b||c|=[al’ =|c[

(children will assume a= ib :j and ¢ = k but in this case all
the four will be correct which will be wrong).
Given,| A||B|cosB =—6;| B| =2

BLC =|B||C|cos®=6

(given)

and (AXxB) XA =0
(ATA)B —(B[A)A =0
(ATA) = -6A

[0 A and B are collinear and 6 between A and B is Tt
O AXB=0
O (a) is correct.

O ABxC)=(AxB)[C =0
O (b) is correct.

Also, AB=-6and|B|=2

O |A]||B|cosTt=-6|]A|[2)=6

O |A|=30 A[A=9

O (c) is not correct.

Again, A[C =7

dot with C in the Eq. (i)
9(BIC)=-6A[C
9(6)=-6(AC) 0 AIC=-9
O (d) is correct.
Vi=V,
a X(bxc)=(axb) xXc
(ale)b—-(alb)c=(@le)b —(bd)a
0 (alb)c =(bl¢)a
O Either ¢ and a are collinear or b is perpendicular to both a
and ¢

0 b=A(@axc)
It may be observed that

2 3 -6
[UVW]=|6 2 3 |=343%0
3 -6 -2

0 U, Vand W are non-coplanar, hence linearly independent
FurtherUXV=Wand VXW=U

They form a right handed triplet of mutually perpendicular
vectors and of course!

0 (UxV)xW =0 and U x(Vx W)

Let the required vector be d = x1 + yj + Zk. For this to be
coplanar wih band ¢, we must have

Xy z
1 2 -1/=0
1 1 -2
O x(—4+1)+y(-1 +2) +z (1 -2) =0
-3x+y -z =0
The projection ofdonais‘Tjj‘.
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90.
91.

92,

93.

94.

95.

So \E—ipx— +z|
s 3 46 y

g 2x—y+tz=4%2

The choices (a) and (c) satisfy the Egs. (i) and (ii).
ax(b-3c)=0

ad b-3c=Aa

ad |b —3c| =|Aa]

u 1+1—641%%=|)\| DA+ 1

g b-3c=z*a

(axc)llr xa) =(a xc) B

(a) is proved if we take dot product of both sides with a.
(b) If we take dot product with b, we get
A, =ble
O Option (b) is not true.
(c) If we take dot product of both sides with a x b, we get
[cba]=As[a xb]?
a A s=[abclorclla xb)
U Option (c) is wrong.
(d) is correct since A\; + A, +A 3 =cld +b[d +[abc].
(a) Since, a, b, ¢, are non-coplanar, option (a) is true.
Since, b X ¢, ¢ Xa,a x b are also non-coplanar.
(b) is also correct.
Since, x = A(b X ¢) +l(c xa) +v(a xb)

We have, A = alk , (on taking dot product with a)
[abc]
M and v have similar values.
Also, |x| =]a — x|
2
0O alx = %, etc.

U Option (c) is correct.
If (c) is correct (d) is ruled out.
a=@H)i+@j)j+@lkk=a=(111)
B=(bO)i +(b§)j+ bk =b =1, -1,0)
y =(1, 1, -2)
0 o B8 Ylyd =0
[0, B,y are mutually perpendiculara,f3,y =6
[0 By form a parallelopiped of volume 6 units.
a x(b xc) =(a[d)b —(a B)c

=(xz +yx +yz) 01 +3 +xk)

—(xy +yz +2x) (d +x +yk)
=(xz +yx +y2) (y —2)i +(z —x)j +(x -y)k)

Clearly, perpendicular to i + j + k and also to
(y+2)i+((z+x))+(x +y)]A( as dot products are zeros.
Clearly, parallel to (y — 21+ - x)j +(x —y)lA(

A 5 ax(bxc)+b X(c Xa) +¢ X(a xb) =0

0 Vectors are coplanar, so do not form RHS

96.

97.

98.

99.
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B - (a X b) X c¢,a Xb,¢ =0 in that order form RHS

O c,(a X b) X c,a x b also form RHS as they are in same cyclic

order.
Coa+b+c=0 0 (@+b+c)’ =0
O a?+b’+c?=-2abB +b @ +c @)
alb+ble+cld <0
D-a+b+c=0
a aXb=bXxc=c Xa

Using this we get result.

Hence,

alb=0,c@=c =cosa
Take dot products with a,b and ¢, respectively.
I=mn? +1*+m? =1
n® = —cos 20(,m2 :71 * cosza
2

A - ax(b xc) +b(c Xa) +c(a xb) =0
U Vectors are coplanar, so do not form RHS
B - (a X b) x¢ a x b, cin that order form RHS

O ¢, (a xb) xc,a xb also form RHS as they are in same
cyclic order

C-oa+b+c=0
O (@+b+c) =0
0 a’+b*+c =-2a B +b [ +c @)
Hence,alb+ bl¢ +cld <0

D-a+b+c=0

O axXb=b Xxc=c xa
Using this we get result.
Since a, b, a X b are non-coplanar,

r =xa +yb +z(@a xb),r xb =a

O xa Xb +z(@ xb) xb =a
O x(a xb) +z(b )b —(b b)a =a
O x(@a xb) —a(l +|bj*z) =0
1
O =0,z =——
|bf*

Or=yb- ﬁ(a x b), where y is any scalar.

Let angle between a and b be 6.
We have, la|]=|b| =1

0 0
Now, |a + b| =2cos—and |a —b| =2sin—

2 2
Consider, FO = 3 @ cosgg + Z@Singg
2 2 2

0 F(©) =3cosg + 4sing,9 a[o, m

F®) = jsing + Zcos9
2 2 2
Now, F(@®)=0

0 4
O tan— = —
2 3
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0.9)

©,3) |
< L : »X
6=0 o=otan-14 07T
Clearly, F®) =3
F@ 2tan”! @ %Q % =2+E=§=5
5 5 5
F® =m) =4

O Range = [3, 5]

Hence, possible integer(s) in the range of F(B) in
[0, T] are 3 viz, 3, 4 and 5.

100. Let r = xa + yb + z(a xb) with b

rb =0+ y|b)?
a(r [b) = y(b)*a
d ¢ - pr =y|bf’a
2
1y,
p p
a [rac]=0
Now, r(b =lcE|b
p
0 YIbP = ble
g r !

=—c —%(b [¢)a
p p

101.(A —1)(a, —a,) +{(a, +a;) +Ya; +a, —2a,) +a; +&, =0
ie. (A —Tla; +(1 —A +l —2y)a, +(L +Yy +1)a,

+(y +d)a, =0
Since, a;, a,, a3, a, are linearly independent
d A —-1=01x f#ft 2 =0p+A+1=0
y+0 =0
ie. A=1LU =2y,u+y+1=0,y+3=0
. 2 1 1
ie. A=1p = g,y = 5,5 =

102. Since[a b c] =0
Ua, b and c are complanar vectors
Further since d is equally inclined toa, b and ¢
Od@=db=dl¢ =0
Odx=o0
103. p = abcos2Tt — )¢, where 0 is the angle between a and b and

q = accos(Tt — @b where @is the angle between a and b now
P + q =(abcosB)c —accos b =(a B)c —(a [&)b =a X(c xb)
O BandC

104. Verify v, + v, = v in order to quickly answer

105. Since, (21 + j + 41A() [ +2j —lA() =0
and i+ +2j-k),1+2=3

U Line lies in the plane

106. op = @b
E
B C
b A
O D a A
0 DB=b-0D =b _(a[1>2)a
|l
:(aB)b —(a[b)a _a x (b xa)
laf* la|?
107.a + b =Ac;b + ¢ =pa
a—-c=Ac —ja
a(l + ) =c(1 +A)
buta and c are non-collinear i =-% =-1
O a+b+c=0=k [O|K-=
O (k, k) =(0, 0) all the given curves pass through (0, 0)
108.(aDt)b—(an)c: @I} @—C@UH Q 0
g ale=

fandal]:——f
2 2

109. AAT =10 a,b,care orthogonal unit vectors
ij k
1 o A A
c=axb=—12 3 6 =;(—3i+6j -2k)
6 2 -3
1 . . N
O c=i;(3i—6j+2k)

110. Component of vector b = 4i + 2j + 3k in the direction of

PPN [a N N ~
a=i+j+ kis? ] or3i + 3j + 3k. Then, component in the
alla

direction perpendicular to the direction ofa =1 + j + kis
b -3i +3j +3k =1 -j

111. Le the three given unit vector be a, band & Since, they are
mutually perpendicular,a[{b X ¢) =1.

a 4z a3
Therefore, |b, b, bs|=1

¢ € C3

a b ¢

a, b, ¢ =1

as by ¢

Hence, a,i + blj + le(’ a1 + sz + CZR and a;i + b3j + c3lA( may
be mutually perpendicular.

112. Statement 11 is true (see properties of dot product)
Also,(ixb)b =1l xb)
0 axb=@.@xb)i+(l xb)j+(kiaxb)k



113.AD =2j -k BD = -2i -j —3kand

CD =2i-j
1
Volume of tetrahedron = E[AD BD CD]

0 2 -1
=2f-2 -1 3|=2
2 -1 0

1
Also, area of the triangle ABC = E' AB X AC|

i 5k

1 1 PR A A/299

==|2 3 2|=2|-9i -2 +12k|=

2 2 2

-2 3 -1
8 _1 .
Then, 3 = 3 x(Distance of D from base ABC)
X (Area of triangle ABC)

Distance of D from base ABC =16/ /229
114. Ax(AB)A-(A[A) B)[C

:D x(AB)A -(ARA)A ><B§E(E=—|A|2[ABC]
Zero

Now, |A° =4 +9 +36 =49

23 6
[ABC]=[1 1 -2[=2(1+4)-1(3 —12) +1(—6 -6)

12 1

=10+6-12=7=10+9 —12 =7

0 [-|A]*[ABC]| =49 x7 =343

115.iaXb[|aandb
aXb

[OThere are two such vectors

16— % o L, m -
k+l+m k+l+m k+l+m
U Point lies in the plane of A ABC.

117.0° + b* +2a® =a® +4b* -4a B O 6abcosd =3b*

0 alb=1p
2
b 4 _bP+2 4
e e 2 Tpez |
24 0
:‘EE’TEZ +b§f2%—1:ﬁ(22)—12«5—1
b +2 _

It is least when =1

22
O b =+22-1) = [2tanT/8

118. Both the statements are true and statement II is the not
correct explanation of statement I. Because b, ¢, d in

statement I are coplanar.
119.3a - 2b +5¢ —6d =(2a —2b)
+(—5a +5¢) +(6a —6d) = 2AB +5AC —6AD =0
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OAB, AC and AD are linearly dependent, hence by
statement II, the statement I is true.

120.r = xa + yb +z(a xb)
121.(4 x (b x ¢)) (& x &) =(a @)[bac] =5
O [ba¢] =10 O [abe] = —10.
Solutions (Q.Nos. 122-124)
122.i +3j-4k){i+j+k)=1+3 -4 =0
—
1 1 1
Since,[qpr]=|2 4 -1
11 3
=(12+1) —1(6 +1) +1(2 —4)=13 -7 -2 =4
O (a) (b) (d) are wrong.
123.(pxr) xr=(p ¥)  ~(q ) p
a u=—(q)=-2 +4-3) =3
v=pl=1+1+3 =5andw=0
Hence, u=-3,v=5w=0 0 u+v+w=2
124.-: p ,q and r are non-coplanar, therefore
gxr,rxpandp X q are also non-coplanar
Hence, s=1(q Xr) +w(r xp) +n(p Xq)
0 [ = slp w= s[4 = s
(pqr] [pqr]  [pqr]
Hence,s[p qr] =(s [p) (q * r) +(s [4)
(rxp) + ) (p xq)
[sCp)(q xx) +(s[q) (r xp) +(s ) (p xq)
=[s[pqr] =[pqr](as|s|=1)

1 1 1
2 4 -1]=(12+1) -1(6 +1) +1(2 -4)=13 -7 -2 =4
11 3
Solutions (Q.Nos. 125-127)
125. Given, p=i+j+f(;q=i—j+f(
pXr=q+cp and pl¥ =2
O px(pxr)=p xq(q +cp) and pl{p xr) =pl(q +cp)
O (pt)p —(pp)r =p xq +c0

0=plg +c(plq)

0 (plp)r =(p G[)df —-p *q ()
_ P ..
c o ...(ii)
But P =|p| =p2 =3 ..(1ii)
pp=1-1+1=1 .(iv)

i j k
pxq=[1 1 1|=2i-2k (V)

1 -1 1

Using Eqgs. (iii), (iv) in Eq. (i) and Eq. (ii), we get
3r=2p -2i +2kandc = —% .(vi)

O r=§[zi+zj+2f<—2i+2fc]
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1
2
2 8
O =-2-==- ....(viii
(pqr] s 5 (viii)
8
126.[pqrlx=(p xq) xr U “x=(pMHq-(aW)p
ad @—§Qx =2q - (ql]':g,verify yourself)
3 3 3
O XZ—Z%(Sq—p):i(3i—Sj+3f(—i—j' -k)

=L of - 4j +2k)
4
1 > a i
a X:—E(l -2j +k)
127. Asc = —§ from Eq. (vi)

n Q-i@y =pH)q-(plg)r

2
gy =2q —()r [As p[q =1 from Eq. (iv)]
OO ¥ PO S R R L L
2 3 3 2 3
y:3i—4j+f(
1 1
R
116 2 1
g xyr[=(3 -4 1 :7g—f-7§—14—72
[xyr] N o e 4)-2@)
3 3

O

[xyr]=3-4-1=-2
1

3

U x,y, r are the coterminous edges of a tetrahedron whose
volume is |¢|.

=[¢|

E [xyr]

Solutions (Q.Nos. 128-130)

128.y = IogW@x - %Q+ log, A/(2x —1)°

But, x >§: logl/zgx —é@+ log,(2x —1)

y=1
P=(@31)
129. OP =3i +
Q=(1,1) or(2,1)
0Q=i+jand 2i +
OP0Q=3+1=4 and 6 +1=7
130.PQ=0Q-0P =-2i or i
|[PQ|=2 or 1

Solutions (Q.Nos. 131-134)

131. Since, a, b, c are non-coplanar vectors, then

[abc]z0 0 [abcl?Z0
ald bl cld

a [abc)*=|alb b c|#0
ale ble cle

Since, any vector r in space can be expressed as a linear
combination of three non-coplanar vectors.

So, let r=Ila+mb+nc (1)
taking dot product by a, b, ¢ successively, we get
r@=lald +mbld +ncld ...(ii)
rib=lalb +mb +ncb ...(iif)
rle=lale + mbl¢ +ncld (iv)

Now, eliminating [, m and n from above 4 relations, we get
r a b c

r@ ala b@A cla —0
rb alb bl cbb|
rl¢ ale ble cle

Now, expanding along first row, we get

=l Bt

. Since, a, b, ¢ are three non-coplanar vectors, then

On three exists scalars x,y,z, such that
r=xa+yb +zc (1)
Taking dot product by b X ¢, ¢ xa anda X b successively,
we get
ri(b xc)=(xa +yb +zc) (b xc) =x[a b c]
rllc xa) =y[bca]
rlta xb) =z[cab]
[rbc],y =[rca] and z [rab]
[abc] [abc] [abc]

On substituting the values of x,y,z in Eq. (i), we get
_%rbc]l] é[rca]D %rab]l]
r= a + Ob + Oc
abcl abc] abc]O

or r:[all)c] {lrbcla+[rca]lb +[rab]c}

X =

133. We know that,

[axbbxccxa] =[abc]?

Clearly, [axbbxcecxa] Z0{[abc]#0}
0 axbbxccxaare non-coplanar.
We also know that any vector in space can be expressed as a
linear combination of any three non-coplanar vectors, so let.

a=I(b xc) +m(c Xa) +n(a Xb) (1)
On taking dot product on both sides by a, b, ¢ successively,
we get

ala=I[abc]
alb=m[cab)]
cla=n[cab]
ala alb ale
I = ,m= and n =
[abc] [abc] [abc]



On substituting these values in Eq. (i), we get

_ ala alb » ale
a_[abc](bxc)-'-[abc](c a)+[a c(aXb)
or a= {ald(bxc)+ab(cxa) +ald(a xb)}

[abc]

134.Let a =ai + a,j + aJ(, b =bi +b,) +b3ﬁ,

c=ci+cj+ ek, P =pi+pj +P31A"
and q = q,i + q,j + %R,

a b c
Then,|alp blp cp
alq blg clg
ai + ayj + a3lA( bi + b)) +b3ﬁ el +cyj +03R

aipy + aypy +asps bipr +bypy tbsps apr Foapy tesps
aq +axg, +asqs  bigr + byqy +byqs g +caga tesqs

i J k|ll|lag a as
pope ps|Qb by oo
@ 92 93| |G G2 G
=(p x q) [abc]
[abe]*(p x q)

:W(P xq)

Solutions (Q.Nos. 135-136)
135, g'(x)=3x*+2x+0>0, 0x2 0

O g(x)is an 1 ing function.

If circumcentre lies outside, then triangle is obtuse angle
triangle and angle containing the given sides is obtuse angle.
Therefore,

(f(01 + g(x))) Lg()i + f(x))) <0

ad fx)G(x) <0 ..(i)
g g(x) 1 forx= 0
a g(x) > g(0)0x> 0, Also, g(0) =0
a gx)>00x> 0,1 O f(x)<o0
a f(x)<0and g(x)>00 x> 0
136.1f x — oo then g(x) - o and f(x)is some negative number,

then

% (X)@(x

0 g

0 on

lim lim Ceot (1 — ¢%)

t40xﬁooD

N

T

\_ﬂ,_/

%—~m

Solutions (Q.Nos. 137 to 139)

We have |x| =|y| =|z| =+/2 and x, y, z make angle of 60° with
each other.

0 xG =|x||y|cos60° :ﬁ(ﬁ)% =1
y [z =|y] |z cos60° =~2(;/2) %§=1
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and x [ =|x|| 2| cos60° :ﬁ(@%@q
xx =|x|* =2
vy =|yl* =2 and z[Z =|z|* =2

Now, x X(y xz) =aandy X (z X x) =b (given)
U xz)y-(x¥)z=aand(y X)z —(y Z)x =b

0 y-z=aandz-x =b
O y—-x=a+bh
Thus, we have
y—z=a (1)
z-x=b (i)
y—-x=a+bh ..(iii)
Now, XXy =c (given)
O x X (x Xy) =x Xc (taking cross-product with x)
O xQ)xx —(xX)y =x Xc
O X -2y =x X¢ . (iv)
Again, XXy =c¢
0 y X(x Xy) =y Xc (taking cross product with y)
O y)x -(yXy =y xc
O 2Xx —y =y Xc ..(iv)

On subtracting Egs. (iv) and (v), we get
x —y =(y ¥c) —(x xc)
O x Xy =(y —x) ¢
O x+y =(a+b) xc (Vi)
Adding Eqgs. (iii) and (vi), we get
2y =(@a+b)+(@ +b) xcy =%[(a +b)(@ +b) xc

Substituting the value of y in Eq. (iii) in Eq. (i), we get

x :é[(a +b)+(a +b) xc] ~(a +b)
0 %(a+b)><c—(a +b)]
:%[(a+b) +(a +b) xc] —a
%[(b a) +(a +b) xc]

137. (2) 138. (a) 139. (b)
Solutions (Q.Nos. 140 to 142)
Taking dot products with a, b, ¢ respectively with given

equation
[abe] = p +(q +r)cosO (1)
=(p +r)cosb +gq ..(ii)
[abe] =(p + q)cosB +r ..(iii)
1 cosB cosO
Also, [abc]® = [cos® 1  cosB

cosB cosB 1

=2c0s?0 —3cos’B +1 =(1 —cosB)® (1 +2cosO)

O v =|[abc]| =1 —cosB||/1 +2cosf|

6
= Zsinzgwl +2cosH|
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From Egs. (i) and (iii) p = r; substituting in Eq. (ii), we get

O 2pcosB+q =00 2 4+ 2c0s0 =0
P

140. (a) 141. (¢) 142. (b)

143. (A) We know that 3 vectors are coplanar, if xa + yb + z¢ =0

Clearly, =31 +3] + 4kandi+ j are two vectors lie in the
plane (a + banda —b).
(B)a x b is a vector which perpendicular to both a and b.

i
0 axb=|-1

k
2/=1(4-2)-j(-2+4) +k(-1 +4)
-2 2

_N e

=2i -2j +3k
() ¢ is a vector which is equally inclined to a and b
g clda=cb
Clearly 1 - j + 5k satisfies the condition.
(D) a, b and c are from the triangle
g AB+ BC=AC
C

VAN

[axbbXxccxa] =36
[abc]=6
0 Volume of tetrahedron from by vectors

144, Given,

a,bandcis%[abc]] =1

[a+ bb+cc+a] =2[abc] =12
a—b,b—cand c— aare coplanar
a [a-—bb-cc—a] =0
1
Area of AABC _5|a><b+b><c+c xa

145.4) Area of AAOC

1
~laxc]
2

Now, a+2b +3c=0
Cross withb,a xb +3¢c xb =0
a axb=3(bxc)
Cross with a,2a Xxb +3a X¢ =0

a axb:%(c xa)

3
g a><b=5(c xa) =3 (b Xc)
Let (cxa)=p

axbzsl;bxczg
2 2

A (a)

xb+bxc+cXx 37P+B+I)
0 Ratio=|al cre a‘: 2 2 =M
lexal Ip| Ipl
A[A AB ALC 10 \Of
(B)[ABC]?=|B[A BB BIC|=|0 1 73
CA CB C[C NG
0 — 1
2
CRe
1= - [=—
40 4
1
ABC] =-
[ ] 5
ba bla
C)(bx xd) =
(C©)(bxc)laxd) cG ol

Similarly, compute others which gives (i).
146. (A) x 3 =|al®> —=|b|® =0
x is perpendicular to y.
|x x yI* =|x*|y[*

{lal® +|b|* +2a (B]} {|a]* +|b* ~2a (B}
=64 —4a )’ = 4%6 -(a m,ﬁ%
B B

A=16
2N +1

B) ————

A+ 2N +2
20N +1) =A% +2

N -4\ =0,A=0or4

_1
2

A = 4is non-zero value.

(C) If the lines are coplanar, all the 4 planes will have a
common point.

Solving 4x + 3y —2z +3 =0
x =3y +4z +6 =0
x—y+z+1=0
1 -11
Wegetx=——,y =-3,z =——
& 3 Y 3
Substituting in kx — 4y +7z +16 =0
We getk =7
(D) E =|a —2b]* +|b —2¢|* +|c —2a)?
=5(a]* +|b|*+|c|*) —4[a B +b @ +c @]
=56 —-4[al +bld +c @]

Dab+ble+c@=""F

Also, la+b+c?20
6+2fal+blé+cE] =20
-E
6+2|30 DZO
Ha4 B
12+30-E 20

422 E
E =42



147. (A)alb+ale=blé +bE =0
I:Ibﬂ::a[(l::—a[ﬂb:—12—7

O Ja+b+c=ya® +b* +c* —2a B) =9

(B) [a b c], write in terms of (a; a, a5 b;b,b3)
_[bXxcexaaxbd 1
N Habc] [abc] [abc] H_ [abc]
O [abc][def]=1

[def]

©a-= ar(ABCD) _
ar(parallelogram)
%m X (a +3b)| +%|(2a +3b) Xb% 5
O0=-
0 la x b| O 2
O O
D) x = d&,y= d@ = db
[abc] (abec) [abc]
Xty etz _dla+b+c)
[abc]
d R= 4 =8
[abc]

148. Let the angle between u and v is 8 and w and u is 0
m ol abvd
[ﬁGW]Z:S@Eﬁ v emg
v wE wivE
01 cos20 cosB[]
= %osze 1 cosegz 0
Beos® cos® 1 g

149.2[abc]+[abc)* +0 =2 x1 +1° =3
150.4(&=b @ = cosB
¢=0a +pb +y@A+h)
Taking dot product with a both sides cos8 = o
Taking dot product with b both sides cosB = B

Taking dot product with ¢ both sides
1=dcosd +f3cosO +y[él;é]
01 0 cosBO
ahez=U O
But [ab¢] 0 0 1 coseD
[@osO cos® 1

=1 -2cos’0

So, 1= cos?0 + cos?0 + y4/1 —2cos” B
ad Yy =4/1 —2cos®8

So,a? +B% +y* =1

151. The three adjacent sides of tetrahedron is given by
A+ xG+k)  (G+rRk+i)  (k+D)i+]j)

IG+5) xG+ER)| G+ k) x(k+1)f [(k+1) x(3 +J)

Chap 02 Product of Vectors

e i+j+k i+j-k -4 +j+k
BB B
1 -1 1
11 2
V=-x——0]1 1 -1|=—"2=
6 33 9.3
-1 1 1
So, 93V =2

152.Let &= xa + yb, where x and y are scalars.
0O  e=x(i-j+2k) +y@i -j +k)
O e=i(x+2y) +j(-x —y) +k(x +y)
But, c@a=o0

6
6x+5y =0 O y:—?x

so, o=+ X5 Mg
5 5 5
24 02 41642
Wehave,—49x Xt 16x =1 0O xzzé
25 66
O dzs %i+lj +él}§
66 U5 5 5
Vit
=|¢[b| =—
p=[eth] ==
So, £=6 O k=6
p
143. Let the angle between a and b is 0 anda X b and c is .
O [[abc]| =6
O sind cosf =1 [0 sina =1, cosP =1
O a= 9J0,B=0°

U a, b and c are mutually perpendicular.
Again, [bcd] =0

4 0 1
O 0 9 clil=o0
1 cd 1
~ 33
O cuizii
2
We have, alb=0
1 0 &
. 343
\axcl__ﬂ|2=0 9 T
3
0 33 1
2
)
4 4
(@xc) xd|* =|(a@d) ¢ ~(c d)al’
2
33 | 27
=22 =27
2 4
36

So, |axcOd]®+|@ xc) xd|? =

155
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A1 M+2

154.pV.of D = i+4j+ . k
DR of AD=A "4 H =8
2, 2
. . 1 1 1
But directions of AD should be —,—,—.
3 43 /3
0 A-4 -1 _H-8
2 2
A (2i+3j+5k)
B C
(i+3j+2K) (Ai+5)+1k)
A =6 =10
2N —u =2
155. v = [abc]
ala alb ale
[aByl=|b@A bl blel[abc]
cla c cle
=[abc] [abc] [abc] =v°
O A= 3
156.c xa =b O|c xa| =|b]|
d |c| |a] sinB =3,
| =——|c-al* =|¢’ +|a* ~2c¢ @
2sin®
=|c|* + 4 —2|c|[@|cosB
=L2+4—2|3'3—|2B059
4sin“0 2sin
=4 +%cosec29 —6cotB
=3 + %cote —Zg
4
|c —al? 22
4
a |c —al 2i
2
g 2lc —a| 23

UOMin. of2|c —a| =3
157. In AABD, N is the mid-point of BD.

a AB + AD =2AN
In ACBD, N is the mid-point of BD.
O CB + CD =2CN

Adding Egs. (i) and (ii), we have
AB + AD + CB +CD =2(AN +CN)
In A ANC, M is the mid-point of AC
g AN + CN =2MN
From Eq. (iii), we get
AB + AD + CB +CD =2 (2MN) =4MN

()

...(ii)

..(iii)

D
C
A B
158.|a] =|b| =|c| =1;[abc] =1
Volume of the tetrahedron = é
3 =2 2
==|-1 0 =2/[abc]|=2
2 -3 4
159, [ax(bxc¢)]lth xc) =5
O [@le)b—(a)c]lh xc) =5 O (alt)[bac]=5
O [abc] = —10
O - [abct £+ 16 E 9
ald alb ale
160..b@ b ble|=[abc]’ =[a xbb xcc xa]® =36
cla cb cle
=4 x9 =22 x3?%
0 P+g=5

161.6 3 =d B -d @ xx) =0
Also,d x & =d ><[§ -d x@ xx)
a xB-@ X)X +al'x
g B—x:a Xé+x or 2x=[§—a Xé

O 4x] =B +|o xB’ 2R @ xP) =2

1

0 |x|? =— O 4x)*=2
2
-2 -4 6
162110 1 -5 |=22 OA= 133
2 -5 A-1
1,1,1)
-1,-3,7) (3,-4, \)

163.%[abc] =3 [ [abe] =18
V=[a+b-ca-bb —¢]
=(@+b-c)lta —b) x(b —c) =a (b xc)=[abc] =18
164. Let 8 be the angle between vectors a and b. Then,
a[b =|a]||b|cosO
0 (ab)? =]a*|b|* cos*®
Now, cos’8 <1 O |a|*|b|*cos’8 <|a]?|b|?

O (@lb)® <|a*|b|?
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165. Let P(x;, y;) and Q (x, y,) be the two points on y =2**? A
OP [ = Projection of OP on the X-axis
0 X =-1 (-OP.i=-1) ¢
Also, (x;, y;) lies ony =27 %2
0O y1:2x1+2 0 y, =2 B Tt M C
Also, 0Q [ = Projection of OQ on X-axis. Let angle BAM = @
0 X, =2 (given 0Q . i =2) 0 cos® _AB[AB+AC) _ |AB"+ AB[AC
As(x,, y,) liesony =2**? |AB||AB + AC]| c\/b2 + ¢ +2bccosA
y=20 "y, =16 _ c*+clbeosA _ c+bcosA
Thus, or = xliA + %jA: _Ai +sz c\/c2 + b? + 2bccos A \/b2 +c? +2bcosA
and 0Q = x,1 +y,j =21 +16] b sinB
0  0Q - 40P =6i +8j and T D cose
0 ]0Q - 40P | =436 +64 =10 _ sinC + sin B sin A
166. Let A(x,, y,) in XY-plane. \/sin2 B+ sin®C + 2sin B sinC cos A
o ()O?)iaixl::yl’;] 169. Let p = BA and q = BC
Point P li th_ I; — tty Jth el Now, required perpendicular distance
- Point P lies on the tangent to the circle. .
= AM =(BA)sin®
=|p|sinb ..(i)
Consider ,|q x p| =|q ||p|sin®
On dividing by | q|
x
laxpl _ |p |sinB ...(ii)
lal
A(1,4,-2)
0OA is perpendicular to AP.
a OAAP=0 0 al{r —a)=0 P
ie., alr-alda=0
or ali=ala 5 c
_ 2 ,
0 A zAlD'—Aa ) Z B(21,-2) M g (0 -5 1)
2 L2 L% =
- (1 +y10) Lxd +yJ) za From Egs. (i) and (ii), required perpendicular distance
0 xx +yy, =a _laxpl (iii)
which is the equation of the tangent to the circle at the lq]
point A. where, q =BC =0C -OB =-2i -6 +3k
167. The giveAn relzition can be Arewritten Aas, A R P=AB=0A -OB =4 +3j
(Ja* —4i + aj ++/a® +4k).(tan A1 +tanBj + tanCk) =6a O lq| =4 +36 +9 =7 .(iv)
0 J@® —4)+a® +(@® +4) i ] k
\/tan2A+tan2B+tan2C.cose =6a (. a.b=|al|blcosb) and qxp=|-2 -6 3|=-91-3j-12k
-1 3 0
\3a. \/tanzA + tan®B + tan’C . cos® =6a
a tan® A + tan’B + tan®C =12sec? 0 ...(1) lq x pl =81 +9 +144 =3726 ()
Also, 12sec’ =12 (o sec?@ 21) ...(ii) From Egs. (iif), (iv) and (V),nget
. . 3426
From Egs. (i) and (i), tan® A + tan®B + tan®C =12 Perpendicular distance = S
O Least value of tan® A + tan?B + tan®C =12 ) )
170. Here, AM = MD and CD is angle bisector of [ C.
168. Here, M is the mid-point of BC. CD = ab + ba
0 AM = AB + %(AB +AC) (using AB + BC = AC) a+b
a+b
AB|| (AB+ AC) and M =—
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Where,a =CB and b = CA
Consequently,

Area of A CDM = %(CD x CM)
_1(ab +ba) x(a+b)

2 1(a + D)
_a(bxa)+a(b xb) +b(a xa) +b(a Xb)
- 4a + b)
_(b-a)@xb)
T 4a+b)

(usinga xa =b xb =0and b xa = —a Xb)

_b-a x b
T 2@+b) %Q
_b-a
T 2(a+b)
Area of ACDM _ (a-b) _ sinA —sinB
Area of AABC  2(a+b) 2(sinA +sinB)
Also,CD || (ab + ba)and CM || (a + b)
ab + ba)la+b
cos® :|(ab n ba)\f+ b)|
_ a|b]® + bla)® + |a]|b| (@ + b) cosC
\/Zazb2 + ZaZbZCOSC\/a2 + b? +2abcosCA
[Where, a‘ =gand ‘b‘ =b]
(a + b) cos(C/2)
\/a2 + b? + 2abcosC
(sinA + sinB) cos(C / 2)

\/sin2 A + sin® B + 2sin A sin BcosC

(Area of A ABC)

171. Let A (0), B(b), C (c), P(p). Q(q), R(r)

We have, p = g

_2b+c

and Q

3
+
Equation of the line AQ, r = A, g%@

Equation of the line CP,r = ¢ + )\2% - c@

R is the point of intersection of AQ and CP.
O For point R, we have

A@%@:cmz %—c@

O 2)3\ 2= % (comparing coefficients of b and c)
and M =1-A,
3

On solving, we get
M=3/TA,=6/7

0 R=$(2b+c)
Now, RB:b—;@b +¢) :Sb%c
RC = ¢ —%(Zb roy =) ;Zb)

O |RBxRC|=—(5b —c) x(6c —2b)

1

49

=L 3ob x ¢ +2¢ xb) =28 (b xc)
49 49

2 2
O \RBXRC|:4—2\bxc\ =28

area of A ABC) [2
" [(are ) @]

(. area of ABRC =1)
0 Areaof A ABC = %|RB xRC | E}Z =(Area of A BRC) [;%

O Areaof AABC = % sq units.

. Let OABC be a given quadrilateral such that its diagonal OB

bisects the diagonal AC let OA =a, OB =b,0C =c.
atc

Since, the mid-point of AC lies on OB, there exits a

scalar t such that,

atc

Area of AABC = =tb O a+c=2tb

On multiplying both sides with b, we have
(@a+c)xb =2tb xb

a aXb+cxb=0

OJ axXxb=>b Xxc
1 1

a —|la xb| =—|b x|
2 2

O Area of A OAB = Area of AOBC
Hence, the diagonal OB bisects the quadrilateral.

173. The coordinates of the resulting force F = F, + F, = {6, 4} i.e.,

resultant F are 6 and 4. Now, let M (a, y) be a arbitrary point of
1. Then, the moment of the resultant about point M is equal to
zZero.



This moment is equal to sum of the moments MA X E and
MB X F, of component forces (the cross product of vectors is
distributive.)

Since, MA =(1 —x,1 —y), MB = {2 — x, 4 — y}, if follows that
(MA xE) (@ +) =301 —x) —2(1 -y)
=1-3x +2y
(MBXF,)[i +j)=2 -x) —~4(4-y)
=-14—-x +4y
Hence, the equation of straight line [ is
(1-3x+2y)+(-14 —x +4y) =0
O - 4% 6y 13 0
g 4x —6y +13 =0
174.1eta =i +yj +zk

Now, a, iand 1+ j are coplanar anda, i—jand i+ k are

coplanar.
a [aii+j]:0and[ai—ji+f(]20
Xy z x y z
a 1 0 0/=0and|1 -1 0[=0
1 1 0 1 0 1
0 z=0and-x -y +z =0
a z=0andx+y =0
a y=-x
O a=xi-x]J
_17J
g a—f
Let the angle betweena and i —2j + 2k be 8.
cosD =a i_2§+2]}
[1+2]+2K]
_(-)) (i-2j+2k)
72 jiritd
a-)A-2j+ek) _1+2 1
B V213 T3z 2
O o="

4

175. In the new position, let the vector be xi + yj + zk. Since, it is

perpendicular to the given vector.

(d +yj+zk) [ +2j +2k) =0

g x+2y+2z=0
The magnitude is the new position which also remains the
same.
O sty +zi =144 +4 =9 (i)
The given vector, the vector in new position and the X-axis are
coplanar.
1 0 0
O 1 2 2|=0
Xy z
ad y =z and x = —4y (using x +2y +22 =0)
Hence, x° + y2 +z% =9
g 16y% + y2 +y% =9
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1 1
O 2 ==, =+
YUYtk
a x=+22
It is given that the vector passes through the positive X-axis.
0 x=2\/§andy=0—i2:z
. . 2 1 I} 1 -
Hence, required vector is @«/51 - —2 - —2 k@
176.a+v+a+wandwxa =¥
a (+v+0)xa =w xa
a (G+v)xa+a xa =v
O (amyv-(vh)a+axa =v
(using @[ =1 and @ x & =0, since unit vectors)
O v-(v)a=v
O @a¥)ua=00 al@=0
Now, [4 Vv w]
O ulfvxw) Dalvx(xv +a)]
(givenw = XV + 1)
ad ulv x(a xv) +v xa]
O afv@)a—-(vh) v +v xi]
[0 =0from Eq. (i)]
0 V) (@ 0h) - a0 x &)
O v [a)* -0 (- [avw]=0)
Colal=[v]=1)
O [avw]=1
177. We have,
RxB=CxBandR[A =0
U A X(R XB) =A X(C xB)
O (AB)R - (A R)B =(A [B)C —(A [T)B ()
where, A=Zi+lA(,B =i+j +k
and C=4i-3j+7k
] AB=2+1=3AI[C =8 +7 =15
Hence, Eq. (i) reduces to
3R -0B =3C —-15B
or R =C -5B=(4i -3j +7k) -5(1 +] +k)
O R =-i-8j +2k
178. Since, a, b and a X b are non-coplanar vectors.
Let x = A +ub +y(a xb) ..(i)
x[d=Aald +pub@ +y(a xb) b
0 0 x Aal* +pa b ...(ii)
Again from Eq. (i),
xb=Aalb+pbd +y@a xb) B
1=MAalb +pulb|® (i)

From Eq. (i)
x[a xb) =Aalla xb) +pb (& xb) +y@a xb)*
[xab]=Aaab] +u[bal +y(a xb)?*
1=y xb)? (iv)
al?

From Eq. (ii), i(a b) = = A|a|* O p:—)\L
alb
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From Eq. (iii),

1=hab - RCPE
alb
2 21k 120
0 =2 alb)” a|’[b| g
ad alb O
0 -
(alb)” —a‘b
X+y+2=a (1)
alk+aly+alZ=ald :‘a‘z =4
§+Z+aﬁ:4[| aﬂ:E (11)
4 4
FromEq. (i) R[R+§ +2) =% @ =a & :3
0 :ZB‘:+:2[§I+:2E2:§
R R 3
O 1+x@+xﬁ=5
0 AT +iE =é (i)
. N na A A R 7
From Eq. (i), ¥ x+y+Z):yE:Z
R R 7
x[?+1+y|322
PN 3 .
X + =_ LY
y+y A (iv)
From Eq. (i), &+y+2)° =)’

0 XZX+YyF+22+2RF +y B +2 &) =[af’
3+ARF +y B +2[X) =4
From Egs. (iii), (iv) and (v), we get

1 3
y2=0,x2=—xF ==
y X X ¥ .
Now, x X(y Xxz) =b
&E@)y-xH)z=>b
1 3
-—y—-=2=b (v
A (vi)
Again, (xxy)xz=c
@B -GER =¢ O —i§l=c
y = —4c [from Eq. (vi)]
4
zZ=—(c—-b
3( )
FromEq. (i), X =a-y —-Z
X =§(3a+4b +8c)
. 1
b'¢ =§(3a+4b +8c¢)
§ = —dc;2 = 2(c -b)
3
180. Here,

a x{(x —b) xa} +b x{(x —c) xb} + ¢ x{(x —a) Xc} =0
@f@)(x—b) —fallix —b)}a +(b B) (x —c)

181.

—{blx —c)}b+(cld)(x —a) —{cllx —a)}c =0
x by @x Olal *(x ¢ -{bx-0}b
+ A (x-a)—(cx —-0) =¢ =0
(usingalb =bl¢ =c[d =0and|a] =|b| =|c| =])
x B x ¢ x a}
={akx)a +(bX)b +(cx)c}
Let x =0a +Bb +yc
(x is linear combination ofa, b and ¢)
O alk=0a@ 0 alk=a\?
bk =BA?
ek = yA?
From Eq. (i), A {3x —(a + b + ¢)} (a X)
a+t(bX)b +(cX)c
and from Eq. (iii)
alk =A%, bk =A% ck =\
Above equation reduces to
M Bx—(a+b+c)=Aaa + b3 +cy)
O 3x —(a—-b +¢)

OA

OA

a 2x =a+b+c
_a+b+c
x=2"2"°

2

Here, OC =x, CA =b,CB =a
OA=(b-x)andOB =a —x

Now,
x? =(a—x)2 =(b —x)2
O xxk=(@@-x){a -x)=(b -x)(b —x)
a xXkX=zald-2ax+xEX =bbB-2bX+x X

2 2
alx =a—ande( =b—
2 2

Now, if we take x = Aa + pb, then from Eq. (i)

2
a

Aaf+pu@ = Y
b2
and Aalb + pb? =?
On solving Egs. (ii) and (iii),
A= a’b? - b* (a[b)
2 (a’h?) - (a b)*
_a’® -ad*a)
@) — @ by
‘= 1a’b? - b*(a [b)
2(@’’) - (a )’

and

+ 1 a’b® —a’a b)
2 (a’b’) - (a b)*




182.

183.

184.
185.

186.

187.

OP[0Q+ OR [0S = OR [OP + 0Q [0S
O OP(0Q - OR) + OS(OR -0Q) =0
ad (OP - 0S)(0Q —OR) =0
ad SPRQ =0
Similarly SR[(PQ =0 and SQIPR =0
0 S is orthocentre.
cos(P + Q) + cos(Q + R) +cos(R +P)

= —(cosR + cosP +cosQ)

3
Max. of cosP + cosQ + cosR ==

2
Min. of cos(P + Q) + cos(Q + R) + cos(R +P)is
=3
S 2
sinR =sin(P + Q)
Given,|a|=|b | =|&| =1
and QX(BXE):73(3+6)
. ~ A 3
Now, consider a X (b x ¢) =7(b+c)
0 G b-amhye="p+"3e
2 2
On comparing, we get
5E6=—£D\é||l;|cose=—£
2 2
3 .
ad cose=—7 [-]al=|b]|=1]
ad cosGIcos@T——@D 9:5?]-[
Given,(a X b) x ¢ :%\b| [c|a
1
g —c><(a><b)=g|b||c\a
0 —(c[b)l]t+(c|3)b=§|b|c|a

%|b|\c|+<ctb>§a:<ca>b

Since, a and b are not collinear.

c[b+%|b|\c|:0 and c@ =0

ad |c||b|cose+§|b|\c|:0
1
0 |b|\c|§ose+g§:o
0 cose+§=0 (| b|#0,]c|#0)
0 cose=—§ ; sin© =£=¥

If a, b,c are any three vectors
Then, la+b+c®20
O lal*+|b|*+|c|*+2ab +b[d +c &) >0

Chap 02 Product of Vectors

O a[b+b|]:+cﬁz_?l(\a|z+|b|2+|c|2)

Given,|a=b [*+|b—c|* +/ca|* =9

161

Olal*+/b|*-2alb+/b|*+c|* 2bd Hc|* Ha|* 2c & =9

0 6-2@lb+ble+c@) =9
a al])+b|]:+cB=—%

Also, a[b+bB:+c|32_71(|a|2+|b|2+|c\2)

3

2
From Egs. (i) and (ii), ]a+b+c| =0
as aB+bld+ chlis minimum when|a+b +c¢|=0
O a+b+c=0
0 [|2a+5b+5c| = 2a+5(b +c)|=[2a—5a] =3
188. Leta=i+j+2k, b=1+2j+k

andc:i+j+lA(

0 A vector coplanar toa and b and perpendicular to ¢
=A@ xb)xc =A{alt)v—(bk)a}
=SA{a+1+4)( +2j+k) - +2+1)(1 +]j +2k)}
=Afei+12] +6k —6i —6j —12k}
=A6j-6kl=6r{j -k}

1
For, A = . O Option (a) is correct.

—_

and for A = —— [ Option (d) is correct.

=)

189. Letv=a + b
v=(1+A)i+(1-N)ja+a)k

1
Projection of vonc=—
: 5
O vie_ 1
[e] 3
0 1+A)=(1-=-A) -1 +A) _ 1
V3 NE)
O 1+A-1+A -1-\ =1
0 A- F 1
D = 2
o v=3 i—j +3ﬁ
190. AB=2i+10j+11k
AD = -i +2j +2k
D C
i
o
A0
A B
Angle ‘0’ between AB and AD is
COS(e) = Lm
|AB||AD|

[lal=Ib[=[e]=1]

()

...(i)
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_[2+20+22] _8 O sin@) = ﬁ 194. The volume of the parallelopiped with coterminous edges as
T as)E) | 9 - YTy a,b,¢is givenby[abe] =4 b x¢)
Since, o +6 =90° 4
O cos(0) = cos(90° —8) =sin(0) = g
191, mpg =, mgg =, myg = =3, mgp = -
. me —g, mgg —g, mRQ = 3, Mmgp = 3
S(-32) R(3,3)
ald alb alk 1 1/2 1/2
P(-2,-1) Q4,0 Now,[abeé?=|ba b bR|=[1/2 1 1/2
0 Parallelogram, but neither A e el vz 1z 1
PR = SQ nor PR 0 SO. . [536]221Q_;@_;g_;@g@_%:g
O So, it is a parallelogram, which is neither a rhombus nor a 45 2 45 2 24 2
rectangle. o Thus, the required volume of the parallelopiped
192. From the given information, it is clear thata = 172) = % cu unit
2
U la|=1[b[=1alb=0 195. Given, OP =4 cost + bsin ¢

Now, (2a +b) [a Xb) X(a —2b)] — 5 ——— —
=(2a+b)Ja’b —(a(B) @ +2 b* @ —2(b @) [B] 0 |OP|=\/(aI3)cos t+(bb)sin“t +2a Bsint cost

=[2a +b] b +2a] = 422 + b 0 | OP| =41 + & bsin 2t

=40+1=5 [asalb =0] 0 |OP|y=M=y1 +abatsin2e=10 r=_

193. Let angle betweena and bbe 8;, ¢ and d be 8, anda x b and T[ . R 4

bxd be 6. At t=—,0P=—=(@ +b)

Since, (axb) Mexd) =1 [ sin6, Bin6, Eosd = 1 4 2 o

O 0 ,=909 ,=909 =0° UnitvectoralongOPat%IEQZSiE'

O a0b, & d,(@axb)||(cxd)

So, axb=k(cxd) andaxb =k(cxd) 196. Since, PQ is not parallel to TR.

0 (axb)lé =k(cxd)@and(axb)[d =k(c xd)d T S

a [abe]=0 and [abd]=0

O a, b, canda, b, d are coplanar vectors, so U R

options (a) and (b) are incorrect.

Letb|| d Okt d

As  (axb)lexd) =1 0 (axb)dcxb) ==+1 P Q

0 [axbcb] =1 O [cbaxb]=z%1 - TR is resultant of RS and ST vectors.

O PQ (RS + ST) #0.

But for Statement II, we have PQ XRS =0
which is not possible as PQ not parallel to RS.

O cbx@xb)]=x1 O cla—-(b@)b]==%1
a cd=%x1 [~ alb=0]

Which is a contradiction, so b

: X Hence, Statement I is true and Statement II is false.
option (c) is correct.

Let option (d) is correct. 197. Since, given vectors are coplanar

d d=*a and c=%b R 1

As  (axb)exd) =1 NS T 0 1 =N 1 [=0
O (axb){(bxa) =%1 1 1 =N
Which is a contradiction, so option (d) is d' c O A% 2-2=0
incorrect. O @+AH*\*-2)=0 0N+ 2

Alternatively options (c) and (d) may be observed from the
above figure.



198.

199.

200.

201.

202.

Since, a, b, ¢ are unit vectors anda+b+ ¢ =0, then
a, b, ¢ represent an equilateral triangle.
O axb =b Xc =c¢ xa #0.

Let vector AO be parallel to line of intersection of planes P,
and P, through origin.
Normal to plane p; is

n, =[] +3k) x(4j -3k)] = 18i
Normal to plane p; is

n, =(j - k) x@3i +3j) =31 3j 3k
So, OA is parallel to * (n, Xn,) =54 j — 54k.
0 Angle between 54 (j — k) and (21 + j —2Kk) is

cosO == 4+108§—+L
'gmﬂ/i T2

O e:ESJ[

>

4 4
Hence, (b) and (d) are correct answers.

Let vector r be coplanar to a and b.

g r=a+tb

O r=(+2j+k) +:(i -j +k)
=1 +0i+@ -1)j +a +Hk

1
The projection of r on ¢ =—=[J

5 [given]
rlt 1
O - =
le| 3
g N+p+1ie-H-1@+nH|_ 1
V3 V3
O @-t)=x1 0 t=1 or 3
When, t =1, we have r:21+j+2f(
When,t=3,wehaver=4i—j+4f(
Since, b, = b—ga, b, = b+2a
|a] [a]
and c¢= —ga—%b, c2=c—%a—cuzlbl
EY |b| |a] |b|
cy = —ﬁa——cuj2 c —a—ﬁa
T e P

which showsa [(b;=0 =a [& =b, [d,
So, {a, by, ¢,} are mutually orthogonal vectors.
As we know that, a vector coplanar to a,b and orthogonal to ¢
isA{(axb) x¢g .
0 A vector coplanar to (21 + j + ﬁ), G-3+ ﬁ) and orthogonal
to3i +2j + 6k
=M [{@i + ]+ k) x( -] +k)} x (i +2j +6k)]
=M [@i -§ -3k) x(3i +2j +6k)]= A (21 -7k)

21 - 7k)

1) +(7)*
_,Gi-k

NeU)

[J Unit vector =+

203.

204.

205.

206.

207.

208.
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We know that, volume of parallelopiped whose edges are a,b, ¢
=[abc].

1 a1
0 [abc]=[0 1 a|=1+d® -a
a 0 1

Let f(a)=a’ -a+1
O f'(@=3*-1 0 f"(a)=6a
For maximum or minimum, put f'(a) = 0

1 1
Oa=% = which shows f(a) is minimum at a = — and

NG

maximum at a __ﬁ'
We know that,a X (a X b) =(a [b)a —(a )b
0 (+j+kxG-k=i+j+k) 3)b
0O - 2% ¥ k¥ j k 3b03b=+3i
0
Given, V=2i +j -k and W=i +3k

[UVW]=U2i +j -k) x(i +3k)]

=U Bi -7j —k)=|U|31 -7j —k|cos®

Which is maximum, if angle between U and 31 — 7] — kis0

=i

o

and maximum value
=31 =7j —k| =459

Since, (a+2b)(ba—4a) =0
0 5|al®+6aB —8|b|* =0
O 6alb=3 [-]al=|b|=1]
O cos@ =% de= 6d
We have,a =2i + ] -2k
O |a|=4+1+4 =3
and b=i+j0|b|=1+1=42
Now, lc—a|=30]c-al*=9
O (c —a)[lc —a) =9
0 |c|*+a*~2c@ =9 )
Again, laxb|xc|=3
0 laxb||c|sin30°=30|c|=—2
laxb]|

ij k
But axb=[2 1 -2|=2i -2 +k

11 0
O o] ——2 =2 (i)

Jivar1
From Egs. (i) and (ii), we get
(@*+B)Y?-2c@=90 4+9-2c@=90 c@a=2
Use the formulae, ax(b x ¢) =(a [¢)b —(a [B) ¢,
[abc]=[bca]=[cab]
and [aab]=[abb]=[acc]=0
Further, simplify it and get the result.
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Now,[a Xbb Xcc Xa]
=axb [{(b xc) x(c xa))
=a xb [(k xc xa))
=axb (k@) c—-(kld)a]
= (@xb){(b xcld)c —(b xc [d)a)
=(@axb)[bca]c) -0
=axblt[bca]=[abc][bca]
=[abc]?

Hence, [aXbb xcc xa] =A[ab c]?

ad [abc]*=A[abc]?

ad A= 1

209. Given that,

(i) a and b are unit vectors,
iela|=|b| =1

(ii) c=a +2bandd =5a — 4b

(ili) ¢ and d are perpendicular to each other.

ie.cld =0
To find Angle between a and b.
Now, cld=00 (@+2b)l(ba—-4b)=0
0 5a@a-4ab +10bEd -8bDH =0
g 6alb=3
g alb=

So, the angle between a and b is

Wl o=

210. Given,
(i) A parallelogram ABCD such that AB = q and AD = p.

(ii) The altitude from vertex B to side AD coincides with a
vector r.

To find The vector r in terms of p and q.

Let E be the foot of perpendicular from B to side AD.

AE = Projection of vectorqonp =q [p = %
P
b c
E
p r
A B

q
AE = Vector along AE of length AE

U _(a)p
:|AE|AE = p=—"=-—"—
e8P ppr
Now, applying triangles law in AABE, we get
AB+ BE=AE
(@b)p o  _@hp _

Ipl° B

0 qtr= q

[Here, k =b x ¢]

[+[bxc&] =0]

{-[abc]=[bcal}

211. a:ﬁ(3i+f<) and b:%(zi +3j-6Kk)
O (2a-b){@ xb) x(a +2b)}
=(a —b)d(a xb) xa+ (a xb) x2b}
=@a-b)Jal@)b-(b@A)a
+2@b)b-2(bb)a}
=@a -b)d1(b) —(0)a+2(0)b-2(1)a}
[asalb=0andala=b[b =1]
=(a —b)(b —2a)
=—(4]al* —4a b +|b)*)=-{4-0+1}=-5

212. Given, alb#0, ald =0 ()
and bxc=b xd
O bx(c-d)=0
0 b|l(c—d)
O c—d=MAb
O d=c-Ab ...(id)

Taking dot product with a, we get
ald=ale-Aalb

0=alt-A(alb)
_alk
0 )\_aEb ...(iif)
O d=c—(a|:é)
(alb)

213.Givena=pi+j+kb=i+g +kandc=1+]+rkare
coplanarand pZq #Zr Z 1.
Since, a, b and c are coplanar.

O [abec]=0

p 11
0 1 g 1/=0

1 1 r
O plgr—-1)—-1(r—-1) +1(1 —q) =0
g pqr—p-r+1+1-q =0
u pgr—(p+q+r)=-2

214. Wehave, a xb +¢ =0
aX(aXxb)+a xc =0
(alb)a—(a@)b+a xc =0
3a—2b+axc =0
2b =3a+a Xc
2b=3j-3k -2i —-j -k=-21 +2] -4k
b=-i+j—2k

Ooooog

215, Since, the given vectors are mutually orthogonal, therefore
alb=2-4+2 =0

ald=A-1+2u =0 (i)
and bld =2\ +4+u =0 ..(ii)
On solving Egs. (i) and (ii), we get

M=2and A = -3
Hence, A1) =(-3,2)

216. Since, [3u pv pw]—[pv w qu] —[2w qv qu] =0
03p?[ullv x w)] = pq [vIw xu)]
-2¢" [w v xu)] =0



217.

218.

219.

220.

221.

0O Gp"~pqg+2q")[u v xw)] =0

But [avw]Zo0
O 3p? - pq +2¢° =0
O p=q=0
Given that, b=1i+ jand ¢ =) +k

The equation of bisector of b and ¢ is

B O+ j+kO
r—)\(b+c)—)\%+ «/5%
:%(i+zj+f<) ...(0)

Since, vector a lies in plane of b and c.
g a=b+c

A e
O —q@

5
On equating the coefficient of 1 both sides, we get

A
=10 A=42
2

On putting A = +/2 in Eq. (i), we get

+2j+k) =@ +j) +p(j +k)

r=i+2j+k
Since, the given vector a represents the same bisector equation
I.

O o= 1 and B=1

Since, (2u X 3v) is a unit vector.

a [2u X3v| =1

ad 6|ul| v||sinB|=1

O sin 6 :% [ a=[v| =1]

Since, 0 is an acute angle, then there is exactly one value of 6
for which (2u % 3v) is a unit vector.

Since, given vectors v, b and c are coplanar.

1 1 1
0 1 -1 21=0

x x—2 -1
O 1{1-2(x-2)} —1(-1 —2x) + 1(x -2 + x) =0
O 1-2x+4+1+2x +2x -2 =0
g 2x=-4 0 x=-2
Since, (axb)xc =aX(b xc)
0 (d)b-(bd)a=(ldb-(ab)c
a (bl&)a =(alb)c
a a =(a tb)

(bLe)

Hence, a is parallel to c.
Since, position vectors of A, B, C are 2i - j + lA< i- 33 -5k and

ai-3j+ k, respectively.

Now, AC =(ai-3j+k)-(i -] +k)
=(a -2)i-2]
and  BC=(ai-3j+k) -(i -3j -5k)

=(a-1)i +6k
Since, the AABC is right angled at C, then
ACBC=0

222,

223.

224,

225,

226.
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O {a-2)i-2j}0@-1)i +6k} =0
O (@=2)a-1)=0
0 a=1 and a=2
Line is parallel to plane as

(-j+ak)@i+5j+k) =1 -5 +4 =0
General point on the line is

AN+2,-A —=2,4\ +3).
For A = 0, a point on this line is (2, -2, 3) and distance from

rii+5] +]A() =5 0r x +5y +z =5is

g sPF3C2 *3 -5, 07100, 10
0 J1+25+1 [ (B30 343

Leta =ali +azj +a3lA(

Then, a><i=—a2]A( +as ]

axj=ak-ai
aXRZ—alj+a2i

0 @xi)’+@ xj)’ +@ xk)’

a§+a§+a12 +a§ +a12

=2(@’+a?

Given that, [A@ +b) A°p Ac]=[a b+c b]

Aa, + b)) A(ay +by) Aas +b3)

2
+a,

+a§)=2a2

O] N A°b, A?b,
Ac Ac, Acs
9 a; as
=lbyte byt byt
by b, by
a; 4d; d4s a; a4z d4s
O A b, by|==|by b, b
G G G G G G
0 A t=-1

So, no real value of A exists.
Given, vectors are
a=i-k b=xi +j+( —x)lAc
and c=yi+xj+Q +x—y)lA(
1 0 -1
0 [abce]=|x 1
y x 1l+x-y

1—-x

Applying C; — C3 + G}, we get

1 0 0
=lx 1 1 |[=1(1+x)—-x=1
y x 1+x

Thus, [a b ¢] depends upon neither x nor y.

Since, |u|=1,|v|=2,|w|=3

M
The projection of v along u = v—|
u

and the projection of w along u = W—E‘i
u



166

227.

228.

229.

230.
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According to given condition,

VB _wi
jul ]

a v =w (1)

Since, v,w are perpendicular to each other.

O viv =0 ..(if)

lu=v+wl* =[ul® +|v]* +|w/*
—2ul-2viw+2uld

O |u-v+w]?=1+4+9 —2u ¥ +2v il

[from Eqs. (i) and (ii)]

Now,

O |u-v+wl*=1+4+49
O Ju-v+w| =414

Given that, %|b\|c|a =(@xb) xc
We know that,
(@axb)xc=(ald)b—(bd)a
O §|b\|c|a =(ale)b—(bld)a
On comparing the coefficients of a and b, we get
§|b\| c|=-bltandale =0
0 §|b||c|=—|b|\c| cos 0
1 . 2 1
d cos@=—-—- [0 1-sin“0=-
3 9
ad sin® @ =8
o
. 2+/2 [ i
O sin@ =— 2 0<0<—
3 H 2
Total force, F = (41 +j —SR) +(31 +j —R)

0 F=7i+2j -4k
The particle is displaced from A(i +2] +3Kk) to B(51 + 43+ k).
Now, displacement,
AB=Gi+4j+k —(i+2j+3k=4i+2j-2k
UWork done = F[AB
=(71 +2j —4k) [4i +2j —2k)
=28 + 4 +8 =40 units
(ut+v -w) [(u -v) x(v -w)]
=(utv-w)JuXv —uxw —-v xv +v 3]
=ulluxv)-ull xw)+u [ xw) +v { xv)
—vQuxw)+vvxw)-wllh xv)+wlxw) —w I xw)
= ul Xw —v il Xw ~w 0l xv {la,a b] =0}
=uldxw +w il Xv -w U xv = uld xw

Given that, |a|=1,|b|=2,|c|=3

and atb+c =0

Now, (a+b+c)® =|al* +|b|* +|c|*+2ab+b[¢ +c @)
O 0=1"+2?+3*+2@ B +b [d +c )

a 2@ +ble+c@) =-14

ad alb+bl¢+cld =7

231. Vector perpendicular to face OAB is n,.

AY
B@2,1,3)
0 A1,2,1)
C-1.12
z A
1 j k
=O0AxOB=|1 2 1|=5i-j-3k
21 3
Vector perpendicular to face ABC is n,
i j Kk
ZABxAC=|1 -1 2|=i-5j-3k
-2 -1 1
Since, angle between faces is equal to the angle between their
normals.
h 5x1+(-1) X(-5) +(-3) X( 3
T Y (1) X(5) +(3) ()

Ini[ng] 57+ (-1)? + ()7 (17 +(5) +(3)

=259 19 0 6=cos* gﬁ@
V35435 35 5
232. Given that, u :i+j, v :i—j,w:i+23+3 lA(,

ulh=0 and vlh=0
. _ uXv
ie. n=

lux vl

Pk
Now, uxv=1 1 o0|=0i-0j-2k ==k

1 -1 0

N iy
O m[m:M:' ok| _,
luxv] |-2K]
[ wu xw) =@ +2j +3k) 0-2k) = -6k]
Hence, |wlh|=3
233. Given two vectors lie in XY-plane. So, a vector coplanar with

them is a=xi+ty]
Since, a OG- j)
O (xi+y)) [ -j) =0
O x=y=0
0 x=y
| a=xi+xj
and 4aj=x* + x* =x2

0 Required unit vector
_a _xi+tj)_ 1 .

Tl ek Y
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Session 1

Introduction, Position Vector of a Point in Space, Shifting
of Origin, Distance Formula, Section Formula,Direction
Cosines and Direction Ratios of a Vector, Projection of the
Line Segment Joining Two Points on a Given Line

Introduction

Let OY and OZ be two perpendicular lines which intersect
at O and let a third straight line OX be perpendicular to
the plane in which they lie. The three mutually
perpendicular lines form a set of coordinate axis. They
determine three mutually perpendicular planes called
coordinate planes.

Remarks

1. The axes to coordinate form a right handed set (in the figure)
i.e. aright handed screw, driven from O to X would rotate in the
sense from OY to OZ.

2. The points A Band Care the orthogonal projections of P on the
X, Y and Z-axes.

3. Points L, Mand N are (x, 0, 2), (x, y,0),(0, y, z)and A Band C
are (x,0,0),(0, y,0), (0,0, z), respectively.

Position Vector of a Point
in Space

Let i, j, k be unit vector (called base vector) along OX, OY
and OZ, respectively.
Let P(x,y,z) be a point in space, let the position of P be r.
Then, r=OP=0M + MP
=(0OA+AM)+MP=0A+0B+0C
r=xi+ yj +zk

Thus, the position vector of a point P is, xi +yj +zk.

ALZ
C
~ N
Ak
L P(xy 2)
z r/,?”
] Ly
X0 <Y B
i S~
A M

X

Signs of Coordinates of a Point in Various Octants

Octant/
Coordinates

OXYZ OX'YZ OXY'Z OXYZ OX'YZ OX'YZ' OXY'Z OX'Y'Z

x + - + + - - + -
y + + - + - + - -
z + + + - + - - -
Note
Any point on X-axis = (x,0,0)
Y-axis = (0, y,0)
Z-axis =(0,0, z)
XY-plane =(x, y,0)
YZ-plane = (0, y, z)
ZX-plane = (x, 0, z)
O OP = x° + y? + 7°

Example 1. Planes are drawn parallel to the coordinate

planes through the points (1,2,3) and (3, -4, - 5). Find

the lengths of the edges of the parallelopiped so formed.
Sol. Let P =(1,2,3),Q =(3,-4,—5) through which planes are

drawn parallel to the coordinate planes shown as,

i E D

Q(3,-4,-5)

P(1,23)




UPE =Distance between parallel planes ABCP and FQDE,
i.e. (along Z-axis)

=|-5-3| =8
PA =Distance between parallel planes ABQF and PCDE,
i.e. (along X-axis)

=|3-1] =2
PC =Distance between parallel planes BCDQ and APEF,
i.e. (along Y-axis)

=|-4-2]=6
U Lengths of edges of the parallelopiped are 2, 6, 8.

Shifting of Origin

Shifting the origin to another point without changing the
directions of the axes is called the translation of axes.

Let the origin O(0, 0, 0) be shifted to another point
O'(x',y",Z ) without changing the direction of axes. Let
the new coordinate frame be O' X'Y' Z . Let P(x,y,z) be a
point with respect to the coordinate frame OXYZ. Then,
coordinate of point P with respect to new coordinate
frame O' X'Y' Z is(xy,y;,2,), Wwhere x; =x —x/,

yi=y-y,z1=z-z'
o

Example 2. If the origin is shifted (1,2, — 3) without

changing the directions of the axis, then find the new
coordinates of the point (0,4, 5) with respect to new
frame.
Sol. In the new frame x' = x = x, y' =y = y;, 2’ = z — z;, where
(%1, ¥1, 21) is shifted origin.
0 X=0-1=-1,
Yy =4-2=27=5+3=8
Hence, the coordinates of the point with respect to the new
coordinates frame are (- 1, 2, 8).

Distance Formula

The distance between the points P(x,y;,z;) and
Q(x5,y4,2,) is given by

PQ=\/(x2 =x1)? (2 —y1)? *Hzy —z)°

169
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Proof. Let O be the origin and let P(x,,y,,z;) and
Q(x,,y2,2,) be two given points.

‘LZ
Q X, Y21 20)
/
/
/
/
/
/ 2P X4, Y1, 29)
’ ,’/
7 Pt
/ -
P
’ Pt
/ -
[
L >y
)

X

The, OP=xli+y13 +z,k

0Q=x,i+y,]j +z,k

Now, PQ = Position vector of Q — Position vector of P
=0Q-0P
=(x51+y,j +2,k) ~(x,1 +y,j +z,k)

=(x; = 951)i +(y, _yl)j +(z, _Zl)f(

0 PO =|PQ]|

:\/(xz =x1)? Hy, —y1)? Hzy —z1)?

Hence, PQ :\/(xz -x;)? +(y, _3’1)2 Hz, —z,)°

Example 3. Find the distance between the points
P(=2,4,1) and Q(1,2, = 5).

Sol. We have, PQ =+/(1+2)> +(2 —4)* H -5 -1)°
PQ = 3% +(=2)" +(—6)’
=9+ 4 +36
=49 =7
Example 4. Prove by using distance formula that the
points P(1,2,3), Q(—=1,—1,—1) and R(3, 5,7) are collinear.
Sol. We have,
PQ :\/(—1 -1)? +(-1 =2)* { -1 -3)°
=J4+9 +16 =29

OR =3 +1)? +(5 +1)? +7 +1)°

=,/16 +36 + 64
=116 =229

and PR =3 =1) +(5 —2)° +7 -3)’
=J4+9 +16 =29

Since, QR =QP +PR

Therefore, the given points are collinear.
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Section Formula

1. Section Formula for Internal Division

Let P and Q be two points whose position vectors are r;
and r, respectively. Let R be a point on PQ dividing it in
the ratio m : n. Then, the position vector of R is given by
_ mr, t nr

m+n

Proof. Let O be the origin. Then, OP=r;,0Q=r, and
OR=r
PR
Now, o n
RO n

nPR=mRQ
n(OR - OP) =m(0Q — OR)
n(r-r)=m(r, —r)
(m+n)r =mr, +nr

mr, + nr;

O 0O o0oo0od

m+n

Corollary

Mid-point formula Let P and Q be two points whose
position vectors are given by r; and r, respectively. Then,
the position vector of the mid-point R of PQ is given by,
_ntn

.

T

2. Section Formula for External Division

Let P and Q be the points whose position vectors are r;
and r, respectively. Let R be a point on PQ dividing it
externally in the ratio m : n. Then, the position vector of R
is given by,
_mry —nr
r=—2 "1
m-—n

Proof. Let O be the origin. Then, OP=r;,0Q=r, and
OR=r

PR

Now, —=
OR n

0 nPR=mQR
g n(OR — OP) =m(OR - 0Q)
O n(r—r;) =m(r—r,)
O (m —n)r =mr, —nry
0 = Unr, —nr; O
m-n
R
ra \\\\
g
r
&
d > P

Corollary 1. If R(x, y, z) is a point dividing the join of

P(x1,y:1,2z1) and Q(x,, y4,2,) in the ratiom : n.

— my, +ny,
m+n

mx, +nx,

mz, tnz,
Then, x = z =

m+n m+n

Corollary 2. The coordinates of the mid-point of the joint
of P(xq,y1,2z)and Q(x,,y,,2z,) are
[y +x2 y1+y, 21 2z, [

3 5

2 2 2

Corollary 3. The coordinates of a point R which divides
the join of P(x4, y1,2,) and Q(x,, y,, 2z, ) externally in the
ratiom :n are

Unx, —nx, my, —ny, mz, —nz;

m-—n m-—n m-—n

Corollary 4. The coordinate of centroid of triangle with
Vertices(xlﬁybzl)’(xZ’yZ’ZZ)s (x3’y3523)is
[y ¥ xp ¥x5 y1 +y, +ys 21 +2, +25 (]
3 | 3 ’ 3 .
Corollary 5. Centroid of tetrahedron with vertices

(X1, ¥1,21 ) (X2, ¥2,22), (X3, 3,23), (X4, V4, 24) 18
Loy txy +x3 x4 y; ty, tys tyy

5 3

4 4

zytzy tzg +z, 0
4 .
Example 5. Find the ratio in which 2x + 3y +5z =1
divides the line joining the points (1, 0, - 3) and
(1,=5,7).
Sol. Let 2x + 3y +5z =1divides (1,0, —3) and (1, — 5,7) in the
ratio of k : 1 at point P.




+ -_—
Then, P = @f L =k k= 3Hwhlch must satisfy
+1 k+1 k+1

2x +3y +5z =1
0 2E7<+1D+3D—5kD+5EVk—3D=1
a0 P B B

O 2k +2 —15k +35k =15 =k +1

0 21k =14 [ kzg

O 2x + 3y + 5z =1, divides (1, 0, —3) and (1, — 5, 7) in the ratio
of2:3.

Example 6. If A(3,2,-4), B(5,4,-6) and C(9,8,-10)

are three collinear points, then find the ratio in which
point C divides AB.

Sol. Let C divide AB in the ratio A : 1. Then,

E5A+3 4N +2 —6N —40
A+1 A +1] )\+1H

Comparing, 5A +3 =9\ +90r4A = -6
O A=-2
2

Also, from 4\ +2 =8\ +8and —6A —4 = —10A —10, we get
the same value of A.

U C divides AB in the ratio 3 : 2 externally.

9,8, —10)

Example 7. Show that the plane ax +by +cz +d =0
divides the line joining (xq, y1,2;) and (x5, y5,2,) in
, 0 ax;+ay, +cz; +d O
the ratio of
0 ax, +by, +cz, +d[

Sol. Let the plane ax + by + cz +d =0 divides the line joining

(x1,y1, 21) and (x4, y5, 2,) in the ratio k : 1 as shown in
figure.

ax+by+cz+d =0

+ + + z, U
[0 Coordinates of Pﬁcxz ad s ky }’1’ kzy + 2
k+1 k+1 k+1

must satisfy ax +by +tcz +d =0

k+ 1 k+ l k+
U alkx, + x;) +b(ky, +y,) +elkzy +2;) +d(k +1) =
a k(ax, + by, + cz, +d) +(ax; +by, +cz; +d) =
(axy + by, +cz; +d)
(ax; + by, +cz; +d)

i d=0
0
0

g k=-
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Remark

Students are advised to learn above result as a formula i.e.

ax + by + cz +d =0divides join of (xq, y;, ;) and (X, Vo, Zp) in
ratio of — (&1L * by + ¢z, + )

(ax, + bys + C2Zo +d)

Example 8. Find the ratio in which the join of (2,1, 5),
(3,4,3) is divided by the plane 2x +2y —2z =1 =0.
Sol. Using above result,

_{e(2)+2(1)-26) -1}

Required ratio
2@)+2(4) -20) -1}

_fo-11) _-5
{a-7y 7
O 2x + 2y —2z —1 =0divides (2,1, 5) and (3, 4, 5) externally in

ratio of 5: 7.

Direction Cosines and
Direction Ratios of a Vector

1. Direction Cosines (DC's]

If a, B and y are the angles which a vector OP makes with
the positive directions of the coordinate axes OX, OY and
OZ respectively. Then cos 0, cos 3 and cos Y are known as
direction cosines of OP and are generally denoted by
letters [, m and n, respectively.

4

A

Py 2)

X

Thus, [ =cosa;m =cos 3; n =cos Y. The angles a, Band y
are known as direction angles and they satisfy the
condition0 £0a,B,y <7

It can be seen form the figure

x
cosOl = —
OP
.. _Yy
Similarly, cos 3 =op
z
cosy =—

or
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[0
O X

> X

Where, OP is the modulus of positive vector of P.
OP =4/x* +y2 +2°

So, I* +m® +n® =cos® a +cos” B +cos® y

Clearly,

_xz +y2 +zz _x2 +y2 +22
OP*

=1
2 +y2 +22

O *+m? +n® =cos® a +cos® B+cos’ y =1
oIf
Then,

OP=r=xi +yj +zk

t=li+mj+nk
By definition it follows that the direction cosine of the
axis x are cos 0°,cos 90°, cos 90°, i.e. (1, 0, 0).

Similarly, direction cosine of the axes Y and Z are (0, 1,0)
and (0,0, 1), respectively.

2. Direction Ratios (DR's]

Let [, m and n be the direction cosines of a vector r and a, b
and c be three numbers such that a, b and ¢ are
proportional to [, m and n

I m _n

ie. —=—=—=k
a b ¢
or (I, m,n) =(ka, kb, kc)
O (a, b, ¢) are direction ratios.
-1
IfDl 10

,—, —[Jare direction cosines of a vector r, then
NN
its direction ratios are (1, —1,1) or (= 1,1, —1) or (2, —2,2) or

(A, =AM ete.

It is evident from the above definition that to obtain
direction ratios of a vector from its direction cosines, we
just multiply them by a common number.

“That shows there can be infinitely many direction ratios
for a given vector but the direction cosines are unique”.

To obtain direction cosines from direction ratios.

Let a, b and ¢ be direction ratios of a vector r having
direction cosines [, m and n. Then,

I=Aa,m=MAb,n=MAc
O > +m? +n® =1

a* N + b\ +cA\ =1

(by definition)

1
A=t —m———
Ja® +b? +¢?

a
So, =t —,
w/az +b? +c?

b
m=t—
Ja +b% +cf

c
n=t——
Ja® +b% +¢?

For example, let the direction ratios of a point be (3,1, — 2).

0 Direction cosines are

O

a 3 1 2 H
E\/?)z +12 +(-2)? ’\/32 +12 +(-2)? ’\/32 +12 +(_2)2E

qg3 1 20
SUVRNYRENYIs
3. Angle between Two Vectors in Terms of

Direction Cosines and Direction Ratios

Let a and b be two given vectors with direction cosines /;,
my, ny and l,, m,, n, respectively. Then,
a=li+m,j+n,kand b=1,i+m,]j +n,k

(b

OcosB = a2 , where 0 be the angle between a and b.

la| b

_| lli+m13 +”11A<| [Dlzi +mzj +n2f(|

O cos 0 =— = — x =
|Li+mj+nk|[Lit+myj+nkK]|
L, +mm, +nn
0 cos B = 1l 1My +yn,
JE +m? +n? 12 +m? +n}
0 cos B =11, +m;m, +nyn, [ 12 +m? +n* =1]
Also, sin’0=1-cos® 0

=(If +mi +ni) (I} +mj +n3)

= (L, +mym, +nyn,)?

O sin® © =(myn, _mznl)z +(nyl, _”211)2 +(lym, _lzml)z

0 sin® :+\/(m1n2 —myny)? +(nyly —nyly)°

+(lymy —l,m,)°

Remarks
1. Acute angle 8 between the two lines having direction cosines
Ly my, nyand lo, moy, Ny is given by
cos 0 =| hly +mmy +rn, |

sin® :\/(/1/7’72 =lom)? + (M = mon)? +(midy —=noly)?



2. Ifa, b, c; and &, b, ¢, are the direction ratios of two lines, then
the acute angle 8 between them is given by

| aa, + bib, + 0|
&+ 00 +cf & + 0]+

J(abg — ay)? + (b, —byey)’
sin@ =

cos B =

+ (@ - ca)”
Na + B0+ a5+
3. The two lines with direction cosines /;, my, n, and
I, my, np are perpendicular to each other if 6 =§

O cos 8 =//y + mymy +nn, =0
4. The two lines with direction cosines /;, m;, n, and
lo, My, Ny are parallel to each other if@=0

or nmdsin®=0
O (myny =men)? + (s = nol)? + (hmy =1omy)? =0
O /i = ﬂ = ﬁ

lo my
5. The angle between two lines having direction ratios &, b, ¢
and a, by, ¢, is given by
aa + bb, + ¢y
V(@ + 6+ cf & + 65 +c))
Thus, the two straight lines are perpendicular, if
aa + biby + ¢1cp =0

cos B =

& b o

Projection of the Line Segment
Joining Two Points on a Given
Line

The projection of the line segment joining two given

points (x,,y;,2;) and (x,, ¥,, 2z, ) on the line having
direction cosines [, m, n is given by
(x, —x;) +m(y, —y,) +n(z, —z), which is clear
from the vector.

Qi Vo, 25)

A l,m,n B
PQ =(x, _xl)i +(y, _yl)j Hz, _Zl)f(
and the line AB =i +mj +nk

The projection of PQ on AB
_PQIAB _I(x, —x;) +m(y, —y,) *n(z; —z,)

- | AB | B JI +m? +n?

=l(x, =x1) +m(y, —y1) +n(z, —z1)

Clearly,
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Example 9. What are the direction cosines of a line
which is equally inclined to the coordinate axes?

Sol. If a, B and Yy are the angles that a line makes with the
coordinate axes, then if they are equally inclined.

O a B ¥

Also, 2+ m?+n®=1
O cos’ 0 + cos’P + cos’y =1
a cos’ o +cos’a + cos’a =1
g 3cos’a =1
1
O cosa Ziﬁ:cosBZCOSV
. . . 1 1 1
0 Direction cosines are =y =
3743743
or

%L L _LQ
NG IRVE)
Example 10. If a line makes angles a, B and y with
the coordinates axes, prove that
sin®a +sin? B +sin’y =2,
Sol. Let [, m and n be the direction cosines of the given vector.
Then, [ =cosd, m=cosf3,n=cosy
Now, >+ m?+n® =1
cos? ot + cos’P + cos’ y =1
1-sina +1 =sin”B +1 —sin’ y =1
sin o +sin® B +sin’y =2
Example 11. A line OP through origin O is inclined at

30° and 45° to OX and OY, respectively. Find the angle
at which it is inclined to OZ.

Sol. Let I, m and n be the direction cosines of the given vector.

PP+ m?+n* =1

where, o =30°%B =45°
O cos?a + cos’P + cos’ y =1
O cos? 30° + cos® 45° + cos® y=1
00 g1 g
O 1— + Q\/—, +cos’y =1
2 H 2 Y
3 1
O cos’y =1 -= —=
Y 4 2
4-3-2
u cosfy=—" =
v 4
1
O cos’y = _Z which is not possible.

0 There exists no point which is inclined to 30° to X-axis and
45° to Y-axis.
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Example 12. Find the direction cosines of a vector r
which is equally inclined to OX, OY and OZ. If |r | is
given, find the total number of such vectors.

Sol. Let [, m and n be the direction cosines of r.

Since, r is equally inclined with X, Y and Z-axes.

0 I+ m?+n? =1

a 312 =1 (cl=m=n)
1

a =+ —
3

. . . 1 1 1

ODirection cosines of r are + —, + — + —
37T 3T

Now, r=|r|(i+m]+n ]A()

1
0 r Qx jt 71(@
Since, ‘“+” and ‘= signs can be arranged at three planes.

There are eight vectors (i.e. 2 X 2 X 2) which are equally
inclined to axes.

Example 13. If the points (0,1,-2), (3,A,— 1) and
(4, — 3, —4) are collinear, verify whether the point
(12,9,2) is also on the same line.

Sol. Let the points be A, Band C, whose coordinates are
(0,1,-2),(3, A, 1) and (M, -3, — 4) respectively.

Let D =(12,9,2)

ODRsof AB=(3-0,A -1, =1 +2)
=3, A-11)

DR’sof AC=l-0,-3 -1, -4
=, -4 -2)

Since, A, B and C are collinear.

—=(-2))

ad p =-6 =3
0 Direction ratios of AB are (3, 2, 1).

Now, direction ratios of AD are (12 — 0,9 —1,2 —(2)) or (12, 8, 4)

Here’ i:g:l
12 8 4
O AB|| AD

Since, AB and AD lie on same straight line.

Hence, the point (12, 9, 2) is on the same line.

Example 14. A vector r has length 21 and direction
ratios 2, — 3, 6. Find the direction cosines and
components of r, given that r makes an obtuse angle
with X-axis.

Sol. Here, direction ratio’s are 2, — 3, 6.

= 3A, 6M).
(1P +m? +n? =1)

ODirection cosines can be written as (2A,

@N)? + (=3N)% +(6M)* =1

where,

as 4902 =1

O A=F

2 _3
[0 Direction cosines are @t ;, + ;

I+
-
I

But it makes obtuse angle with X-axis [0 [<0.

6
[0 Direction cosines are 7@

Also,

O r:21§—§i+§j —éfcg
770 71

r=3(-2i +3j -6k)

r=|r|(li+mj+nk)

(given,| r| =21)

So, the component of r along X, Y and Z-axes are — 61, 9j and
— 18k, respectively.

Example 15. Find the angle between the lines whose

O
direction cosines are B—£ 1, ﬁmand
[l 4 2 [
0 V3 1 430
D_i’f’ilj
O 4 4 20

Sol. Let 0 be the required angle, then
cos 0 =41, + mm, +nn,
3,1 . 3_1

16 16 4 2

0 0059:—% e = 120

Example 16.
(i) Find the angle between the lines whose direction
ratios are 1,2, 3and -3, 2, 1.
(i) Find the acute angle between two diagonal of a
cube.

Sol. (i) Let O be the required angle, then

1X-3+2%X2+3 X1 _4 _2
cosB = =— ==
JI+4+9 1+4+9 14 7

O 8 =cos™* %@

(ii) From the figure given below, the direction ratios of the
diagonals OP and CD of a given cube are given by

-0,a—-0
—-0,0—a

a—0,a
and a-0,a
and hence their respective direction cosines are
a a -a
\/az +q’ +a2, \/az +a? +az’ \/a2 +a? +a
1

ie.TT

%M



V4
C(0,0,a
( ) I(:' |
>0 aa
F P\@?’
(@ 0,a)
B|(0,a,0)
O
D
A(a,O, O) (av a, O)
X
a a —a

and , X
\/az+a2 +a° \/az+a2 +a? \/az+a2 +q*
. 1 1 -1
ie.— — —
NERRVERRG]
Let O be the angle between these diagonals, then
1 1 1 1 1 -1_1 1
cos@ =— x =

BB BB BB s s
06 =cos ! %@

Example 17. Find the angle between the lines whose
direction cosines are given by [ +m +n =0 and
21* +2m* —n* =0.

Lot
303

Sol. I + m?* +n? =1
Il+m+n=0 (1)
21 +2m* —n* =0 (i)
21+ m*)-n* =0
20-n®)=n* 0 3n*=20 n::r\g (i)

212 + m*) =n® =(-( +m))? (iv)

O 21 +2m® =1* +m® +2Im
O PP+m?-2lm=0
a (I-m¥=0 0 I=m
g l+m=¢\ﬁ
3

O a=7 |2

3

1 1
0 =2 —m=+—

V6 NG

U1

Direction cosines are L \Emandml ,L,—\ED
He Y6 V30 Hie 76~ V30
or H N \Pmandm N —\ED
H 76 T Vsd™H 7% "% Vst

_ 1
The angle between these lines in both the cases is cos ! % 5@
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Example 18. If the direction cosines of a variable line
in two adjacent points be |, m, nand [+ &I, m + dm,
n+on, show that the small angle 58 between the two
positions, is given by 6% = &2 + dn? + M.
Sol. We have, I +m® +n® =1
and (I +381)% +(m + dm)? +(n +n)* =1
O 12+ m? +n% + (B1)? +(dm)® H(dn)® +2(I6] +mdm +ndn) =1
O 1+00)%+Om)® +(&n)? +2(18 +mdn +n &) =1
O G2 +(m)* +(n)* =-2(1& +mdn +n &) ()
Let 80 be angle between the two positions.
cos®0 =1+ dl) +m(m + dm)+ n(n + dn)

O 1-2sin® ? =1 +10l + mdbm +ndn (i)

From Egs. (i) and (ii), we get
(®1)* +(dm)? +(dn)? =4 sin® ?

O 4gg§:l5l+m5m+n5ﬂ

0 18] + mdm +ndn =(56¥,

56 36
ince, sin > — = as50i i
%IHCG Sin 2 2 as 1s very sma Q

Example 19. If I, m;, n; and 15, m,, n, are the

direction cosines of two mutually perpendicular lines,
shows that the direction cosines of the line
perpendicular to both of them are myn, —m,n;;
mly = nsly; Imy = Lm;.
Sol. Let [, m and n be the direction cosines of the line
perpendicular to both the given lines.
O I, +mm +nn =0 and I, + mm, + nn, =0
m n

l
Solving them, we get = =
monom L Lom

m, ny, n, L, [, m
0 l _ m _ n —

mny, —myny mly —npy Lhmy —lmy

O I =k(mny —myny), m =k(ml, — nyly), n = k(lmy — lymy)
On squaring and adding, we get
12 +m? +n® =k (mny —mym)” + (mly —nohy)*} +(hmy —lymy)?
0 1 = k*{sin® 8}
where, 0 is the angle between the given lines as we know,

sin 6 :\/(a1bz _azbl)2 +(bic, _bzc1)2 +(ciay _Cza1)2

where, a;, b, ¢; and ay, b,, ¢, are direction cosines.
O 1=k*0 (- 8 =90° given)
O k=1

Hence, direction cosines of a line perpendicular to both of
them are myn, — myny, ml, — nly, [Lmy, — Lymy.
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Example 20. Find the direction cosines of the line Example 21. Let A(-1,2,1) and B(4, 3, 5) be two
Wh'Fh 15 perpen.dlcular to the lines with direction given points. Find the projection of AB on a line which
cosines proportional to (1, -2, -2) and (0,2,1). makes angle 120° and 135° with Y and Z-axes

Sol. If I, m and n are the direction cosines of the line perpendicu- respectively, and an acute angle with X-axis.

lar to the given line, then Sol. Let o be an acute angle that the given line make with

L) + m(-2) +n[(-2) =0 X-axis. Then, cos? o + cos? 120° + cos” 135° =1
a [-2m—-2n =0 ...(1) 1 1 4-2-1 1
— 0 cosa=1----= =—
and l[0+m@+nD—0 4 2 4 4
0+2m+n=0 ..(i) . 1 b
o =% —butai t
Then, from Egs. (i) and (ii) by cross multiplication, we get €os 2 uttis acute
i:ﬂ:f t cosa = +ve
2 -1 2 1
g cosO =—=cos60° Lo = 60
0 Lom_n 2
2 -1 2 Thus, the direction cosines of the given straight line are
1 1 1
>+ m? +n cos 60° cos 120°, cos 135°% i.e.—, ——, — —
:#:l (','l2+m2+n2:1) 2 2 «/5
4+1+4 3 .. .
Hence the projection of AB on the line
2 1
O l=—m=-- _ 1( 1 1 5 1
; g =(4+1) =3 -2) —(G “1)=>—= -22
3 3 2 2 V2 2 2
n—E =(2 —2+/2) units
3

Exercise for Session 1

1. Inhow many disjoint parts does the three dimensional rectangular cartesian coordinate system divide the
space.

Find the distance between the points (k,k + 1,k +2)and (0, 1, 2).
Show that the points (1,2,3), (-1, -2, -1), (2,3,2) and (4,7,6) are the vertices of a parallelogram.
If the mid-points of the sides of a triangle are (1,5, — 1), (0,4, —2) and (2, 3, 4). Find its vertices.

Find the maximum distance between the points (3 sin 6,0,0) and (4 cos 6,0,0).

o o AW N

IfA=(12,3),B=(4,5,6), C =(7,8,9)and D, E, F are the mid-points of the triangle ABC, then find the centroid of
the triangle DEF.

N

A line makes angles a, B and y with the coordinate axes. Ifa +  =90°, then find y.

Ifa, B and y are angles made by a line with positive direction of X-axis, Y-axis and Z-axis respectively, then find
the value of cos 2a +cos 2B +cos 2y

9. If cosa, cosP, cosy are the direction cosine of a line, then find the value of cos?a +(cosp +siny)
(cos B —sin? y)

710. Aline makes angles a, B3, y, 6 with the four diagonals of a cube, then prove that
cos? o +cos? B +cos?y +cos? & :%.
11. Find the direction cosine of line which is perpendicular to the lines with direction ratio[1, - 2, — 2]and [0, 2, 1].

12. The projection of a line segment on the axis 1, 2, 3 respectively. Then find the length of line segment.



Session 2

Equation of a Straight Line in Space, Angle between
Two Lines, Perpendicular Distance of a Point from
a Line, Shortest Distance between Two Lines

Equation of a Straight Line
in Space

A straight line in space is specified basically in two ways

(i) A line passing through a given point and parallel to a
given vector.

(ii) A line passing through any two given points.

1. Vector Equation of a Line Passing Through
a Given Point and Parallel to a Given Vector

To find the vector equation of a straight line which passes

through a given point and is parallel to a given vector.

A Ab P

ok >
E F

Let A be the given point and let EF be the given line, then
through A draw AP parallel to given line EF.

Let b any vector parallel to the given line. Take any point
O as the origin of reference. Let a the position vector of
the given point A.

Let P be any point on the AP and let its position vector be
r. Then, we have

r=OP=0A+AP=a+M (where, AP = Ab)

Hence, the vector equation of straight line

r=a+Ab ..(1)
Remarks
1. Here, ris the position vector of any point P(x, y, z) on the line
O r=xi+yj+zk

2. In particular, the equation of the straight line through origin
and parallel tobisr = Ab.

2. Cartesian Equation of a Line Passing
Through a Given Point and Given
Direction Ratios

Let the coordinates of the given point A be (x;,y,2;) and

the direction ratios of the line be a, b and c. Consider the
coordinate of any point P be (x, y, z). Then,

r=xi+ yj + zﬁ;

a=x1Ai +y13 +zllA(
and b=ai+bj +ck

Substituting these values in (i) and equating the
coefficients of i, j and k, we get

x=x; +tAa
y =y +Ab
z=z; +Ac

These are parametric equations of the line.

Eliminating the parameter A, we get

X7X1 YTV _Z" %
a b c
Remarks
1. Parametric equation of straight line
X=X Y= _Z274
a b c
O X=x;+tAy=y, +Ab,z=2z +AC

(where, A being parameter)

2. Since, X, Y and Z-axes pass through origin and have direction
cosines (1,0,0),(0,1,0) and (0, 0, 1).
OTheir equations are

Equation of Xaxis, X 0 =¥ =0 - 2~0
1 0 0

O y=0andz =0

Equation of Y-axis, £ —0_y-0_2-0
0 1 0

O x=0andz =0

Equation of Z-axis, £ =0 y(;O =Z ;O

d x=0and y =0
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Example 22. Find the equation of straight line
parallel to 2i - j+3k and passing through the point

(5,—2,4).

Sol. Vector form Let P = (5, — 2, 4), then OP

Also, b=2f—:i +3k

So, equation of straight line passing through a and parallel to

straight line whose direction ratios are b is given as
r=a+Ab

O r=(5i-2j +4k) +A(2i -j +3k)

Cartesian form Here, (x;, y;, z;)

straight line whose DR’s are (2, — 1, 3), so equation of the

=5i-2j+4k =a

3. Vector Equation of a Line Passing
Through Two Given Points

whose position vectors a and b is
r=a+Ab-a)
position vectors a and b, respectively

Then, OP=r,0A=aand OB=b

A B P
=(5, —2, 4) and parallel to ‘\\ / //
straight line is o y_+12 =Z ;4. ;“\ /jb/;l
Example 23. Find the vector equation of a line g
passing through (2, =1, 1) and parallel to the line whose ©
equation is X-3 _Y + _4- 2 Since, AP is collinear with AB.
7 -3 O AP = A AB for some scalar A
Sol. Since, the required line is parallel to 0 OP - 0OA =A(OB-0A)
“3_ytl_z-2 O r—-a =A(b-a)
2 [ 0 =a +A(b - a)
it follows that the required line passing through [0 Equation of straight line passing througha and b
A(21— J + k) has the direction of 2i + 7j-— ~3k. Hence, the
vector equation of the required line is : r=a+A(b-a)
r=2i -j+ k+ )\(21 +7j —3k) where A is a parameter.

Example 24. The cartesian equation of a line are

6x —2 =3y +1=2z -2 Find its direction ratios and
also find the vector equation of the line

Sol. We know that,

X=X _y=» _%

a b
O

is cartesian equation of straight line
c

6x —2=3y +1 =2z =2

o f-tes e
1 1

1 1
0 3.7 3

which shows given line passes through %, -

1 Q and has
direction ratios (1, 2, 3).

QW | =

U Its vector equation is

r:%i —%j +l}§+ MG +2j +3k)

4. Cartesian Equation of a Line Passing
Through Two Given Points

Equation of straight line passing through (x4, y,,2;)
(x2,¥2,22)-

(X1, Y1, 21) (X2, Y2, Z0) (X, Y, 2)

YA /B /P
\\ I’ I/
\ 1 ’
\ 1 //
\ 1 7
\ ! /
L
‘\ ll /
v
A 7
\ v
\
v
(0]
The direction ratios of
AB=(x; =X1,y, —Y1,22 —21)
The direction ratios of
AP =(x =x{,Y =¥1,Z2 —21)

Since, they are proportional

X=X _ Y~
X2 =™X1 Y2~ W1
_ Z—Zl

Z; T2

The vector equation of a line passing through two points

Let O be the origin and A and B be the given points with



Example 25. Find the vector equation of line passing
through A(3,4,-7) and B(1,— 1, 6). Also, find its
cartesian equations.
Sol. Since, the line passes through A(3i + 43 - 7lA()
and B(; - j + 61A(), its vector equation is
r=3i+4j -7k + A[(1-] +6k) - 3+ 4] -7Kk)]
or r=3i+4j-7k -\(2i +5] -13k) ()
where A is a parameter.

x=3 -4 _z+7
The cartesian equivalent of (i) is ) =Y 5 = .

Example 26. Find the equation of a line which
passes through the point (2, 3,4) and which has equal
intercepts on the axes.
Sol. Since, lines has equal intercepts on axes, it is equally
inclined to axes.
O line is along the vector a(i+ j + k)
x—2_y-—-3_z—4
11

O Equation of line is

Angle between Two Lines

Vector Form
Let r=a+Ab

r=a'+ub’

(1)
and ...(ii)
be two straight line in space.

Clearly, Egs. (i) and (ii) are straight line in the directions
of b and b’, respectively.

Let 8 be the between the straight lines (i) and (ii).
Then, 0 is the angle between the vectors b and b’ also

bb'=|b||b |cosO

bb'
0 cos O =
|b||b’|
Cartesian Form
Let T YN ETA (i)
a; b, Cq
and T Y ) ETE (i)
a; b, Cy

be two straight lines. Then, b = ali + b13 +c1ﬁ

b':a2i+b2j +C2k

So, that blb'=a,a, +b,b, +cic,

and |b|=va +b2 +c? ; |b'|=+/a + b2 +c?
a;a, +bb, +cic

0 cosB = 142 T 0,105 Tcqc;

Ja? +b2 +c2 Jad +b% +c
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Condition for Perpendicularity

The lines are perpendicular, then
bb' =0

0 a,a, +b;b, +cicy =0

Condition for Parallelism

The lines are parallel, then b =(b") A, for some scalar A
. o _b_a
a, by, ¢
Example 27. Find the angle between the pair of lines
r=3i+2j -4k +\ (i +2j +2K)
and r=5i -2k +p(3i +2j +6Kk)
Sol. Given line are
r =31 +2j —4k) + A(i +2j +2k)
and r=(6i-2k) +p(3i +2j +6k)

We know that, angle between r = a; + Ab; and r = a, + b,

cosg = Prths
[ by [ b, |
i+25 +2k) Bi +25 +6k +4+
0 c059=(l 2 +2k) 31 +2j +6k) _3+4+12 _19

JIP 2P 42t 3 422 +e? O 21

O 8 =cos ' %?Q

Example 28. Prove that the line x =ay +b, z =cy +d
and x =a'y +b', z=dy +d" are perpendicular,
if ag"+ cc'+1=0.

Sol. We can write the equations of straight line as

x=b _ _z-=d'
a ’ c
0 x-b _y-0_z-d ()
a 1 c
and x—b:y,y:z—d
a c
0 x—b:y—Ozz—dz (i)
a 1 c
Weknowthat,x_xl SIS W)
a; by S}

XTX _Y"Y2_27 %

a; b, C2

and

are perpendicular, if a,a, + bib, + cic, =0

O For the straight lines given by Egs. (i) and (ii), to be
perpendicular.

da+1d+cc=0
a aad'+cc+1=0
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_—@-0o)b

Perpendicular Distance 0 T
Of a POInt from a Llne O Position vector of Lisa — Mgh which is

. . 2
1. Foot of Perpendicular from a Point on O Ib]
the Given Line the foot of the perpendicular.
(i) Cartesian Form Here, the equation of line AB is (iii) The distance of the point (x,y,, z;) from the line
X=X _ Y~V _Z27% X7X1 Y~V _Z Zl,(wherel,mandnare
a b c l m n

directi i f the line), i
Let L be the foot of the perpendicular drawn from irection cosines of the line), is

2 2 2
. X—Xy _ Y=Y, _z-z [(x2 =x1)" +(y2 =¥1)" Hzy —21)
P(a, B,y) on the line ; L= b e cl' L B ~ T
{lxy, —xy) +m(y; —y1) +n(z, —z,)}7]
Let the coordinates of Lbe (x; +aA, y; +b\, z; +cA). Let r =(x, - x,)i +Hy, =y )3 Hz, -2,)k
1~ 1 1 1
Then, the direction ratios of PL are (x; +aA —qQ, — B e 4k
y1+bA =Bz, +cA-y) S m;f g
YP(OLB’Y) O COSG=|r2|ﬁ
i r; |41
E (X2, Y2, Zo)
A E B T
d
Direction ratios of AB are (a, b, ¢).
Since PL is perpendicular to AB. f l
a(xy +ak —a) +b(y; +A B)+c(z; + A -Yy)=0 T Do's
§ 0@ =) +HB =) +oly +2,) ..
a’ +b* +c* Also, d =|r |sinB
Putting the value of A in(x; +aA, y; +bA, z; +cA), d* =|r, |* sin® B

we get the foot of the perpendicular. Now, we can get i (1 —cos® O
distance PL using distance formula. =l [* (1 =cos™ 6)

(if) Vector Form Let L be the foot of the perpendicular =1, [ E]I (O )? E
=|r, St s R

drawn from P(0t) on the line r = a + Ab. O | 00

Since, r denotes the position vector of any point on

2 _ 2 _ 2 _
the line r = a + Ab, the position vector of L will be d” =|n [ =(r ) (Where, |1, | =1)

(a+Ab) 0 d=|r [ =(r, @)
Directions ratios of PL =a —a +Ab 5 > 5
i . \/{(xz —x1)? +(y, —y1)? 2z —21)
o -
—{l(x, —x;) +m(y, —y1) +n(z, _21)}2

2. Reflection or Image of a Point
in a Straight Line
(i) Cartesian Form To find the reflection or image of a
point in a straight line in cartesian form.

Since, PL i dicular to b,
mee 'S perpen 1cu)\al1)r l?l]) ~ Let P(Q, 3, y) be the point and
(a—a +Ab) b =0 X=X, _Y~Y1_%

2! . .
0 (a—0a) b +Abb =0 p b e be the given line.

A
(r=a+\b) L(a+Ab)
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-

P (o, B, v) _
; S

O Position vector of L,

| _a) b0
! a+Abza -2 WL
| O |b)* O
+Q(mage) (", B, v")

>
r------
©

L

Let Q be the image of point P and 0’ be the position

Let L be the foot of perpendicular from P to AB and vector.
let Q be the image of the point in the given line, Since, L is mid-point of PQ.
where PL = LQ. ’ , 0
Let the coordinates of L be 0 ara a- E{a —(12) b b
2
(x1 +ah, y; +D\, 2z, +N) O |b] 0
Then, direction ratios of PL are 0 q' =28 — %(a - C(Z) (b E b-a
(xq +ah —a, y; +DN B, z, +cA —y) 0 |b] u

Since, PL is perpendicular to the given line, whose
direction ratios are a, b and c.

O (xy tak —a) [d +(y, +0\ B) B
+(z; +cA —y)d =0
A\ = {a(a —xy) +bB —y1) *e(y —2z1)

2 2 2
a® +b° +c

which is image of P on r.
Example 29. Find the foot of perpendicular drawn
from the point 2i — j+ 5k to the line
r=(11i —2j —8k) +A (10i —4j —11k). Also, find the
length of the perpendicular.

0

Sol. Let L be the foot of the perpendicular drawn from

Substituting A, we get L,  (foot of perpendicular e
& & ( perp ) P(2i — j +5k) on the line

Let coordinates of Q(a’,B',y" ) be image.
U Mid-point of PQ is L.

a+a' + T
O =x1+a)\,I3 P

P (2i-] + 5k)

+ I
=y1+b)\,y y=zl +cA o

2 (1i-2j-8k)
O o "=2x;+% & ,B'=2y; +b\)-B (10— 4] - 11k)
Y'=2(z; +ch) -y L

r=(11i -2j -8k) + A(10i -4j -11k)

(if) Vector Form To find the reflection or image of a

point in a straight line in vector form. Let P(at) be the Let the position vector of L is

given point and r = a + Ab be the given line.

(111 - 2j —8k) + \(10i —4j -11k)

*P (o) =(11 + 10N)i +(=2 —4\)j +(-8 -11\)k
E OPL = Position vector of L — Position vector of P

.\ '-| r—a+b =(9 +10N)i + (-1 —4\)j +(-13 -1k
'L Since, PL is perpendicular to the given line and parallel to
b=10i -4j-11k. O PLOb=0
iQ(|mage) (@) O {0+10N\)i +(=1 —4A)j +(—13 -11\)k} [d0i 4] -11k) =0

Let Q be the image of Pinr=a+Ab

O 1009 + 10A) —4(—1 —4A) —11(-13 —11A)= 0
O A=-1

a PL=a+Ab-a On putting A = — 1, we get L as (i+2] +3Kk)

Since, PL is perpendicular to the given line, Now, PL=Gi +2] +3k) - 2i -] +5K)

. PLOb =(-i+3j —2k)

H PLb =0 Hence, the length of perpendicular from P on the given line
O (a+Ab-a) b =0 Z|PL|=1+9+4 =14
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Example 30. Find the coordinates of the foot of the
perpendicular drawn from point A (1, 0, 3) to the join of
points B(4, 7, 1) and C(3, 5, 3).

Sol. Let D be the foot of the perpendicular and let it divide BC

+
in the ratio A : 1. Then, the coordinates of D are 3; 14,
+
5N +7 3N +1
and .
A +1 A +1
A(1,0 3)
D
B (4,71 ' €353
Now, ADOBCO ADIBC=0
a (2N +3) +2GA +7) +4 =0 O )\:_Z

17

[0 Coordinates of D are §, 7 and — [

Example 31. Find the length of perpendicular from
X+l _y=3 z+2
P(2,—3,1) to the line = =

3 =1
+ - +
Sol. Given line is = 1_y=3_z+2_ r (i)
3 -1
and P2, —3,1)

*P(2,-31)
i 90°

A . B

Coordinates of any point on line (i) may be taken as
@r—-1,3r+3,-r —2)

Let Q=@r—-13r+3, -r -2)

Direction ratio’s of PQ are(2r —=3,3r +6, —r —3).

Direction ratio’s of AB are (2, 3, —1).

Since, PQ UAB
22r =3) +3(3r +6) —1(—-r —3) =0
0 r= —E
14
22 3 13
. gz s o
Q 7 14 14

R

7 14 14 14
531

PQ = _|— units

Q 14

Example 32. Find the length of the perpendicular
y 1-z
L = D
3
Sol. Let P be the foot of the perpendicular from A(2, 3, 4) to the
given line [ whose equation is

drawn from point (2, 3, 4) to line

4-x_y 1-z
2 3

x—4 z -1 _ .
-, e k (say). (1)

or

QR o

Therefore, x =4 —2k,y =6k,z =1 —3k

As P lies on (i), coordinates of P are (4 —2k, 6k, 1 — 3k) for some
value of k.

The direction ratios of AP are
(4 -2k —2,6k -3,1 =3k —4)

or (2 -2k, 6k =3, =3 —3k).
Also, the direction ratios of [ are —2, 6 and — 3.
Since, AP 01
O - 22 2ky 66k 3% 3% 3 3kF 0
a - 4 4K 36k 18 9% 9% 0
or 49k—13=00rk=E

49

We have, AP? = (4 —2k —2)? +(6k —3)* + (1 —3k —4)*
=(2 —2k)? +(6k —3)* +( -3 —3k)*
=4 -8k + 4k? +36k* 36k +9 +9 + 18k + 9k*
=22 - 26k + 49k*

222620 off2f]

_ 22X 49 =26 +13 +13° _ 909

49 49
AP = ; V101
A2, 3, 4)
/ P
Aliter
We know that the distance of the point (x,, y,, z,) from the
lineX M =Y "N _27%
m n

=(Uxy = x7) +m(y; =y;) +n(z, 71))2

\/(xz - x)? +(, —)? Hzy —7)

Here, (xy, y,, z,) are (2, 3, 4) and (xy, y;, z;) are (4, 0, 1) and

26 -3
l,m,n=§_—,af
( ) 7 7 7



(2-4)° +(3 -0)* +(4 -1)°

o
B

)42 26-0) 3(4 -1)

57

“fie
oo T
L

7

_169 \/1078 -169
49

3
: —+/101
7 7

Example 33. Find the image of the point (1,6, 3) in
y-1_ 2z-2
2 3
Sol. Let P be the given point and let L be the foot of perpendicu-
lar from P to the given line.

the line ? =

*P (1,6,3)
I—l
A 'L B
‘0
The coordinates of a general point on the given line are given
by
x—O:y—lzz—Zz)\
1 2 3
ie. X=AYy=2\+1z=3\+2
Let the coordinates of L be
(A, 2N + 1,3A +2) ()

So, direction ratios of PL are

(A =12\ =53\ —1)
Direction ratios of the given line are (1, 2,3) which is
perpendicular to PL

A-10O+@r -52+06\ -1)3 =0
ad A= 1
So, coordinates of L are (1, 3, 5).
Let Q(xy, y1, z;) be the image of P(1, 6, 3) on given line.
Since, L is mid-point of PQ.

0 1:x1+13_y1+65:zl+3
2 2 2
a =1Ly, =02 =7

0 Image of P(1, 6, 3) in the given line is (1, 0, 7).
Example 34. Find the coordinates of those points on
-1 _y+2 z-3
3
3 units from points (1, -2, 3).

the line which are at a distance of
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- +
Sol. Here, x-1_y+*2_ ,
2 3 6

Q@r+1, 3r-2, 6r+3)

is the given straight line (i)
Let P =(1, — 2, 3) on the straight line.
Here, direction ratios of line (i) are (2, 3, 6).

236
[Direction cosines of line (i) are g

Equation of line (i) may be written as
-1_y+2_z-3
2/17 3/7 6/7

Coordinates of any point on the line (ii) may be taken as

3 6
r+l,—-r—2,-r+3
7 7
LetQ%r+l,§r—Z,ér +3§
7 7

Given, |r|=
O r==+3

(i)

3 —5 39 —23 3]
Putting the value of r, we have Q= - @ %

Shortest Distance between
Two Lines

If two lines in space intersect at a point, then the shortest
distance between them is zero. Also, if two lines in space
are parallel, then the shortest distance between them will
be the perpendicular distance, i.e. the length of the
perpendicular drawn from any point on one line onto the
other line. Further, in a space, there are lines which are
neither intersecting nor parallel. In fact, such pair of lines
are non-coplanar and are called skew lines.

Z
A
G F
D E
I~
0
c >y
A B
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Line GE goes diagonally across the ceiling and line DB
passes through one corner of the ceiling directly above A
and goes diagonally down the wall. These lines are skew
because they are not parallel and also never meet.

By the shortest distance between two lines, we mean the
join of a point in one line with one point on the other line
so that the length of the segment so obtained is the
smallest.

1. Shortest Distance between Two
Skew Straight Lines

Line of Shortest Distance

If I, and [, are two skew lines, then there is one and only
one line perpendicular to each of lines /; and /, which is
known as the line of shortest distance.

Line of
shortest distance

Q >l2
Here, distance PQ is called to be shortest distance.

Vector Form

Let [; and [, be two lines whose equations are

r=a, +Ab; and r=a, +pb,, respectively.

Clearly, [; and [, pass through the points A and B witha,

and a,, respectively and are parallel to the vectors b; and
b,, respectively.

Since, PQ is perpendicular to both I; and [, which are
parallel to b;and b,.

O PQis parallel to b; x b,.

. : R b, xb,
Let n be a unit vector along PQ, thenfh =+ ————
| by Xb, |
g PQ =Projection of AB on PQ
O PQ=AB[h
b, xb
=2(a; -a,) D022
| by Xb, |
_, (by xby)(a; —a,)
| by xb, |
b, xb -
Hence, distance PQ = (b ) B, ~a,)
| by Xb, |

:[blbz (a; —a;)]
|b; Xb, |

Condition for Lines to Intersecting

The two lines are intersecting, if

(by Xby) [(a, —a;) _

0
|by xb, |
0 (by Xb,) [(a, —a;) =0
g [b,b,(a; —a;)]=0
Cartesian Form
Let the two skew lines be
X7X1 Y~V _Z "%
a, b, €1
and X7Xe _Y7TYV2 272
a, b, Co

Vector equations for these two lines are
r=(xii +y,] +2,k) +Ma;i +b,j +c,k)

and 1 =(x,1 +y,] +2,k) +H(ayi +b,] +c,k)

- b, Xb
*.» Shortest distance n = (a; ~a,) Ub, 2)
|by xb, |
X2 =X1 Y2 7Y1 22 7%
a, b, C1
a b, C2

U d=

\/(blcz ~bycy)? +(cray —ascy)’

+(arb, —ayb,)’?

Conditions for Lines to Intersect

The lines are intersecting, if shortest distance =0
Y2 7Y1 Z2 7%

O a, b, cq =0

a b, C2

X2 T Xy

2. Shortest Distance between Parallel Lines

Let [; and [, be two parallel lines whose equations are

r=a, +Ab or r =a, +yb, respectively.

o B(ay)
< -
AN
AN N
/ 1 AY
// ! N
.
S
’ I \
Ly
: /o ep
p M -7\ A@)
-7 \
S 1 . 0
7’ - |
(0]



Clearly, [; and [, pass through the points A and B with
position vectors a; and a,, respectively and both are
parallel to the vector b, where BM is the shortest distance
between [; and [,.

Let 8 be the angle between AB and [;.

O sinezﬂ
AB
O BM = ABsin6 =| AB|sin 0
Now, |AB xb|=|AB||b|sin(TT- 8)
|AB || b|sin®

=(| AB |sin8)|b|=BM|b|
|ABxb| _[(a; —a;) Xb|
|b| |b]

U Shortest distance between parallel lines

0 BM =

r=a; +Ab; andr=a, +pubis
:|(32 —a;) Xb|

b

Example 35. Show that the two lines
x—1_y—2_z—3and X=4 y-1

2 3 4 5
Also, find the point of intersection of these lines.

=z, intersect.

Sol. Here, d =Y =773
2 3 4
x—4_y-1_z-0
5 2 1

Any point on line (i) is P(2r + 1,3r + 2, 4r + 3) and any point
on the line (ii) is QGA + 4,2\ +1, A).

They intersect if and only if

2r +1=5A+43r+2=2\A+1,4r+3=A
On solving, r=—-1L,A=-1
Clearly, for these values of A andr P (-1, -1, —1)

Hence, lines (i) and (ii) intersect at(— 1, —= 1, —1).

()

(i)

and

Example 36. Find the shortest distance between the
linesr=(4i—j)+A(i+2j-3k)
andr = (i — j+2k) +p(2i +4j —5k).
Sol. We know, the shortest distance between the lines
r=a, +Ab;andr =a, + Ab,

d= (a, —a;) b, xb,)
| by X b, |

d

On comparing the given equation with the equations
r=a,; +Ab, and r = a; + Ab, respectively, we have
a,=4i-ja,=i-] +2k, b, =1+2] -3k and b, =2i+4]j -5k

Now, a,—a; = -3i +Oj +2k
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k
-3|=2i -j +0k
-5

and b, xb, =

[\ — D)
BN

O (a, —ay) (b, xb,) =(-31 +0j +2k)[@i -]+ 0k) = -6

and |by xb,|=[4+1+0 =5
[0 Shortest distance, d = w = -6 :i
[ by X b, | NCHRENG

Example 37. Find the shortest distance between
the lines
X —1 -2 z-3 X =2 -4 z-5
SRANL and =L A
2 3 4 3 4 5
Sol. Given lines are
x-1_y-2_z-3
2 3 4
x-2 _y—4_2z-5
3 4 5

Here, x; =1,y, =2,23 =3;x, =2, Y, =4,2z, =5

()

and

)

L=2,m=3n=41,=3m=4n, =5

Shortest distance between the lines (i) and (ii) are modulus of

X=X Y2~ Y1 %2272
L m m
l m n
= - z L (i)
\/(llmZ = lymy) +(myny —myny)

+(hny ~lom)?

X=X Y2 "Y1 %227 %

1 2 2

Now, = 1A m n =2 3 4
I, m, n, 3 45

=1(15 —16) —2(10 —12) +2@8 —9) =1

Also, (Im, - lzml)z +(myn, _mznl)2 +(ml, _"zll)2

=(8 —9)% +(15 —16)> +(10 —12)*

=6
From Eq. (iii) shortest distance between lines (i) (ii), we get
- L|-1
Vo | e

Example 38. Find the shortest distance and the
vector equation of the line of shortest distance
between the lines given by

r:(33+8]'+3IA<)+)\ (3? —]' +R)
and r=(-3i -7j +6k) +u (- 3i +2j +4k)
Sol. Given lines are
r=0(i+8j+3k)+A3i-j+k) ()
andr =(-3i —7j +6k) + pu(-3i +2j +4k) (i)
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Equation of lines (i) and (iii) in cartesian form,
x=3_y—-8_z-3

AB: =A
3 -1 1
+ + -
and cp: X 3_y*7._z 6=p
-3 2 4
B
L
A
C m >D

Let LBA +3), = A +8 A+ 3), M(—3 —3,2U =7, 44 +6)
Direction ratios of LM are
GBA+3U+6,—A —2U +15 X — 41 —3)

Since, LM [0 AB
O 36N +31 +6) —1(=\ = +15) +1(A —41 -3) =0
or 11A + 74 =0

Again, LM JCD
=30BA +34 +6) —2(=A -2 +15)+ 4A -4 —-3)=0

or =7\ =294 =0

Solving Egs. (v) and (vi), we get
A=0=p

a L =(3,8,3),
M=(=3,-756)

Hence, the shortest distance,
LM =3 +3)* +3 +7)* +(3 —6)? =3/30 units
OVector equation of LM is
r =31 +8j +3k +1(6i +15j —3k)

Also, the cartesian equation of LM is
x=3_y-8_z-3
6 15 -3

Example 39. Find the shortest distance between
linesr=(i+2j+k)+A (2i+ j+2k)
and r=2i-j-k+u(@2i+j+2k).
Sol. HereAlineAs (i)Aand (ii) are passing through the points
a; =i+2j+kanda, =2i-j- Kk, respectively, and are
parallel to the vector b= 2i+ 3 +2k.

Hence, the distance between the lines using the formula
i3 i
2 1 2
|bx@, —a)| _|1 73 ~2
b 3

_|4i-6j-7k|_ 16 +36+49 _ [101
3 3 3

...(ii)

(V)

(V)

(Vi)

Example 40. Find the equation of a line which

passes through the point (1,1,1) and intersects the lines

x=-1_ y=-2 z-3 X+2 y-=3 z+1
= = an = =
2 3 4 1 2 4
Sol. Any line passing through the point (1, 1, 1) is

x—1_y-1_z-1

a b c

x—1 -2 _z-3
This line intersects the line =Y 2=

3 4
1-1 2-1 3-1
Ifa:b:c#2:3:4and| a b c [=0
2 3 4
a a=2b+c=0

Again, line (i) intersects line
x=(=2) _y-3_z-(-1

1 2 4
-2-1 3-1 -1-1
Ifa:b:c#1:2:4and a b c =0
1 2 4
O 6a +5b —4c =0

From (ii) and (iii) by cross multiplication, we have
a _ b _ ¢
8—-5 6+4 5+12

0 a_b _c
3 10 17
x—-1_y-1_z-1

10 17

So, the required lines is

Example 41. If the straight lines x ==1+s,

()

(i)

...(iif)

t .
y=3-=As,Z=1+As andx=§,y=1+t,z=2—t, with

parameters s and t, respectively, are coplanar, then
find A.

+ -_— -—
Sol. x+1_y-3 _z-1

-A A

The given lines =s

x=0_y-1_y-2

=t are coplanar if

V2 1 -1
0+1 1-3 2-1
1 -A A |=0
1/2 1 -1
1 -2 1
1 =X A |=0
1/2 1 -1
0 1()\—)\)+2§—A§+1Q+A§:0
2 2
0 A=- 2



Chap 03 Three Dimensional Coordinate System 187

Exercise for Session 2

10.

x-3_y+1_z-3
-2

The cartesian equation of a line is . Find the vector equation of the line.

A line passes through the point with position vector 2i —3] +4k and is in the direction of 3 +4] -5k. Find the
equation of the line is vector and cartesian forms.

Find the coordinates of the point where the line through (3,4, 1) and (5, 1,6) crosses XY-plane.

Find the angle between the pairs of line r=3i +2] 4k + A(i +2j +2R), r=5i —2] + p(3i +2} +6ﬁ)

Show that the two Iinesxz_1 =y—2 =Z _3and x —4 =Y ~1

3 4 5

=z intersect. Find also the point of intersection

of these lines.

Find the magnitude of the shortest distance between the Iinesg = % =ZangX2-y-1_z+2

Find the perpendicular distance of the point (1, 1, 1) from the line

Find the equation of the line drawn through the point(1,0,2) to meet at right angles the line
XxX+1_y-2 _z+1

3 -2 -1

and

Find the equation of line through (1,2, — 1) and perpendicular to each of the Iines% :% :%

w| >
0| N

x—6:y—7:z—7
2 -2

Find the image of the point (1, 2, 3) in the line



Session 3

Plane, Equation of Plane in Various Form, Angle between
Two Planes, Family of Planes, Two Sides of a Plane,
Distance of a Point from a Plane, Equation of Planes
Bisecting the Angle between Two Planes, Line and Plane

Plane

A plane is a surface such that if any two points are taken
on it, the line segment joining them lies completely on the
surface.

General Form General equation of the first degree in x,
y, z always represents a plane.

The general equation of plane is ax + by +cz +d =0.
Proof. Let first degree equation in x, y and z be

ax +by +cz +d =0 (1)
In order to prove that Eq. (i) is the equation of plane, it is
sufficient to show that every point on the line joining two
points lies on the surface represented by Eq. (i).
Let P(x1,y1,21) and Q(x,, y,,z,) be two points on the
surface represented by Eq. (i).

Then, ax, +by, +cz; +d =0 ..(ii)
..(iii)
Let R be any arbitrary point on the line segment joining P
and Q. Suppose R divides PQ in the ratio A :1.

Lhey +Axy y1 +Ay, z; +Az, O

Bl+)\ 1+ 1+A

and ax, +by, +cz, +d =0

[ORis

We are to show that R lies on the surface represented by
Eq. (i) for all values of A. For this, it is sufficient to prove
that R satisfy Eq. (i)

On putting this value of R in LHS of Eq. (i), we obtain

(b, +Ax, O 1 HAy, 0 &y +Az, O
“H a1 H+bﬁ rer O H A+ 07
= llax, +by, +ez,) + Max, +by, +ez,))
1
A+
0

[0+0] [using Egs. (ii) and (iii)]

which shows that the point R lies on Eq. (i). Since, R is an
arbitrary point on the line segment joining P and Q.

O Every point on PQ lies on the surface represented by
Eq. (i).

Hence, ax + by +cz +d =0 is equation of plane.
Equation of a Plane Passing Through a Given Point

The general equation of a plane passing through a given
point (xy,y1,2;) is a(x = x;) +b(y =y) +c(z —z;) =0,
where a, b and ¢ are constants.

Proof. The general equation of plane is

ax +by +cz +d =0 (1)
If it passes through (x4, y1,2;)
0 ax{ +by; +cz; +d =0 ..(ii)

On subtracting Eq. (i) from Eq. (ii), we get

a(x =x1) +b(y =y1) +e(z =z;) =0
which is the equation of a plane passing through
(x1,¥1,21).

Example 42. show that the four points (0, -1, =1),
(=4,4,4), (4,5,1) and (3,9,4) are coplanar. Find the
equation of the plane containing them.

Sol. We shall find the equation of a plane passing through any

three out of the given four points and show that the fourth
point satisfies the equation.

Now, any plane passing through (0, — 1, — 1) is
a(x —0) +b(y +1) +c(z +1) =0 (1)

If it passes through (- 4, 4, 4), we have
a(—4) +b(5) +c(5) =0

Also, if plane passes through (4, 5, 1),we have
a(4) + b(6) + c(2) =0

g 2a+3b+c =0

(i)

...(iif)
On solving Egs. (ii) and (iii) by cross multiplication method, we
obtain

i = 2 = L =k

=5 7 -11



On putting in Eq. (i), we get
=5kx +7k(y +1) —11k(z +1) =0
54 7y 11z & 0

(required equation of plane)

O —

Clearly, the fourth point namely (3, 9, 4) satisfies this equation.
Hence, the given points are coplanar and the equation of plane
containing those points, is5x =7y + 11z +4 =0

Equation of Plane
in Various Form

A plane is determined uniquely if

(i) The normal to the plane and its distance from the
origin is given, i.e. the equation of a plane in normal
form.

(ii) It passes through a point and is perpendicular to a
given direction.

(iii) It passes through three given non-collinear points.

Equation of Plane in Normal Form
Vector Form

The vector equation of a plane normal to unit vector i
and at a distance d from the origin is r[h =d.

Q.
-~ 5
s
----=--1

o

~

<

Proof. Let O be the origin and let ON be the perpendicular
from O to the given plane Tt such that ON =dn, where d is
perpendicular distance of plane from origin.

Let P be a point on the plane, with position vector r so
that OP=r

Now, NP [0 ON
O NP[ON =0 ..(i)
O (OP - ON) [ON =0
0 (r —dn) [dh =0
0 rdh-d*nCh =0
0 drfh —d® [n* =0 (o d #0)
O rfh-d =0 (s|h|=1)
O rCh=d ...(ii)

Thus, the required equation of the plane is r[h =d.
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Cartesian Form

Equation (ii) gives the vector equation of a plane, where 1
is the unit vector normal to the plane. Let P(x, y, z) be any
point on the plane. Then

OP=r=xi +yj +zk
Let [, m and n be the direction cosines of n.
Then, A =(li +mj +nk)
Therefore, (ii) gives

(xi+yj +2zk) @i +mj +nk) =d
or Ix +my +nz =d ..(iii)
This is the cartesian equation of the plane in the normal
form.

Note
Equation (iii) shows that if r ai + bj + ck) =d is the vector
equation of a plane, then ax + by + cz =d is the cartesian

equation of the plane, where a, b and ¢ are the direction ratios of
the normal to the plane.

The equation r[h =d is in normal form, if n is a unit

vector and d is the distance of the plane from the origin. If
n is not a unit vector, then to reduce the equation r[h =d
to normal form, we reduce the equation r[h =d to normal

form by dividing both sides by | n |, we get

h _ d
L =—— =p (distance from the origin)
|n| [n] [n|

Example 43. Find the vector equation of plane which
is at a distance of 8 units from the origin and which is
normal to the vector 2i + j+2k.

Sol. Here,d =8and n :2i+j +2k

n _ 2i+j+2k _2i+j+2k
n=-——= =

[n| 22 + 1% +2? 3

Hence, the required equation of plane is, r[h =d

i+5+2k0
0 crpitireky o

o 3 U

0 r [@2i+j+2k) =24

Example 44, Reduce the equation
r [(3i —4j+12k) = 5 to normal form and hence find the
length of perpendicular from the origin to the plane.
Sol. The given equation of plane is
rBi-4j+ 12]}) =5 or r(h =5
where, n =3i-4]j +12k
Since, |n| = m =13 #1, therefore the given

equation is not the normal form. To reduce to normal form we
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5

divide both sides by | n | i.e. rth = or
In| [n]
r E@ri - ij + Bf( = i This is the normal form of the
3 13 13 13
equation of given plane and length perpendicular = 15—3
Example 45. Find the distance of the plane
2x =y —2z =9 =0 from the origin.

Sol. The plane can be put in vector form as r Rzi— 3 —ZlA() =9.

Here, n=2§—j -2k

2i-j-2k

0 n _2i-j-2k
|n| 3

Dividing equation throughout by 3, we have equation of plane
2i-j-2k
in normal form as r d%) =3, in which 3 is the distance

of the plane from the origin.

Example 46. Find the vector equation of a line
passing through 3i —5j+7k and perpendicular to the
plane 3x —4y + 5z =8.
Sol. The given plane 3x — 4y +5z =8.
or (3i-4j +5k) (d +yj + 2k) = 8.
This shows that d =31 — 4] +5k is normal to the given plane.
Therefore, the required line is parallel to 31— 4] + 5k.

Since, the required line passes through 3i—5j + 7k, its equation
is given by r=31-5j +7k + (31 —4j +5k), where A is a
parameter.

Example 47, Find the unit vector perpendicular to
the plane r2i + j+2k) =5.

Sol. Vector normal to the plane is n= 2i +3 +2k

Hence, unit vector perpendicular to the plane is

n _ 2i+j+2k
[n| 22 +1? +2?

:§(2i+j +2k)

Vector Equation of a Plane Passing Through
a Given Point and Normal to a Given Vector

The vector equation of a plane passing through a point
having position vector a and normal to vector n is
(r—a)h =0.

Proof Suppose the planer Tt passes through a point having
position vector a and is normal to the vector n. Let O be
the origin and r be the position vector of any point P on
the plane Tt Then, OP =r.

Since, AP lies in the plane and n is a normal to the plane
TL

A (a)
e
P,// \\ :
RSN
Y|
\*IO
0 AP[n
O APh=0 0O (r[A)h =0 (~AP=r-a)
Hence, the required equation of the plane is
(r—a)h =0

Note

The above equation can be written asrCh = d, whered=alh
(known as scalar product form of plane).

Cartesian Form

Ifr=xi+y j+zk a=x,i+y,j +z,kand n=ai +bj +dk,
then (r—a) =(x —x,)i +(y =y1)j *(z ~z,)k

Then equation of the plane can be written as

(x =x1)i+(y =y1)j Hz —z,)kai+bj +ck) =0

O a(x —x;) +b(y —y1) +e(z —z,) =0

Thus, the coefficients of x, y and z in the cartesian

equation of a plane are the direction ratios of the normal
to the plane.

Example 48. Find the equation of the plane passing
through the point (2, 3, 1) having (5, 3, 2) as the
direction ratios of the normal to the plane.

Sol. The equation of the plane passing through (x;, y;, z;) and
perpendicular to the line with direction ratios a, b and c is
given by a(x — x;) + l(y —y;) + c(z —z;) =0.

Now, since the plane passes through (2, 3, 1) and is
perpendicular to the line having direction ratios (5, 3, 2), the
equation of the plane is given by 5(x —2) +3(y —3) +2(z —1)
=0orb5x +3y +2z =21.

Example 49. The foot of the perpendicular drawn
from the origin to a plane is (12,-4,3). Find the
equation of the plane.

Sol. Since P(12,- 4,3) is the foot of the perpendicular from the

origin to the plane OP is normal to the plane Tt Thus, the
direction ratios of narmal to the plane are 12, -4 and 3.
Now, since the plane passes through (12,— 4, 3), its
equation is given by

12 (x —12) — 4(y +4) +3(z =3) =0
or 12x — 4y +3z =169 =0



Example 50. A vector n of magnitude 8 units is
inclined to X-axis at 45°, Y-axis at 60° and an acute
angle with Z-axis. If a plane passes through a point
(\/§, —1,1) and is normal to n, then find its equation in
vector form.

Sol. Let y be the angle made by n with Z-axis, then direction
cosines of n are

o 1 o 1
[ =cos 45° =—, m = cos 60 :Eandn:cosy

2

O lz+m2+n2=1|]%+l+n2=l
O n221
4

1 . 1 .
n= 5 (neglecting n = — 3 as Yis acute : n > 0)

We have, |n|=38

n=|n|(li+mj+nﬁ)
1, 1, 1; A
n:8%1+53+5k§:4«/§1+4j+4k

The required plane passes through the point (~/2, — 1, 1) having

position vector
a= Zi—j+ﬁ
So, its vector equation is (r— a) [h =0
d tth=alh
O rlV2i+4j+4k) =(v21-j +k) /21 +4] +4k)
O r/2i+4j+4k) =8
O rW2i+j+k) =2

Example 51. Find the equation of the plane such
that image of point (1, 2, 3) initis (- 1,0, 1).

Sol. Since, the image of A(1, 2,3) in the plane is B(— 1,0, 1), the
plane passes through the mid-point (0, 1, 2) of AB and is
normal to the vector AB = - 2i - 2} -2k.

Hence, the equation of the plane is —2 (x — 0) —2(y -1)
-2(z =2) =0
or x+y+z=3

Equation of a Plane Passing through
Three Given Points

Cartesian Form

Let the plane be passing through points A(x1, 1,21 ),
B(x3,y,,22) and C(x3,y3,23).
Let P(x,y, z) be any point on the plane.
Then, vectors PA, BA and CA are coplanar.
[PABA CA]=0
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X=Xy Y =W Z =z
Ulxy,—x; y3 —y1 2z, —z; |=0, which is the required
X3 7X1 Y3 7YV1 Z3 T2

equation of the plane

Vector Form

Vector form of the equation of the plane passing through
three points A, B and C having position vectors a, b and c,
respectively.

Let r be the position vector of any point P in the plane.

Hence, vector AP=r—a AB=b-aand AC=c—aare
coplanar.

Hence, (r—a) (b—a) x(c —a)} =0

0 (r—a)bxc—bxa—aXc+a xa) 0
g (r—a)(bxc+axb+c xa) =0
O r(bxc+aXxb+c xa)

=al(bxc) +a [(a xb) +a [t xa)
O [rbc]+[rab]+[rca]=[abc]

which is the required equation of the plane.

Note

1. If p is the length of perpendicular from the origin on this plane,
thenp =[abc]/n wheren=]axb+bxc+cxal|.

2. Four points a, b, ¢ and d are coplanar ifd lies on the plane
containing a, bandec.

or dJaxb+bxc+cxa] =[abc]
or [dab]+[dbc]+[dca] =[abc]

Example 52. Find the equation of the plane passing
through A(2,2,-1), B(3,4,2) and C(7,0,6). Also find a
unit vector perpendicular to this plane.
Sol. Here, (x, 1, 21) =(2,2, = 1), (x5, y2, 2,) = (3, 4,2) and
(x3,¥3,23) =(7,0,6).
Then, the equation of the plane is
Yy ™n
Y2V Z2 77| =0

X3 =X Y3 ~Y1 %23 7%

X —x z -z

x=-2 y-2 z—(-1)
or 3-2 4-2 2-(-1)|=0
7-2 0-2 6-(-1)
or 5x +2y =3z =17
A normal vector to this plane is d =51 + 2] -3k ..(i)

Therefore, a unit vector normal to (i) is given by
d _5i+2j-3k

[d| J25+4+9
1 N N N
=—— (51 +2) -3k
ﬁ( J —3k)
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Example 53. Find equation of plane passing through
the points P(1,1,1), Q(3,—1,2) and R(= 3,5, — 4).
Sol. Let the equation of plane passing through (1, 1, 1) be
a(x —1) + b(y —1) + c(z —1)=0, as it passes through the
points Q and R.

ad 2a =2b+c =0

and —4a +4b —5¢ =0

Hence, solving by cross multiplication method, we get

a _ b _

10-4 -4+10 8-8

O a=6k,b=6kc=0

On substituting in Eq. (i), we get
6(x=1) +6(y =1) +0 =0

i.e. x + y =2; which is the required equation.

=k

Aliter Equation of plane passing through (x;, y;, 21), (x3, ¥, 25)
and (x3, 3, z3) is

X=X Yy~ zZ7Z
S|lxTXx YTy %277 |50
X3 =X V3TV %3 T2
x—-1 y-1 z-1
ie.|3-1 -1-1 2-1|=0
-3-1 5-1 -4 -1

On solving, we get x + y =2

Equation of a Plane Passing Through
a Given Point and Parallel to Two
Given Vectors

Let a plane pass through A (a) and is parallel to the plane
formed by two vectors b and c. Since, AP lies in the plane
and b and ¢ are two non-collinear vectors,

AP =M\b +c
O r—a=Ab +lc
O r=a+Ab +lc

Here, A and | are arbitrary scalars.

This form is also called the parametric form of the plane.
It can also be written in the non-parametric form as

(r—a)l(bxc)=0
or [rbc]=[abc]

Cartesian Form

From (r—a) [{b % ¢) =0,we have[r—ab c]

X=Xy Y=™Y1 272
0 X4 Vs z, | =0, which is the required
X3 V3 Z3

equation of the plane, where b = x,i +y,]j +z,k and
c :xﬁ +y33 +z3f{.

Example 54. Find the vector equation of the
following planes in cartesian formr=i - j+A(i +j +k)
+u(i —2j +3Kk).
Sol. The equation of the plane is
r=i-j+A3i+j+k)+ p(i-2j+3k).
Let r=xi+ij +zk
Hence, the equation is
(d+3j+2k) ~(A =) = A(i+]+ )+ p(i-2j +3k)
Thus, vectors (xi + yj + zlA() G- i+j+ k, i-2j +3k are
coplanar.

Therefore, the equation of the plane is

x=-1 y—-(-1) z-0
1 1 1 |=0
1 -2 3
or 5x =2y =3z =7 =0

Intercept Form of a Plane

The equation of a plane having intercepting lengths a, b
and c with X-axis, Y -axis and Z-axis, respectively is
XLV, Z
a b c

Proof Let O be the origin and let OX, OY and OZ be the
coordinate axes.

Let the plane meets the coordinate axes at the points
P, Q and R, respectively such that

OP =a, OQ =b and P =c. Then, the coordinates of the
points are P(a,0,0), O(0, b,0) and R(0,0, c).
Let the equation of plane be

Ax +By +Cz +D =0 (1)

Since, Eq. (i) passes through (a,0,0), (0, »,0) and (0,0, c), we
have

-D
Aa+D=00 A=—
a

D
Bb+D =0 O B=7



-D
Ce+D =00 C:T

On putting these values in Eq. (i),we get required equation
of plane as

-D D D
—x—-——y—-——z=-D
a b c
D £+X+£:1
a b ¢

Example 55. A plane meets the coordinates axes in
A, B and C such that the centroid of the AABC is the
point (p, g, r), show that the equation of the plane is

X V4
p q T
Sol. Let the required equation of plane be
R Q)
a b c

Then, the coordinates of A, B and C are A(a, 0, 0), B(0, b, 0) and
C(0, 0, ¢), respectively. So, the centroid of the AABC,

% b EQ
"33
But the coordinate of the centroid are (p, g, r).
a b c
O —=p,—=q,—=r
3 P 3 d 3
On putting the values of a, b and c in Eq. (i), we get

The required plane as

Example 56. A variable plane moves in such a way
that the sum of the reciprocals of its intercepts on the
three coordinate axes is constant. Show that the plane
passes through the fixed point.

Sol. Let the equation of the plane be T Then, the

a b ¢
intercepts made by the plane with axes area, b and c.
a 1 +1 + 1 =constant (k) ...(i) (given)
a b ¢
1.1 1 _ XYz
— + — + — =1 comparing with — + = + = =1
ak bk ¢k a b ¢
c=l,=1
K Tk
and z= !
k

This shows Eq. (i) passes through the fixed point %:T’ % k’i
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Angle between Two Planes

Vector Form

The angle between two planes is defined as the angle
between their normals.

Let© be the angle between planes r[h; =d; and

rCh, =d, thencos© 21117512

|ny||ny |

Condition for Perpendicularity

If the planes r [h; =d; and r[h, =d, are perpendicular,
then n,and n, are perpendicular. Therefore, n; th, =0
Condition for Parallelism

If the planes r[h,; =d; and r[h, =d,

are parallel, there exists the scalar A such that n; = An,.

Cartesian Form

If the planes are a;x +b;y +cyz +d =0

and a,x +by,y +cyz +d, =0
ayay +b1by +eycy

Vai +b} +cd \ad +b} +c3

O cosO =

Condition for parallelism
o _b_a
a, b, ¢
Condition for perpendicularity

a,a, +bb, +cic, =0

Example 57. Find the angle between the planes
2x+y —2x+3 =0and rbi+3j+2k) =5.

Sol. Normals along the given planes are 2i+ j -2k and
6i+3j +2k
Then angle between planes,
’.\+ s T ’.\+ i) + T
B o T S G R TR S IEL)

J@F +1)? +(=2)%i6)? +(3) +(@2)? 21
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Example 58. Show that ax+by +r =0,
by +cz +p =0and cz + ax +q =0 are perpendicular to
XY, YZ and ZX planes, respectively.

Sol. The planes a;x + by + ¢,z +d; =0and

a;x + byy +c,z +d, =0are perpendicular to each other if
and only if aja, + bb, +cic, =0.

The equation of XY, YZ and ZX planes arez = 0, x = 0 and
y =0, respectively.

Now, we have to show that z = 0 is perpendicular to
ax + by +r =0.

It follows immediately, since a(0) + b(0) +(0) (1) =0, other parts
can be done similarly.

Family of Planes
Plane Parallel to a Given Plane

Since parallel planes have the same normal vector, so
equation of a plane parallel to r[h =d; is of the form
rCh=d,, where d, is determined by the given conditions.
In cartesian form, if ax + by +cz +d =0 be the given plane
then the plane parallel to this plane is ax + by +cz +k =0.

Example 59. Find the equation of the plane through
the point (1,4, - 2) and parallel to the plane
—2x+y -3z =7.
Sol. Let the equation of a plane parallel to the plane
—2x +y =3z =7 be
—-2x+y -3z +k =0 ...(1)
This passes through (1, 4, — 2), therefore
(-2)(1) +4 3 ( —2) +k =0
g - % 4 66 F ol k=-8
Putting k =—8 in Eq. (i), we obtain
—-2x+y -3z -8 =0or—2x +y —3z =8

This is the equation of the required plane.

Example 60. Find the equation of the plane passing
through (3,4, - 1), which is parallel to the plane
rRi—3j+5k)+7 =0.
Sol. The equation of any plane which is parallel to
r[{2i—-3j+5k) +7 =01is
r@i-3j+5k) +A =0
or 2x =3y +52 + A =0
Further (i) will pass through (3, 4, — 1)
if(2)(3) +(=3) (4) +5(-1)+ A =0
or -11+A=00r= 11
Thus, equation of the required plane is
r[2i-3j+5k) +11 =0

Equation of any Plane Passing
Through the Line of Intersection
of Two Plane

The equation of the plane passing through the line of
intersection of the planes

a;x +byy +ciz +d; =0anda,x +b,y +c,z +d, =0 is
(a1x +byy tcyz +dy) +k(azx +byy +cpz +d,) =0

Proof Let the given plane be
a;x +byy +ciz +d; =0 (1)

and azx +byy +c,z +d, =0 ..(ii)
U Required plane is (a; x + b,y +¢,z +d;)
+k(a,x +byy +cyz +d,) =0 ..(iii)

Clearly, plane (iii) represents the equation of plane.
Let (0, B, Y) be a point on the line of intersection of planes
(i) and (ii), then P lies on planes (i) and (ii).
O a,a +b3 +cy +d; =0 (1v)
and a,a +b,3 +c,y +d, =0 (V)
Now, multiply by k in plane (v) and then adding planes
(iv) and (v), we get

(a;0 +b,B +c1y +dy)

+k(a,a +b +cyy +d,) =0

O P(a, B,Y) lies on plane (iii).
Hence, plane (iii) passes through each point on the line of
intersection of planes (i) and (ii).
Thus, plane (iii) is the equation of plane passing through
the line of intersection of planes (i) and (ii).

Vector Form

Equation of planes passing through the line of intersection
of planes

r(h, =d, andrCh, =d, is
(rfhy —dy) +k(rth, —d;) =0
or rl(n, +kn,) =d; +kd,, k being any scalar.

Example 61. Find the equation of the plane
containing the line of intersection of the plane
X+y+z-6=0and 2x+3y +4z +5 =0 and passing
through the points (1,1,1).
Sol. The equation of a plane through the line of intersection of
the given plane is
(x+y +z—-6) +A2x +3y +4z +5)=0 (1)
If line (i) passes through (1, 1, 1), we have
-3+ 14\ =0
3

g A==
14



3
Putting A = a in line (i), we obtain the equation of the
required plane as
3
(x+y+z-6) +a(2x+3y +4z +5) =0

g 20x +23y + 26z —69 =0

Example 62. Find the planes passing through the
intersection of planes rRi — 3j+4k)=1and
r i - ]) +4 =0 and perpendicular to planes
rRi—j+k)=-
Sol. The equation of any plane through the line of intersection
of the given planes is

{r@i-3j+4k) -1+ MrG-)) +4}=0
rR+Ni -3 +\)j+4k}=1- 4\ (D)
If it is perpendicular to r[Ri—j + ]A() +8 =0, then
{2+ Ni-3+Nj+4ki@i-j+k) =0
22+ N +3 +A) +4 =0
-11

A=_ "~
3

11
Putting A = — 3 in line (i), we obtain the equation of the

required plane as r[(-51+2j + 12k) =47

Two Sides of a Plane

Let ax + by +cz +d =0 be the plane, then the points
(x1,¥1,21) and (x4, y4,z,) lie on the same side or opposite
side according as

ax,; +by, +cz,; +d
1 V1 1 >0 or <0

ax, +by, +cz, +d
Proof Here equation of plane is,
ax +by +cz +d =0 ..(i)

Let Eq. (i) divide the line segment joining P and Q at R
internally in the ratiom : n.

P (X1, ¥4, Z4)

*
1
1
1
1
1
1
1
1
1
1
1
1
1
1

-

m
n

R

Q X0, Yo, 20)
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Unx, +nx; my +ny, mz, +nz; U

Then,RH m+tn m+n m+n
Since, R lies on the plane (i).
Unx, +nx; 4  Un g Onzy +nz, O
B S e
O a(mxy +nx,) +b(my, +ny,)
+c(mz, +nz;) +d(m +n) =0
O m(ax, + by, +cz, +d)

+n(ax,; +by, +cz; +d) =0
0 m_ _lax; *by, tez, *d) (i)
n (ax, +by, +cz, +d)

Now, if ax; + by, +cz; +d and ax, + by, +cz, +d

m
are of same sign — <0 (external division)
n
are of opposite sign —>0 (internal division)
n
ax, +by, +cz; +d
0 If 1=V 1 >0 (same side)

ax, +by, +cz, +d

ax; +by, +cz; +d

<0 opposite side
ax, +by, +cz, +d (opp )

Example 63. Find the interval of a for which
(a, 0 %,a) and (3,2,1) lies on same side of

x+y—4z+2=0.
Sol. (q, GQ,O()and (3,2,1) lies on same side of x +y — 4z +2 =0
O@ +a?

O a
(a-1)@ -2) >0 Ja O~ ¢

40 +2)(3 +2 —4 +2) >0
e +2>0
] a2, ]

Distance of a Point from a Plane

Vector Form

The length of the perpendicular from a point having
position vector a to the plane r[h=d is given by

Proof. Let Ttbe the given plane and P(a) be the given
point. Let PM be the length of perpendicular from P to the
plane TU

Since, line PM passes through P(a) and is parallel to the
vector n which is normal to the plane Tt So, vector
equation of line PM is

r=a+An (1)
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o
5

[ [ ——.

7

Point M is the intersection of Eq. (i) and the given plane Tt
ad (a+An)[h =d
d—(aln)

In |’

0 alh+Anlh=d O A=

On putting the value of A in Eq. (i), we obtain the position
vector of M given by

r=—a +MEH

O|n)* O

PM = Position vector of M — Position vector of P

=a + M—(aﬂl)%n_a

O |nf* O
—(alh) U
PM=MDn
O |nff O
—alh
0 PM=|PM|=M
|n|
_|d-@@)|[n|_|d-(ah)]
Inf* n|

Thus, the length of perpendicular from a point having
lalh —d |

position vector a on the plane rth =d is n]
n

Cartesian Form

The length of perpendicular from a point P(x,,y;,z;) to
the plane ax + by +cz +d =0. Then, the equation of PM is

X=X _Y~™h _27% @)

a b c

The coordinates of any point on this line are

(xq +ar,y, +br,zy +cr)
Thus, the point coincides with M iff it lies on plane.
ie.a(x, +ar) +b(y, +br) +c(z; +cr) +d =0
__(ax, +by, +cz; +d)

a’ +b* +¢?

(i)

ie.

Now, PM = |(x, +ar —xl)2 +(y, +br —y1)2
+(z, +er =2,

:\/(a2 +b® +c?)r? :\/a2 +b® +c* |r

_ /az +b? +c —(ax; +by; +cz; +d)

a’ +b* +¢?

[from Eq. (ii)]

|(ax; +by; +cz; +d)|
Ja® +b? +¢?

Example 64. Find the distance of the point (2,1,0)
from the plane 2x + y +2z +5 =0.

U PM=

Sol. We know that the distance of the point (xy, y;, z;) from the
plane ax + by +cz +d =0is
| ax, + by, +cz; +d |
Jab +b?+ P
_[2x2+1+2x0 45| _10
) \/22 +12 +2° )

So, required distance

Distance between the Parallel Planes

The distance between two parallel planes
ax +by +cz +d; =0

and ax +by +cz +d, =0

L (dy —d,y)

is given by d= ————
Ja® +b* +c?

Proof. Let d =Difference of the length of perpendicular
from origin to the two planes.

|
\/a2 +b® +c? \/a2 +b* +c?
d, —d,

w/az +b? +c?

if d; and d, are of same side =

Vector Form

The distance between two parallel plane r[h =d,
and rlh =d, is given by
d= |d, —d, |

[n|

Example 65. Find the distance between the parallel
planes x +2y —2z +1=0and 2x +4y -4z +5 =0.
Sol. We know that, distance between parallel planes
ax +by +cz +d; =0andax + by +cz +d, =0is,
|d, —d, |

Jat +bE+



U Distance between x +2y —2z +1 =0
5 .
and x +2y —2z +5 =0is

5
2-1
2 =

1
Ji+a+4 2

Equation of Planes Bisecting
the Angle between Two Planes

Equation of the planes bisecting the angle between the
planes.

a;x +byy +cyz +d; =0and a,x +b,y +c,z +d, =0is
a;x +byy +ciz +d,

a,x +byy +cyz +d,
Vai +bi +cf Vaz +b; +c;
Proof. Given planes are

a;x +byy +cyz +d; =0 (1)
a,x +byy +c,z +d, =0 ..(ii)
Let P(x,y, z) be a point on the plane bisecting the angle
between planes (i) and (ii).

Let PL and PM be the length of perpendiculars from P to
planes (i) and (ii).

0 PL=PM

=z

and

ajx +byy ez +d, | _| ayx +byy +cyz +d,
vai +bf +cf Vaz +b; +c3
a;x +byy +ciz +d; _ Gox +b,y +cyz +d,

This is equation of planes bisecting the angles between the
planes (i) and (ii).

0

Vector Form

Equation of planes bisecting the angle between planes
rCh, =d, andrCh, =d, are

rDll_dl _ rl]lz_dz

[l rBll_dlzirBlz_dz
n, n,

0 LB L B L

[ny | Ing| |ng| [n,]

d d

0 r{f, +h,)=—— + 2

In; [ [ny|
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Bisector of the Angle between the
Two Planes Containing the Origin

Let the equation of the two planes be
a;x +byy +ciz +d; =0 (1)
..(ii)

and a,x +byy +cyz +d, =0

where, d; and d, are positive, then equation of the
bisector of the angle between the planes (i) and (ii)
containing the origin is

a\x +byy tciz +d; _a,x +byy +cyz +d,

vai +bi +ci Vaz +b; +c;

Bisector of the Acute and Obtuse
Angles between Two Planes

Let the two planes be
a;x +byy +ciz +d; =0 (1)

..(if)

and a,x +by,y +cyz +d, =0

where, d; and d, >0
(a) Ifa;a, +b,b, +cicy >0, the origin lies in the obtuse
angle between the two planes and the equation of
bisector of the acute angle is,
a;x +byy +ciz +d;

w/af +bf +cf

(b) If aya, +byb, +cqc, <0, then origin lies in the acute
angle between the two planes and the equation of
bisector of the acute angle between two planes is

_ayx +tbhyy ez +d,

2,12, 2
a;, +b; +c;

a\x +byy +ciz +d; _
Jai +b? +c}

Example 66. Find the equation of the bisector
planes of the angles between the planes

2x -y +2z+3 =0and 3x -2y +6z +8 =0 and specify
the plane which bisects the acute angle and the plane
which bisects the obtuse angle.

a,x +byy +cyz +d,

2 2, 2
a, +b; +c;

Sol. The two given planes are
2x—y +2z +3 =0 and 3x -2y + 6z +8 =0
where, d; and d, >0
and wma, + bb, +cc, =6 +2 +12 >0

ax+bytez +d _ ax+by+cez +d,

0
Vai + b? +c? Jai + b} + ¢
(obtuse angle bisector)
ax+by +tez +d, _ax+by +tez+d
and & Y 1 1_ 4% 2y 2 2

Vai +bf +cf Vai + b} +c

(acute angle bisector)
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2x—y +2z+3 _  3x -2y +6z +8
Jat+1+4 {9+ 4 +36

O (14x —7y +14z +21) = £ (9x —6y +18z +24)

Taking positive sign on the right hand side, we get

I+

ie.

5x —y —4z —3 =0 (obtuse angle bisector)
and taking negative sign on the right hand side, we get

23x =13y +32z +45 =0 (acute angle bisector)

Line and Plane
Line of Intersection of Two Planes

Let two non-parallel planes are r[h; =d; and rCh, =d,

v

Now line of intersection of planes is perpendicular to
vector n; and n,.

O Line of intersection is parallel to vector n; X n,.

If we wish to find the equation of line of intersection of
planes a;x + b,y +cyz —d; =0and

a,x +b,y +c,z —d, =0, then we find any point on the
line by putting z =0 (say), then we can find corresponding
values of x and y be solving equations a;x +b;y —d; =0
and a,x + b,y —d, =0. Thus, by fixing the value of z = A,
we can find the corresponding value of x and y in terms of
A. After getting x, y and z in terms of A, we can find the
equation of line in symmetric form.

Example 67. Reduce the equation of line
X—y+2z =5and 3x + y +z =6 in symmetrical form.
Or

Find the line of intersection of planes x —y +2z =5
and 3x+y+2z =6.

Sol. Given x =y +2z =53x+y +z =6.

Let z=A
Then, xX—y=5-2\
and 3x+y =6 -A

Solving these two equations, 4x =11 —3A

4y =4x —20 +8\ = =9 +5\

4x—11 _4y+9 _z-0
-3 5 1

and

The equation of the line is

Angle between a Line and a Plane

nA
b
/Line

90°- 6

Normal —>|

!

Plane

The angle between a line and a plane is the complement of
the angle between the line and the normal to the plane.

If the equation of the line is r = a + Ab and that of the
plane is rCh =d, then angle 8 between the line and the
b [h

|b [In|

normal to the plane is cos 8 =

So, the angle @between the line and the plane is given by
90° —-0.

bCh
[bl[n]

-1

sin@ =
[bf[n]

or @ =sin

Line r=a + Ab and plane r [h =d are perpendicular if
b=An or bx n=0 and parallel if b0 n or blh =0.

Example 68. Find the angle between the line

r=i+2j-k+A(i —j+k)and the plane

rRi-j+k) =4
Sol. We know that if 8 is the angle between the lines r= a + Ab
b
|bn]
Therefore, if 8 is the angle between r=1+2j -k + A(i -j +k)
and r[2i-j + k) =4, then

and rCh =p, thensin 8=

2+1+1 4

4
T itirl a1+l B 32

O B=sin"" %Q

Intersection of a Line and a Plane
To find the point of intersection of the line
XX Y™ _27%

I m n

and the plane



ax +by +cz +d =0.

XX YV 22
o m n

*P ax+by+cz+d=0

X=Xy _Y~™Y1 _%27%21 _

Let

l m n
O (x=rl+x,y=mr+y,z=nr+z,) ..(3)
be a point in the plane say P.

It must satisfy the equation of plane.

O a(x, +1r) +b(y, +mr) +c(z, +nr) +d =0
O (ax; +by, +cz; +d) +r(al +bm +cn) =0
0 r:_(axl +by, +cz; +d)

al +bm +cn

On substituting the value of r Eq. (i), we get the
coordinates of the required point of intersection.

(i) Condition for a Line to be Parallel to a
Plane

Letline — L =2 "Y1 -2 721y, parallel to plane
m n

ax +by +cz +d =0 iff;
O =0orTtorsin®0=0 0 al+bm+cm =0

(ii) Condition for a Line to Lie in the Plane

X —Xx - z-
Condition for LA
m n

ax +by +cz +d =0 are

z
L to lie in the

plane
al+bm +cn =0 and ax; + by, +cz; +d =0

Note

A line will be in a plane iff

(i) the normal to the plane is perpendicular to the line.
(ii) a point on the line in the plane.

Example 69. Find the distance between the point

with position vector —i — 5j =10k and the point of

X=2 _ y+1_z-2
4

intersection of the line with the

plane x -y +z =5.
Sol. The coordinates of any point on the line

-2 +1 -2
x3 :y4 = =r (say) are (3r +2,4r —1,12r +2)

If it lies on the plane x —y + z =5, then
3r+2—4r+1+12r +2 =5 J11r =00 r =0.
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Putting r = 0in (i), we obtain (2, — 1, 2) as the coordinates of the
point of intersection of the given line and plane.

Required distance = distance between points (= 1, =5, —10) and
2 -1,2)=(2 + 1)? +(=1 +5)* +2 +10)’

=49 +16 +144 =4169 =13.

Coplanarity of Two Lines

X1 _YTYV1 _Z2 7% .
= = lies in a given
[ m n

plane ax + by +cz +d =0ifax, + by, +cz; +d =0
and al+bm +cn =0

The straight line x

X4, Y1, 24)

ax+by+az+d=0

Thus, the general equation of the plane containing a
straight line

Z_Zl .

X—X1 ~— V1
=Y N is

l m n
a(x =xy) *b(y —yy1) *c(z —z;) =0
al +bm +cn =0

where,

The equation of the plane containing a straight line
X7X% Y™V _Z"%

and parallel to the straight line

I m n
X7Xp _Y7Y2 _272.
= = is
L my ny
X=Xy Y~™Y1 272
I m n =0
L my ny

Hence, the equation of the plane containing two given
straight lines

XX _ Y~ V1 _*27%

I m n
x_xZ - 2 Z_Zz

and =YYz _

L my ny
X=Xy Y™V Z27%

l m n |=0

L my ny
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X=Xy Y TY2 272
or l m n =0
L my ny

If the lines r=a; +Ab; and r = a, +Ab, are coplanar,
then

[a; by by]=[a; b; b,]
and the equation of plane containing them is
[rby by]=[a; by b,]
or [rby by]=[a;b; b, ]
Example 70. Find the equation of plane passing

through the point (0, 7, -7) and containing the line
X+1_y-=3 _ z+2

-3 2 1
Sol. Let the equation of the plane passing through the point
(0,7,=7)be a(x —0) +b(y —=7) +c(z +7) =0 (1)

z+

+1 -3 2
The line ~ =y == n passes through the point

-3 2

(= 1,3, —2)and has direction ratios — 3, 2, 1. If (i) contains
this line, it must pass through (- 1, 3, — 2) and must be
parallel to the line. Therefore,

a(—1) +b(3 —=7) +c(—2 +7) =0
ie. a(—=1) +b(—4) +c(5) =0
—3a +2b +1c =0

...(ii)
...(iii)

On solving Egs. (ii) and (iii) by cross multiplication, we get

and

a b c a_b ¢
= - =_—=_=)\ sa’
-14 -14 -14 1 1 1 ( Y)
0 a=ANb=Ac=A\

Putting the values of a, b, ¢ in (i), we obtain
Mx=0)+ANy =7) *A(z +7) =0
g x+y+z=0
This is the equation of the required plane.
x+1 _y+3 z+5
5 7

are coplanar. Also, find the

Example 71. Prove that the lines

X=2 _y-4 z-6
1 4
plane containing these two lines.

and

Sol. We know that, the line YT VTN _ETA

L my n
and X2 =Y T2 22 T2 coplanar if
L my n
X=X Y2TY1 227%4
L m m =0
I my ny

and the equation of the plane containing these two lines is

X=X Y=Y Z27%
L m n =0
L m; )
Here, x=—-1Ly =-3,z =-5
Xy =2,¥,=4,2,=6,1; =3,
m=5m=71,=1,m, =4n, =7.
X2 =X Y27V Z2 7% 3.7 11
O L m n |=[3 5 7|=0
I m, n, 1 4 7

so, the given lines are coplanar.

The equation of the plane containing the lines is

x+1 y+3 z+5
3 5 7 |=0
1 4 7

ar(x +1)(35 —28) —(y +3)(21-7)+(z +5)(12 =5) =0

or x—=2ytz =0.

Image of a Point in a Plane

To find the image of the point (0, 3,y) in the plane
ax +by +cz +d =0 (1)

Let O(x1, ¥,z ) be the image of point P in the plane (i).

P (a, B v)

.
1
1
1
1
1
1
1
1
1
1
|

L

Q (x4, ¥1,24)

Let PQ meet plane (i) at L, direction ratios of normal to
plane (i) are (a, b, ¢), since PQ perpendicular of plane (i).
So, direction ratios of PQ are a, b, c.
U Equation of line PQ is,
x-o _y-B_z-y
a b ¢

=r

(say)

Coordinate of any point on line PQ may be taken as
(ar +a, br +B, cr +vy)

Let Q(ar +a, br +3, cr +y)

Since, L is the middle point of PQ

O L:% +—pB+—,y +
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Since, L lies on plane (i), we get

a[hr+qD+bEJl?r +BD+cDCr+ D+d:O
gz TOH" H TPHTCH TV

(a* +b* +c*) * = ~(a +B +oy +d)

_—2(a0 +1B +y +d)
r=
a’ +b* +¢?

Example 72. Find the image of the point P(3,5,7) in
the plane 2x+y +z =0.

Let the coordinates of the foot of the perpendicular from the

point P(7, 14, 5) be M(a, B, y).

Then, the direction ratios of PM ared — 7,3 ~14 and y —5.

Therefore, the direction ratios of the normal to the plane are

o -7, —14andy 5.

But the direction ratios of normal to the given plane

2x+ 4y —z =2are2,4and — 1.

oa-7_PB-14_y-5_
2 4 -1

k

Hence,

O o= 2k 7,p=4k +l4andy = -k +5

Since, , B and y lie on the plane 2x +4y —z =2,
200+ 4B -y =2

()

Sol. Given plane is2x +y +z =0 ..(i) O 27 + 2k) + 414 + 4k) —=(5 —k) =2
and the point P(3,5,7) U 14 +4k +56 + 16k =5 +k =2
DR’s of normal to the plane (i) are 2, 1, 1. 0 21k=-63 0 k=-3
Let Q be the image of a point P in plane (i). Now, putting k = =3 in (i), we get a =1, =2,y =8
Hence, the foot of the perpendicular is (1, 2, 8).
*+P(3,5,7)
| ) , ox—1 -2
| Example 74. Find the image of the line 5 y 1
i z+3 .
o =——in the plane 3x -3y +10z —26 =0.
-3
A —
So A(1,2,-3)
Q
-3 _y-5_z-7 B A
UEquation of line PR is X =2 =Z =r
2 1 1
Let R@2r +3,r +5,r +7)
Since, R lies on plane (i). x=-1_y=-2_=z+3 )
O 202r +3) +(r +5) +r +7) =0; 6r +18 =0 9 -1 -3
U r=-3 0 R=-324 3x =3y +10z —26 =0 (i)
Let Q=(,B,y) The direction ratios of the line are 9, — 1 and — 3 and direction
Since, R is mid-point of PQ. ratios of the normal to the given plane are 3, —3 and 10.
a+3 Since, 903 + (—1) ( —=3) +(—3) 10 =0 and the point (1, 2, —3) of
O -3= a=- 9 L S e
2 line (i) does not lie in plane (ii) for
B+5 30 -3[2 +10[(-3) —26 #0, line (i) is parallel to plane (ii). Let
2= Op=-1 A’ be the image of point A(1, 2, — 3) in plane (ii). Then the
2 image of the line (i) in the plane (ii) is the line through A’ and
4= y+7 Oy= 1 parallel to the line (i).
Let point A" be (p, ¢, r). Then
0 Q=(-9.11)

Example 73. Find the length and the foot of the
perpendicular from the point (7,14, 5) to the plane
2X+4y =z =2

2(7) +4(14) —(5) -2

Sol. The required length =
2 +4% +1°

_14+56-5-2 _ 63

Ja+16+1 21

p-1_q—-2_r+3

3 -3 10
__ (1) -3@2) +10(=-3) -26) _1
- 9+ 9 +100 T2

The point A’ %% 2@

The equation of line BA' is 5 = =
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Exercise for Session 3

© N S &

10.

11.

12.

13.

14.
15.

Find the equation of plane passing through the point (1, 2, 3) and having the vector r=2i —] +3k normal to it.
Find a unit vector normal to the plane through the points (1, 1, 1), (-1, 2, 3) and (2, - 1, 3).

Show that the four points (0, — 1,0), (2,1, —1), (1,1, 1) and (3, 3, 0) are coplaner. Also, find equation of plane
through them.

Find the equation of plane passing through the line of intersection of planes3x + 4y -4 =0 and
X +7y +3z +z =0and also through origin.

Find equation of angle bisector of plane x +2y +3z —z =0and2x -3y +z +4 =0.

Find image of point(1,3,4)in the plane2x -y +z +3 =0.

+1=Z:%andthe plane3x +y +z =7.

Find the angle between the line X 3

Find the equation of plane which passes through the point (1, 2, 0) and which is perpendicular to the plane
X -y +z=3and2x +y -z +4 =0.

Xx-2 y+1_z-2

Find the distance of the point (-1, —5, —10) from the point of intersection of the line 2 12 and
plane x —y +z =5.
Find the equation of a plane containing the lines X -5 =Y 7 =2t 3 and x -8 =Y ~4 =2 _5.
4 -5 7 1 3
. . . . . oox+1_y -1

Find the equation of the plane which passes through the point(3, 4, —5) and contains the line = 3
_z+2

-1

Find the equation of the planes parallel to the plane x -2y +2z -3 =0. Which is at a unit distance from the
point (1,2, 3).

Find the equation of the bisector planes of the angles between the plane x + 2y +2z =19 and

4x-3y +12z +3 =0 and specify the plane which bisects the acute angle and the plane which bisects the
obtuse angle.

Find the equation of the image of the plane x -2y +2z =3intheplanex + y +z =1

Find the equation of a plane which passes through the point (1, 2, 3) and which is at the maximum distance
from the point (-1, 0, 2).



Session 4
Sphere

Sphere

A sphere is the locus of a point which P()
moves in space in such a way that its

distance from a fixed point always

remains constant. The fixed point is called

the centre of the sphere and the fixed

distance is called the radius of sphere.

Shown as in adjoining figure.

Equation of Sphere whose
Centre ¢ and Radius is a
Let O be the origin of reference and C be the centre of

sphere whose position vector is ¢. Let P be any point on
the surface of the sphere whose position vector is r.

Thus, OP=randOC=c
O CP=0P-0C=r-c

P

Ry
O'::::'E"'

Now, [r—c|=a [radius of sphere]
O |r—c|* =a®
O (r—c) [Qr-c) =a?
0 r® —2rle +c* =a’
O r* —2r @ +(c* —a®) =0

which is the required equation of sphere.

Cartesian Equation of a Sphere

The equation of sphere with centre (a, b, ¢) and radius R is

(x —a)® +(y =b)* Hz —¢)* =R’

Py, 2)

Proof. Let C be the centre of the sphere.

Then, coordinates of C are (a, b, ¢). Let P(x, y, z) be any
point on the sphere, then

CP =R
0 CP? =R?
0 (x —a)?® +(y -b)* +(z —c)* =R*

Since, P(x, y,z) is an arbitrary point on the sphere,
therefore required equation of the sphere is

(x —a)’ +(y ~b)° +(z —¢)* =R*

Remarks

1. The above equation is called the central form of a sphere. If the
centre is at the origin, then equation of sphere is,

X2+ y?+ 22 =R?
(known as the standard form of the sphere)
2. Above equation can also be written as
X2+ y? + 7% —0ax =2by =2cz +(a® +b°? +c? -R%) =0

which has the following characteristics of the equation of
sphere

(i) It is a second degree equation in x, y and z.
(i) The coefficient of x%, y? and z2 are all equal.

(iii) The term containing the product of xy, yz and zx are
absent.

Example 75. Find the vector equation of a sphere
with centre having the position vector i+ j+ k and
radius /3.

Sol. We know that equation of sphere is

[r—c|=a (vector form)

O Ir-(+j+k)| =3
which is the required equation of sphere.
Example 76. Find the equation of sphere whose
centre is (5,2, 3) and radius is 2 in cartesian form.
Sol. The required equation of the sphere is
(x=5)° +(y =2)" +z -3)" =2°
0 x*+y? +2% —10x —4y —6z +34 =0

Example 77. Find the equation of a sphere whose
centre is (3, 1, 2) and radius is 5.
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Sol. The equation of the sphere whose centre is (3, 1, 2) and
radius is 5, is
(x=3)" +(y =1)* +(z -2)* =5’

X+ y2 +2z% —6x =2y —4z -11 =0

General Equation of Sphere
The equation x* + y* +2z° +2ux +2vy +2wz +d =0

represents a sphere with centre (—u, —v, —w) i.e.

a1 1
HE coefficient of x, —5 coefficient of'y,

1 coefficient of z @
2

and radius =\/u2 +v2 +w® —d.

Note
The equation x° + y° + 2% +2ux +2vy +2wz +d =0 represents
areal sphere, ifu? + v2 + w? —=d >0. Ifu? + v2 + w? = d =0, then

it represents a point sphere. The sphere is imaginary, if
u? +v? +w? —d <0.

Example 78. Find the centre and radius of the
sphere 2x? +2y? +2z? =2x —4y +27 +3 =0.

Sol. The given equation

3
x? +y2 +z% —x -2y +z +5 =0;
where cetnre is

1 1 1
% 5 coefficient of x, — E coefficient of y, — 5 coefficient of z@

0 Centre=%,—l,—1§
2
Radius :\/%g +(-1)° +§‘lg -3
2 2
1 1 3
=/—-+1+—— =0
4 4 2

1
U Given sphere represents a point sphere %, -1,- 5@

and

Example 79. Find the equation of the sphere passing
through (0,0,0), (1,0,0), (0,1,0) and (0,0, 1).
Sol. Let the equation of the sphere be
x2+y?+2z% +2ux +2vy +2wz +d =0 ..(i)
As (i) passes through (0, 0, 0), (1, 0, 0), (0,1, 0) and (0, 0, 1), we
must haved=0,1+2u+d =0
1+2v+d=0andl1+2w +d =0
Since,d = 0, we get2u =2v =2w = —1
Thus, the equation of the required sphere is

x4+ y2 +z2 -x-y —z =0.

Example 80. Find the equation of a sphere which
passes through (1,0,0), (0,1,0) and (0,0,1) and has
radius as small as possible.
Sol. Let the equation of the required sphere be
xt+y? 428 +2ux +2vy +2wz +d =0 (1)
As the sphere passes through (1, 0, 0), (0,1, 0) and (0, 0, 1), we
get
1+2u+d=01+2v+d =0and1+2w +d =0

O u:v:w:—é(d +1)

If R is the radius of the sphere, then R =u? +v* +w? -d

0 R? V¥ —-d

I
=

+

—

e R N RV N ON

IS

Y R

NS

The last equation shows that R? (and thus R) will be the least if

1
anonly ifd = ——
3
Therefore,u =v =w = ! @ —EQ: _1
2 3 3

2
Hence, the equation of the required sphere is x* + y* + z* — 3

(x+y +z)—§:00r3(x2+y2+22) —2(x +y +z) -1 =0.

Diameter Form of the Equation of a Sphere

If the position vectors of the extremities of a diameter of a
sphere are a and b, then its equation is

(r—a)lr—b) =0
0 |r|?-r{a+b) +alb =0
Proof. Let a and b be the position vectors of the
extremities A and B of a diameter AB of sphere. Let r be

the position vector of any point P on the sphere.
Then,

AP=r—-aand BP=r-b



Since, the diameter of a sphere subtends a right at any
point on the sphere, therefore

0 OJAPB= g
0 APBP =0
0 (r-a) {r-b) =0

r-rib-rla+alb =0
|r)* —(a+b) F+alb =0

This is the required equation of sphere.

Vector Form

If the position vectors of the extremities of a diameter of a
sphere are a and b, then its equation is

=|a-b/|*
Proof. Let a and b be the position vectors of the

extremities A and B of a diameter of a sphere. Let r be the
position vector of any point P on the sphere, then

jr-al’ +|r-b[*

AP=r-a
and BP=r-b
Since, AAPB is a right angled triangle.
0 AP® + BP® = AB?

O |AP* +|BP | =| AB|*
0 r—al® +/r-b|® =la-b|

This is the required equation of the sphere.

Cartesian Form

If (x1,y1,21) and (x,,y,, z,) are the coordinates of the
extremities of a diameter of a sphere, then its equation is,

(x =x1) (x =x2) *y —y1) (¥ —¥2) +(z —21) (z=22) =0
Example 81. Find the equation of the sphere

described on the joint of points A and B having
Position position vectors 2i+6j — ~7k and - 2i +41 — 3k,
respectively, as the diameter. Find the centre and the
radius of the sphere.
Sol. If point P with position vector r = xi+ y} +zkis any
point on the sphere, then AP[BP =0
(x =2)(x +2) +(y —6)(y —4) Hz +7)(z 43)=0
O (x* —4) +(y? =10y +24) +z* +10z +21) =0
O i+ y? + 2% —10y +10z +41 =0

The centre of this sphere is (0, 5, —5) and its radius is

\5% +(=5)% —41 =J9 =3
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Section of a Sphere by a Plane

Consider a sphere intersected by a
plane. The set of points common to
both sphere and plane is called a
plane section of a sphere.

It can be easily seen the plane
section of sphere is a circle.

Let C be the centre of the sphere and M be the foot of the
perpendicular from C on the plane. Then, M is the centre
of the circle and radius of circle is given by PM.

ie. PM =+/CP? —CM?*

The centre M of the circle is the point of intersection of
the plane and line CM, which passes through C and is
perpendicular to given plane.

Example 82. Find the radius of the circular section
in which the sphere |r| =5 is cut by the plane
ri+ j+ k) =343.

Sol. Let A be the foot of the perpendicular from the centre O to
the planer@l+3+k) -34/3 =0

343

=—— =3 (perpendicular

5

0i+j+k) 33

Then,| OA | = \i+j+lA(|

distance of a point from the plane)

If P is any point on the circle, then P lies on the plane as well
as on the sphere. Therefore, OP =radius of the sphere =5

Now, AP? =0P% - 0A? =5% -3% =16
0 AP =4

Example 83. Find the centre of the circle given by
rEG|+21+2k)—15 and |r - j+2k | =4.

Sol. The equation of a line through the centre 3 +2k and normal
to the given plane is
r=(j+2k) + A(i +2j +2k) ()
This meets the plane at a point for which we must have
[(§+2k) + A(d +2j +2k)] [+ 2§+ 2k) =15
u 6+9\ =15
O A= 1
On putting A=1in Eq. (i), we obtain the position vectors of the
centre as 1+3j + 4k, Hence, the coordinates of the centre of
the circle are (1, 3, 4).
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Condition of Tengency of a Plane to a Sphere

A plane touches a given sphere, if the perpendicular
distance from the centre of the sphere to the planes is
equal to the radius of the sphere.

Vector Form

The plane r[h =d touches the sphere |[r—a| =R,
lalh —d| _

[n|

if R

Cartesian Form

The plane Ix + my +nz = p touches the sphere

x? +y? +2% +2ux +2vy +2wz +d =0,

if (ul + vm +wn +p)? =(I* +m® +n*)(u® +v* +w® —d)

Example 84. Show that the plane 2x =2y +z +12 =0
touches the sphere x* +y? +z% =2z -4y +2z -3 =0,
Sol. The given plane will touch the given sphere if the
perpendicular distance from the centre of the sphere to the

plane is equal to the radius of the sphere. The centre of the
given sphere x2 +y? +2% —2x —4y +2z -3 =0is(1,2,— 1)

and its radius is \/12 +2% +(—-1)* =(-3) =3.

Length of the perpendicular from (1, 2, — 1) to the plane
2x =2y +z +12 =01is
9

=—-=3
3

2(1) —2(2) +(—1) +12
\/22 +(—2)? +17

Thus, the given plane touches the given sphere.

Example 85. Find the equation of the sphere
whose centre has the position vector 3i+6j—4k

and which touches the plane r2i —2} ~ k) =10.

Sol. Let the radius of the required sphere be R. Then, its
equation is
| r - (3i+6j —4k)| =R (i)
Since, the plane r[2i-2j - ﬁ) =10 touches the sphere (i),
therefore length of perpendicular from the centre to the plane
ri-2j-k)=10is equal to R.
o | (3i-6j—4k) [i-2j -k) 10|
- |2i-2j- k|

=R 0 R=4

On putting R = 4in Eq. (i), we obtain | r — (31 +6] —4lA() | =4
as the equation of the required sphere.

Example 86. A variable plane passes through a fixed
point (a,b, c) and cuts the coordinate axes at points
A, B and C. Show that the locus of the centre of the

. b
sphere OABC is 942458
X y z

Sol. Let (a, B, y) be any point on the locus. Then according to

the given condition, (a, (3, y) is the centre of the sphere
through the origin. Therefore, its equation is given by

(x —a)* +(y =B)* +z =y)*=(0 —a)* +(0 B)* +0 -y)°
xt+yt 4z —20x —2By —-2yz =0

To obtain its point of intersection with the X-axis, we put
y =0andz =0, so that

x2=20x =0
O x(x—20)=0
a x=0 or x =20

Thus, the plane meets X-axis at O(0, 0, 0) and A(2a, 0, 0).
Similarly, it meets Y-axis at O (0, 0, 0) and B(0, 23, 0) and
Z-axis at 0(0, 0, 0) and C(0, 0, 2Y).
The equation of the plane through A, B and C is
x Y,z
200 2B 2y
Since, it passes through (a, b, c), we get
a b c
+ —+ - =1

20 B

(intercept form)

or

Y
c
— =2
Y

a b
4+
a B
.a b ¢
Hence, locus of (@, 3, y)is — + — +— =2.
X y z

Example 87. A sphere of constant radius k passes
through the origin and meets the axis at A, B and C.
Prove that the centroid of triangle ABC lies on the
sphere 9(x* + y? +2?%) =4k?*.
Sol. Let the equation of any sphere passing through the origin
and having radius k be
X+ y2 +2% +2ux +2vy +2wz =0
As the radius of the sphere is k, we get
u? +v% +w? kP
Note that (i) meets the X-axis at O(0, 0, 0) and A(- 2y, 0, 0);

Y-axis at O(0, 0, 0) and B(0, — 2v, 0), and Z-axis at O(0, 0, 0) and
(0, 0, — 2w).

Let the centroid of the triangle ABC be (0, B, y) Then

_2u,_ 2v_ 2w
a=-Zp=-Ty=-2

3 3 3

3a 3 3
O uz——,vz——ﬁ,w:——v
2 2 2

Putting this in (ii), we get
Tl BB
af + + =k
2 2 P 2 Y
2,02 2222
O a“+p" +y =§k

This shows that the centroid of triangle ABC lies on

4
x* +y2 +z2 =§k2'
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Exercise for Session 4

1. Find the centre and radius of sphere 2(x —5)(x + 1) +2(y +5)(y —1) +2(z -2)(z +2) =7

2. Obtain the equation of the sphere with the points(1,- 1, 1) and (3, — 3, 3) as the extremities of a diametre and
find the coordinates of its centre.

3. Find the equation of sphere which passes through (1, 0, 0) and has its centre on the positive direction of Y-axis
and has radius 2.

4. Find the equation of sphere if it touches the plane r[ﬂzi —2] - R) =0 and the position vector of its centre is
3i+6j -4k.
Find the value of A for which the plane x + y +z =+/3)\ touches the sphere x? + y? + z2 -2x -2y -2z =6.
Find the equation of sphere concentric with sphere2x? + 2y? +2z% —-6x +2y -4z =1and double its radius.
A sphere has the equation|r—a?> +|r-b[?> =72, where a= i +3] -6k and b=2i +4] +2k
Find
(i) The centre of sphere

(i) The radius of sphere

(iii) Perpendicular distance from the centre of the sphere to the plane r E(2Ai +2] - R) +3 =0.



JEE Type Solved Examples :
Single Option Correct Type Questions

Ex. 1 If a line makes angle a, 3 and y with the
coordinates axes, then
(a) cos 20 + cos 2B +cos 2y —1=0
(b) cos 200 +cos 2B + cos 2y =2 =0
(c) cos 200 + cos 2B + cos 2y +1=0
(d) cos 20 + cos 2B + cos 2y +2 =0
Sol. (¢) If cos a, cos B and cosy are the DC’s of a line, then
2cos’ O +2 cos’PB +2cos’ y =2
d 1+ cos20 +1 +cos2B +1 +cos2y =2
ad cos20 + cos 2P +cos2y +1 =0

Ex. 2 The points (5, = 4,2) (4, = 3,1), (7, =6, 4)
and (8, —7,5) are the vertices of
(b) a square
(c) a parallelogram (d) None of these
Sol. (c) Let A(5, —4,2), B(4, =3, 1), C(7, =6, 4) and D(8, =7, 5)

(a) a rectangle

AB=-i+j-k
BC=3i-3j +3k
CDh=i-j+k
and DA =-3i +3j -3k
Clearly AB|| CD and BC || DA
Also, AB[BC=-9#0

U ABCD is a parallelogram.

Ex. 3 In AABC the mid-point of the sides AB, BC and CA
are respectively (1,0,0), (0, m,0) and (0,0, n). Then,
AB? +BC? +CA?

is equal to
[> +m? +n? 7
(@)2 (b) 4
(c)8 (d) 16
Sol. (c) From the figure,
C (X3, Y3, Z3)
(0, m, Q) (0,0, n)
boy2z) (L0.0)  (xi,yy,2)

Xt x, =2l y; +y, =0,z + 2, =0
X+ x3=0,y, Fy; =2mz; +23 =0
and x; + x3 =0,y; +y3 =0,2; + 23 =2n
On solving, we get
X =Lxy =L xg=-1

Vi=T"mYy;, =mys=m
and Z,=N,2Z, = —N2Z3=n
OCoordinates are A (I, —=m, n), B(l, m, —n)and C (= [, m, n)
AB? + BC® +CA?

12 +m? + n?
(4m? + 4n®) + (41 + 4n®) +(41* +4m®) _

1+ m® +n?

8

Ex. 4 The angle between a line with direction ratios
proportional to 2,2, 1 and a line joining (3,1,4) to(7,2,12), is

(a) cos™ %@ (b) cos™' % ;Q
(c) tan™ %Q (d) None of these

Sol. (a) A line with direction ratios proportional to 2, 2, 1 is parallel
to the vectora=2i+2j + k.

Line joining P(3, 1, 4) to Q (7,2, 12) is parallel to the vector

PQ=4i+]j+8k
Let O be the required angle. Then,
o= aPQ _ 8+2+8
|a]|PQ| 4+4+1.16+1 +64
a cosBZAIg a 9=cos_lgg
3x9 3

EXx. § The angle between the lines 2x =3y = —z and
6x=—y=-4zis

(a)30° (b) 45°
(c)60° (d) 90°
Sol. (d) Given, equation of lines can be rewritten as

XYy - F
1/2 1/3 -1

and x _y _ =z
1/6 -1 -1/4

0 c0s 0 = @a, + bb, + cc,

Va? + b+ \Ja +b] +c}

1.1 1 1
—X—+—x(-1) -1 xXO——
-2 6 3 4

\/1 1 1 1
S+l — 41+
4 9 36 16

1 1 1
-4
12 3 4
1 1

1 1
ST+ — 1 +—
\/4 9 36 16

0 cosB=000= N




Ex. 6 A line makes the same angle © with X-axis and
Z-axis. If the angle 3, which it makes with Y-axis, is such
that sin? B=3 sin? O, then the value ofcos2 Ois

1 2
(a) g (b) g
3 2
(c) g (d) 5

Sol. (c) Since, cos® 0 + cos’ B + cos? B=1 [o 1%+ m? +n® =1]

d 2 cos’ @ +1 —3sin’ 0=1 [ sin? B =3 sin® 0]
ad 2cos? B —3(1 — cos® 8) =0
ad 5cos’0=3 0 0052922

EXx. 7 The projection of a line segment on the coordinate
axes are 2, 3, 6. Then, the length of the line segment is
(a)7 (b) 5
©)1 (d) 11
Sol. (a) Let the length of the line segment be r and its direction

cosines be [, m, n. Then, its projections on the coordinate axes
are Ir, mr, nr.

0 Ir=2,mr=3 and nr =6

a 1%+ m%? +n%? =4 +9 +36

a r2(1% + m* + n?) =49

O =49 0 r=7 [12+ m? +n® =1]

Ex. 8 The equation of the straight line through the origin
and parallel to the line (b +c)x +(c +a)y
+(a +b)z =k =(b —c)x +(c —a)y +(a —b)z are

x _ y _ z
(a)bz—cz_cz—az_az—b2
_y _Z
pr=Y=%
(b) ;
x _ y _ z
C -— -—
()a —-bc b *-ca c*-ab

(d) None of the above
Sol. (c) Equations of straight line through the origin are

x=0_y-0_z-0
I m o
where, I(b+c)+m(c +a) +n(a +b) =0
and I(b—c)+m(c —a) +n(a -b) =0
On solving, Zl = zm
2(a® =bc) 2(b° —ca)

_ n

" 2c? - ab)
Equations of the straight line are

x _ 'y _ z
a’=bc b*-ca ' -ab
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EXx. 9 The coordinates of the foot of the perpendicular
drawn from the point A(1,0,3) to the join of the points
B(4,7,1) and C(3,5, 3) are

(a @ 77 (b)(5.7,17)

OB-IT 0BT

Sol. (a) Let D be the foot of the perpendicular and let it divide BC in
the ratio A : 1. Then, the coordinates of D are

BA +4 5N +7 3N +10

A+1 A+1" A+1
Now, ADOBC O ADIBC=0
0 — @N 3y 265% TF % 00 A:—E

1
So, the coordinates of D are % Z, 37

Ex. 10 A mirror and a source of light are situated at the
origin O and at a point on OX, respectively. A ray of light
from the source strikes the mirror and is reflected. If the
direction ratios of the normal to the plane are proportional

to 1,—1,1, then direction cosines of the reflected ray are
122 122
a)—, - — b)-— -~
( )3 33 (b)- 333
1 2 2 1 _ 22
- -2, = -+ -2%
© 3 3 3 (- 3’3

Sol. (d) Let the source of light be situated at A(a, 0, 0), where, a # 0.

Let OA be the incident ray, OB be the reflected ray and ON be

the normal to the mirror at O.
0 OJAON= O NOB g (say)

Direction ratios of OA are proportional to a, 0, 0 and so its
direction cosines are 1, 0, 0.

Direction cosines of ON are —,

O cos

01(0,0,0)
Let I, m, n be the direction cosines of the reflected ray OB.
™ [+1 _1 m+0 _ 1
en = -——_
’ 0 ’ 0
2 cos — ‘/g 2 cos — ﬁ
2
n+0 1
and —_— =
\3

2 cos —
2
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2 2
O I=—-1m=-—n=-
3 3
1 2 2
g l=——m=-—n=-
3 3 3

. . . 1 22

Hence, direction cosines of the reflected ray are — g, - 5, g

Ex. 11 Equation of plane passing through the points
(2,2,1),(9,3,6) and perpendicular to the plane
2x +6y +6z —1 =0, is
(a)3x +4y 45z =9
(b)3x +4y =5z +9 =0
(©)3x+4y =5z =9 =0
(d) None of the above
Sol. (c) Equation of a plane passing through (2,2, 1) is
a(x—2) +b(y =2) +c(z -1) =0 (1)
This passes through (9, 3, 6) and is perpendicular to
2x +6y +6z -1 =0

a 7a+b+5c =0 and 2a + 6b +6c =0
Solving these two by cross-multiplication, we get
a b e
-24 -32 40
0 a_b _c
-3 -4 5

Substituting the values of a, b, ¢ in Eq. (i), we get
3x + 4y =5z —9 =0 as the required plane.

Ex. 12 If the position vectors of the points A and B are
30+ j +2k and i —2] -4k respectively, then the equation of
the plane through B and perpendicular to AB is

(a)2x +3y +6z +28 =0
(b)3x +2y +6z =28
(c)2x =3y +6z +28 =0
(d)3x -2y +6z =28
Sol. (a) We have, AB=-2i -3 -6k
So, vector equation of the plane is
|r - -2j —4k)| [AB =0
O rl(-2i-3j-6k) =(i —2j —4k) (- 2i -3j —6k)
g - 2x 3y 6F-— 2+ 6 24
g 2x +3y +6z +28 =0

Ex. 13 A straight line ‘L’ cuts the lines AB, AC and AD of
a parallelogram ABCD at points B;, C; and D;, respectively.

1
[fAB-[, = A]AB, AD] = )\zAD andAC1 :)\3AC, thenr iS
3

equal to
1 1 1 1
—+ b) — - —
(a))\1 X ())\] X,
() =A1+A, (d)A;+A,

Sol. (a)Let AB=a, AD=b,then AC=a+b
AB, = Aja, AD; = A,b, AC, = As(a+b)
B,D, =AD, - AB, =A\,b -\

Given,

D

Since, vectors D,C, and B, D, are collinear, we have
D,C, =k B,D, for some k [JR.

O AC, - AD, =k [B,D,
O A s@+b)Xx ,b=kXl ,bXx )
O A ad sk HDb=RA0,b-R0a
Thus, Ay=-k\jandA; —A, =K\,
_)\3 )\3_7\2
O k=3 =28 72 mpon RN, SR, S
A Ay
. 1.1, 1
Ay A A,

Ex. 14 If the direction cosines of two lines are such that
[+m+n =0, +m?® —n? =0, then the angle between them is

U
a) Tl b) —
(a) ()3
I Tt
(c)— d)—
)4 ( 5
Sol. (b) If I, m, n are direction cosines of two lines are such that
I+m+n=0 (1)
and F+m?-n*=0 (i)
O I2+m? (-1 -m)* =0
O 2im=00 [=0orm=0
Ifl=0,thenn=-m
O l:m:n=0:1:-1
andifm=0,then n=-1
0 l:m:n=1:0:-1
+0+
0 cosB = o+o+1 :1
Jo+1+1 Jo+1+1 2
0 B:E
3

Ex. 15 The equation of the plane passing through the

mid-point of the line points(1,2,3) and (3, 4,5) and perpen-
dicular to it is

(@x+y+z=9
(©)2x +3y +4z =9

(byx +y +z=-9
(d)2x +3y +4z=-9

Sol. (a) The DR’s of the joining of the points (1,2, 3) and (3, 4, 5) and

(3-1,4-25-3)ie(222)
Also, the mid-point of the join of the points (1, 2, 3) and (3, 4, 5)
is (2, 3, 4).



O Equation of plane which passes through (2, 3, 4) and the
DR’s of its normal are (2, 2, 2) is

2Ax —2)+2y =3) +2(z —4) =0
g x+y+z-9=0
g x+y+z=9

Ex. 16 Equation of the plane that contains the lines
r=(i+]j) +A(i+2j -k) and, r =(i+j) +u(-i +j —2Kk) is
(a) r(2i + j - 3k) = -4
(b)rx(-i+j +k) =0
@rl-i+j+k) =0
(d) None of the above
Sol. (c) The lines are parallel to the vectors b, =i +2j — k and
b,=-1+] —2k. Therefore, the plane is normal to the vector
i j ok
n=b,xb,=| 1 2 -1|=-31+3j+3k
-1 1 -2

The required plane passes through (i+ j) and is normal to the
vector n. Therefore, its equation is

rCh=alh

O r{-3i+3j+3k) = (i+j) (-3i+3j +3k)
Or(-3i+3j+3k) =3 +3
Or-i+j+k) =0

-2 _y+1_z-1
2 -1

xy =c?,z =0, if cis equal to

Ex. 17 The line X

intersects the curve

(a)x1

(c)i\/g

Sol. (c) At the point on the line where it intersects the given curve,
we have z = 0, so that

x-2 _y+1_0-1

1
(b)ig

(d) None of these

3 2 -1

- +
g X 2:1andy 1:1
g x=5andy =1

Putting these values of x and y in xy = ¢?, we get
¢®=50c=#45.

Ex. 18 The distance between the liner = 2i —2j +3k
+AG -] +4IA() and the planer({i +5] +|A() =5, is

10 10
b b)
@ 9 ( )3J§
(c) 13—0 (d) None of these
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Sol. (b) Clearly, the given line passes through the point
a=21-2j +3k and is parallel to the vector b=1-7j + 4k.

The plane is normal to the vector n=1+5] + k.
We have, bh=1-5+4=0

So, the line is parallel to the plane.

ORequired distance

=Length of the perpendiculars from a point on
the line to the given plane.

=Length of the perpendicular from (2i—2j + 3k)

to the given plane.

(i-2j+3k) G +5j +k) -5

Ji+2s+1
_|2-10+3-5]_ 10
343 343

Ex. 19 If the plane% +§ +§ =1, cuts the coordinate

axes in A, B, C, then the area of AABC is
(a) v/29 sq. units (b) /41 sq. units
(c) V/61sq. units (d) None of these

Sol. (c) The given plane cuts the coordinate axes in A(2, 0, 0),
B(0, 3, 0) and C(0, 0, 4).

[0 Area of AABC Z%AB xAC xsin OBAC
Now, AB =,/4 +9 + 0 =+/13, AC =,/4 + 0 + 16 =~/20.

ABIAC _ (-2i+3j) 0-2i +4k)

|AB||AC|  J4+9 J4+16

4+40+0 _ 4 2

0 sin OBACG= ||+ i: o1
65 65

1 1
Hence, Area of AABC = 5 x /13 x+/20 X 2—5 =61 sq. units.

cos IBAC=

0 cos OBACG=

Ex. 20 The distance of the point (1, - 2,3) from the plane

-1
x —y +z =5 measured parallel to the line X_Y_2 p is
(a) 1 (b) 2
(c)4 (d) None of these

Sol. (a) The equation of the line passing through P(1, — 2, 3) and
parallel to the given line is
x-1_y+2 _z-3
2 3 -6

Suppose it meets the plane x —y + z =5 at the point Q given
by
x—-1_y+2 _z-3
2 3 -6
=Aie. 2N+ 1,3A —2,—6A +3)
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This lies on x =y +z =5. Therefore, EXx. 23 The equation of the plane through the intersection
ZAH+ 13N 42 -6A +3 =5 of the planes x +y +z =1and2x +3y —z +4 =0 and
O - - 10 A=t parallel to X-axis, is
7 @)y -3z +6 =0 (b)3y - z +6 =0
. 11 15
So, the coordinates of Q are %, e 7@ (c)y +3z+6 =0 (d)3y —2z+6 =0
Sol. (a) The equation of the plane through the intersection of the
Hence, required distance =PQ = 4 + 2 + 36 =1. planesx +y +z =land2x +3y —z +4 =0is
49 49 49 (x+y+z-1)+A2x +3y —z +4) =0
or, 2N + Dx +BA +1)y +1 -AN)z+ 4\ -1 =0 ..(i
Ex. 21 The length of the perpendicular from the origin to ( ) (x y w 2 =N »
the plane passing through the point a and containing the line It is parallel to X-axis, ie. 1°0 o
r=b+Acis O 1A +1) +0 X3\ +1) +0(1 =A) =0
abc
(a) abe] O A=-1
|laxb+bxc+cxa 2
(b) _ [abe] Substituting A = — 1 in Eq. (i), we get
|laxb+bxc]| 2
© [abc] y —3z +6 =0 as the equation of the required plane.
|[bxc+cxal .
abc] Ex. 24 A plane passes through the point (1,1,1). Ifb, ¢, a
abc

(d) are the direction ratios of a normal to the plane where a, b,
c(a <b <c) are the prime factors of 2001, then the equation
Sol. (c) The plane passing through a and containing the line of the plane Il is
r=Db + Ac also passes through the point b and is parallel to the
(a) 29x + 31y +3z =63

vector c. So, it is normal to the vector (a—b) x c.
(b) 23x + 29y — 29z =23

|laxb+cxa|

Thus, the equation of the plane is

(r—a)[fa-b) xc| =0 (c)23x + 29y +3z =55
O (r-a)axc-bxc) =0 (d)31x +37y +3z =71
0O rhxc—bxc) =a [h Xxc —b Xxc) Sol. (c) The equation of the plane is
g rlhaxc-bxc) =-ab xc) b(x-1)+c(y -1) +a(z -1) =0 ..(3)
g ri(bxc+cxa)—[abc] =0 Now, 2001 =3 x23 x29
OLength of the perpendicular from the origin to this plane o a<b<c 0 a=3b=23andc =29.
loObxc+cxa)-[abc] Substituting the values of a, b, ¢ in Eq. (i), we obtain

|bxc+cxal 23x + 29y + 3z =55 as the equation of the required plane.

[abc]

—_— Ex. 25 If the direction ratios of two lines are given by
|[bXc+cxa|

a+b +c=0and2ab +2ac —bc =0, then the angle between

Ex. 22 [f P(0,1,0) and Q(0,0,1) are two points, then the the lines is

Lo . 21T
projection of PQ  on the plane x +y +z =3 is (@) (b) E
(a) 2 (b) 3 0 s
(2 (@3 ©3 @3
Sol. (c) The projection of PQ on the given plane is PQ cos 6, where®  gof (b) We have
is the angle between PQ and the plane. a+b+c=0 and 2ab + 2ac —bc =0
Let n be a vector normal to the plane. 0 a=—-(b+c) and 2a(b+c)—bc =0
We have, PQZ—j+f( and n=i+j+f( 0 - 2B % be 0
0O sing = _FQbha _ O 2b* + 5bc +2¢* =0
| PQ[n| 0 @b + ¢) (b +2¢) =0
O PQis parallel to the plane. O 2b+c=0or, b+2c=0
Hence, projection of PQ on the given plane If2b + ¢ =0, thena = — (b +c) 0O a=b
=1 PQl cos 8 O a=bande=-2p 0 9=0=C

=|PQ|=\1+1=42 1 1 -2



Ifb+2c=0thena=—-({b +c) O a=c

O a=candb=-2c O

Thus, the direction ratios of two lines are proportional to 1, 1,
—2and 1, — 2, 1, respectively. So, the angle 8 between them is
given by

1-2-2 -1
Ji+1+4 /1+4+1 2

cosO = O

EXx. 26 A tetrahedron has vertices at O (0,0,0), A(1,2,1),
B(2,1,3) and C(—1,1,2). Then, the angle between the faces

OAB and ABC will be
_ 19
(b) cos %Q

(d) 30°

(a) 90°

(c) cos™! %@

Sol. (b) Let n; and n, be the vectors normal to the faces OAB and
ABC. Then,
{5k
n, =OAxOB =1 2 1|=5i-j-3k
21 3
ik
and n,=ABxAC=| 1 -1 2|=i-5j-3k
-2 -1 1
If O is the angle between the faces OAB and ABC, then
cos@ = Mullz
|my || ng|
+5+
ad cosB = SFEo*Y =
J25+1+9 1 +25+9 35
ad 8 =cos™! %@
5

Ex. 27 The vector equation of the plane through the point

(2,1, —1) and passing through the line of intersection of the
planer i +3j —k) =0 andr[{j +2k) =0, is
@) ri +9j +11k) =0 (b)F i +9j +11k) =6
(©)F i -3j - 13k) =0
Sol. (a) The vector equation of a plane through the line of .
intersection of the plane r [{i+3j — k) =0 and r[(j + 2k) =0
can be written as
r[i+3j+-k) +A {r§ +2k)} =0
This passes through 21+ j — k.
O @i+j-k) (i+3j-k) +AQ2i+j -k (+2k) =0
O @+3+1) + N0 +1 -2) =0A = 6.
Putting the value of A in Eq. (i), we get

(d) None of these

the equation of the required plane as
rii+9j+11k) =0

()
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EXx. 28 The vector equation of the plane through the point

i +2j — k and perpendicular to the line of intersection of the
planer [3i - j + k) =Tandr [[i +4j —2k) =2, is

(@) r2i+7j-13k) =1 (b)r(i-7j-13k) =1

(c)r[02i +7j+13k) =0  (d) None of these
Sol. (b) The line of intersection of the planes

r[Bi-j+k)=1

and r i+ 4]j —Zﬁ) =2
is common to both the planes. Therefore, it is perpendicular to
normals to the two planes, i.e.

n, =3i —j +k

and n,=1i+4j -2k

Hence, it is parallel to the vector n, X n, =21 +7] +13k.

Thus, we have to find the equation of the plane passing
through a=1+2j — k and normal to the vector n=n, X n,.

The equation of the required plane is

(r—a)h =0
O rCh=alh
rl(-2i+7j +13k) =@ +2j —-k) 0-2i +7j+13k)
O rli-7j-13k) =1

Ex. 29 The cartesian equation of the plane
r=(1+A —u)? +2 —)\)j H3 —2A + )IA<, is
(a)2x +y =5 (b)2x —y =5
(©)2x +z =5 (d)2x —z=5
Sol. (c) We have,
r=1+A i +2 -Nj +3 -2z +2)k
0 r=(@ +2j+3k) +A\(i-j 2k)+ p(-i+2k)
which is a plane passing through a =1 +2j +3k and parallel to
the vectors b=1-j —2kand c=-1i+2k
Therefore, it is normal to the vector
n=bxc=-2i-k

Hence, its vector equation is

(r—a)h =0
0 rCh =alh
O ri-2i-k)=-2 -3
O r @i+ k) =5

So, the cartesian equation of the plane is
(xi+yj+z 1A<) |]21+1A():5|:| 2x +z =5

Ex. 30 A variable plane is at a distance, k from the origin
and meets the coordinates axis in A, B, C. Then, the locus of
the centroid of AABC is

(a) x7? +y_2 +z72 =k

(b) x 2 + y_2 +z72 =4k
©x2+y2+22 =16k
(d)x2+y? + 22 =9
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Sol. (d) Let the equation of the variable plane be X % +2 =1
a c

This meets the coordinates axes at A(a, 0, 0), B(0, b, 0) and
(0, 0, ¢).
Let (0, B, y)be the coordinates of the centroid of AABC. Then,

a b c
a=—pB=—vy=—
3 P 3 Y 3
0 a=30,b=3B,¢c=3y (1)
The plane is at a distance, k from the origin.

JEE Type Solved Examples :

0 0 0
—+ - +—- -1
D a b C :k
1 1 1
4+ +
Va2 b2 2
1 1 1 1
- 2rtaTe
O a PR TPy TP=9k?

Hence, the locus of (0, B, y)is x™ % +y ™2 + 272 =9k ™*

More than One Correct Option Type Questions

Ex. 31 The direction ratios of the line x —y +z =5 =0

=x =3y —6are
(@)3,1,-2 (b)2,— 4,1
@l 1T y2 41
Jia’ iz’ Jia J21 V21 o

Sol. (a, c) Let the DR’s of line are a, b and c.
As the line is perpendicular to both the planes

a a-b+c=0
a-3b+00 =0

a_b_ ¢

31 -2

Hence, (a) and (c) are correct answers.

Ex. 32 The equation of the line x +y +z =1 =0,

4x +y —2z +2 =0 written in the symmetrical form is
x+1_y—=-2_2z-0

a
® 1 -2 1
-y _z-1
by =2 =
(b) = ;
x +1 z—1
2 _y~1_ 9
C —_ py
© 1 -2 1
x —1 +2 z-2
(d) Y
2 -1 2

Sol. (a,b,c,d)x+y +z -1 =0
4x+y =2z +2 =0
UDirection ratios of the line are (-3, 6, —3).
ie. <1,-2,1>
Letz =k,thenx =k -1,y =2 -2k
ie.(k — 1,2 =2k, k) is any point on the line.
0(-1,2,0),(0,0,1), @— é, 1, %@and (1, — 2, 2) are points on the

line.

Hence, (a), (b), (c) and (d) are the correct answers.

Ex. 33 The direction cosines of the lines bisecting the
angle between the line whose direction cosines are l;, my, n;
andl,, m,, n, and the angle between these lines is 0, are

L+, m+m, ny+n,

a s s
COS—  COS— cos—
2 2
(b) L+, my+m, n;+n,
2c059 2cos§ ZCOSQ
L+, m+m, ny +n,
(12 M 2 M
0 0
sin—  sin— sin —
2 2 2
(d) L=, my—-my, ny—n,
0’ 0’ 0
2sin— 2sin— 2sin—
2 2 2

Sol. (b, d) Distance ratio of the bisector are
<L +l,m +myn +n, >

=+ L)+ +my)? +(my +ny)?

= \/2 + 2L, + mymy +nyny)

0
=2 +2cosB :2COSE

L+, m+m, n +n
. . . 1 2 1 2 1 2
[0 Direction cosines are , ,

2cos— 2cos— 2cos—
2 2 2

Distance ratio of the other bisector are

<h =lpm —mymn —n >\/(ll _lz)2 +(m _m2)2 +(m _nz)z

=2sin—
2
[0 Direction cosines of the bisector are

L -1,

moTmy T

> >

2 sin —

2 sin — 2 sin —

Hence, (b) and (d) are correct answers.



Ex. 34 Consider the planes 3x —6y +2z +5 =0 and
4x =12y +3z =3. The planes 67x +162y +47z +44 =0
bisects the angle between the planes which

(a) contains origin (b) is acute
(c) is obtuse (d) None of these
Sol. (a,b) 3x —6y +2z +5 =0 (i)

—4x +12y -3z +3 =0 (i)

3x =6y +2z +5 _ —4x +12y =3z +3

J9+36 +4 /16 + 144 +9

Bisects the angle between the planes that contains the origin.
133x —6y +2z +5) =7(—4x +12y -3z +3)
39x —78y +26z +65 = —28x +84y —21z +21
67x =162y + 47z +44 =0 ...(ii)
Let O be the angle between Egs. (i) and (iii), then find cos 6 and
then we obtain| tan 0| <1.
Hence, (a) and (b) are the correct answer.

y

Ex. 35 Consider the equation of line AB is% = =§

Through a point P(1,2,5) line PN is drawn perpendicular to
AB and line PQ is drawn parallel to the plane
3x +4y +5z =0 to meet AB is Q. Then,

2 78 156
(a) coordinate of N are %, -
9 49 49

(b) the coordinates of Q are @, - 3, 9@
2 _

(c) the equation of PN is x“1_y- z-5
3 - 176 -89
56 52 78

(d) coordinates of N are %’ 2 _ 79
49 49 49

X _ )y _z

Sol. (ab,c) Equation of line AB is 2T

Its DR’s are <2, —3,6 >

Let the coordinates be < 2r, = 3r, 6r >

DR’sof PN are <2r —1,=3r —=2,6r =5 >

It is perpendicular to AB

O 22r —=1) =3(=3r =2) +6(6r =5) =0
4r =2 +9r +6 +36r =30 =0

. 26
49r =261e.r =—
49

78 156
49" 49
(b) Let the coordinates of Q be (2r, = 3r, 6r), then DR’s of
PQ are<2r —=1,—3r —2,6r =5 >. Since, PQ is parallel to
the plane.
O 3@r—1)+4(=3r =2) +56r =5) =0
6r =3 —12r =8 +30r =25 =0

(a) Coordinates of N are %’

3
24r =36,r = —
2
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[0 Coordinates of Q are @ - 2 9%

-1_y-2_z-5
Equation of PN is X =Y =272
3 -176 -89

Ex. 36 The equation of a plane is 2x—y =3z =5 and
A(1,1,1), B(2,1,—3), C(1, — 2, —2) and D(— 3,1, 2) are four
points. Which of the following line segment are intersected

by the plane?
(a) AD (b) AB
(c) AC (d) BC

Sol. (b, c) For A(1,1,1),2x —y =3z =5=2 -1 =3 =5 <0
For B(2,1,-3),2x -y =3z =5 =0 -1 +9 =5 >0
ForC(1,-2 -2),2x -y =3z =5 =2 +2 +6 =5 >0. A, D
For D(-3,1,2),2x -y =3z =5=—6 -1 —6 =5 = -18 <0
are on one side of the plane and B, C are on the other side, the
line segments AB, AC, BD, CD intercept the plane.

Ex. 37 The coordinates of a point on the line

x =1 +1
— :% =z at a distance 4\/ﬁfr0m the point(1,— 1, 0)

are
(@) (9, - 13, 4)
(b) (814 +1, =124/14 -1, 44/14)
(©(=7,11 - 4)

(d) (- 814 +1,124/14 =1, —4-14)

Sol. (a, ¢) The coordinates of any point on the given line are
@r+1,-3r-1r)
The distance of this point from the point (1, — 1, 0) is given to

be 4+/14.

O (@2r)* +(=3r)" +()"* =(414)°
0 14r =16 x 14

O r=+4

So, the coordinate of the required point are
9,—-13,4) or (—7,11, —4).

Ex. 38 The line whose vector equation are
r=2i-3j +7k +A(2i + pj +5k)

and r=i+2j +3k +U(3i pj +p|A()

are perpendicular for all values of A and [ if p equals to

(@)-1 (b)2

(©)5 (d)6

Sol. (a, d) The given lines are perpendicular for all values of A and
W if the vectors.

21+ pj’ +5k and 31 —pj + pﬁ are perpendicular

N 2x3+p(=p) +5p =0
0 pP=5p—-6=0
O p=-1 or 6
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Ex. 39 Equation of a plane passing through the lines
2x—y +z =3 =0,3x +y +z =5 =0 and which is at a

1
distance of —= from the point (2,1, —1) is
V6

(a2x —y+z-3=0
(b)3x +y +z-5=0
(c) 62x + 29y + 19z —105 =0
(dx+2y-2=0
Sol. (a,c) Equation of a plane through the given line is
2x—y+z -3 +AN3x +y +z —5) =0
O @+3N0)x+A -1)y +A +1)z—@3 +57A) =0
So, 1 _22+3N) +(A -1) A +1) -3 -5\

Vo Ja 32+ -1+ +1)?
O 11A% + 12\ +6 =6\ —1)*

=6(\* =2\ +1)
O 5A2 + 24\ =0
O A= 0or )\:—25—4.

Thus, the equation of the required planes are
2x—y +z -3 =0o0r62x +29y +19z —105 =0.

JEE Type Solved Examples :
Statement | and Il Type Questions

= Directions (Q.Nos. 41-45) For the following questions,
choose the correct answers from the codes (a), (b), (¢) and
(d) defined as follows:

(a) Statement I is true, Statement II is also true; Statement II is
the correct explanation of Statement 1.

(b) Statement I is true, Statement II is also true; Statement II is
not the correct explanation of Statement I.

(c) Statement I is true, Statement I is false.
(d) Statement I is false, Statement II is true.

Ex. 41 Statement | A line L is perpendicular to the
plane3x — 4y +5z =10.

Statement Il Direction cosines of L be
<3 4 T
5v27 52742
Sol. (a) Ix + my +nz =P be the equation of a plane in the normal
form.
DR of the plane
3x —4y +5z =10be <3, - 4,5 >.
[l Direction cosines
< i -4 1

NN

EXx. 40 The plane passing through the point (-2, =2, 2)
and containing the line joining the points (1, 1, 1) and
(1, =1, 2) makes intercepts of lengths a, b, ¢ respectively on
the axes of x, y and z respectively, then
(a)a=3b (b) b =2¢
(c)a+b+c=12 (d)ya+2b +2c =0
Sol. (a,b,c) Equation of any plane passing through (-2, —2, 2) is
A(x +2) +B(y +2) +C(z -2) =0

Since it contains the line joining (1, 1, 1) and (1, — 1, 2) these
points also lie on this plane.

O 3A+3B-C=0and 3A+B+0=0
. A_B_C
1 -3 -6

So, the equation of the plane is

(x+2) =3y +2) —=6(z =2) =0
or x =3y —6z +8 =0
+

8 8
or Xy =10 a=8b=—c=—
-8 3 6

W | o<
o oo N

O a=3b,b=2c,a+b+c=12

and a+2b +2c =16

EX. 42 The equation of two straight line are
x =1 +3 z-2 =2 =1 +3
= 4 = and X = y = ‘
2 1 -3 1 -3 2

Statement | The given lines are coplanar.

Statement Il The equation2x, =y, =1, x; +3y, =4,

3x; + 2y, =5 are consistent.

Sol. (a) Any point on the first line is 2x; + 1, x, =3, =3x —2).
Any point on the second line is (y; —2,3y; +1,2y; —3).

If two lines are coplanar, then 2x; — y; =1, x; +3y; =4,
3x; + 2y, =5 are consistent.

Ex. 43 Statement | The distance between the planes
3

542

Statement Il The distance between ax + by +cz +d; =0

4x =5y +3z =5 and 4x =5y +3z +2 =0 is

dy—d
andax + by +cz +d, =0 is| ———>2t— |
Ja® +b* +c?
Sol. (d) Distance = 5\/-'5;02 25\7/5




EXx. 44 Given the line L : X3 YT -2z 3 and the

planeTt:x =2y —z =0
Statement I L lies in TU
Statement Il L is parallel to TU
Sol. (¢) x=1+3r,y=-1+2rt=3-r
a 1+3r—=2(-1+2r) 3 +r =0
3X1—-2X2+1 %1 =0
Hence, L is parallel to TT

JEE Type Solved Examples :
Passage Based Questions

Passage I
(Ex. Nos. 46 to 48)

x-3_y-2_=z-1
3 A

and

Two line whose equation are

x—-2_y-3_z-
3 2

2
lie in the same plane, then.

Ex. 46 The value of sin~" sin \ is equal to
() 3 (b) Tt -3
(c) 4 (d)m-4

Ex. 47 Point of intersection of the lines lies on
(a)3x+y+z=20 (b)2x +y +z =25
(©)3x+2y +z =24 d)x=y=z

EX. 48 Angle between the plane containing both the lines
and the plane 4x +y +2z =0 is equal to

TU TU
(a) E (b) E
(c) I (d) cos™" 2
6 186
Sol. (Ex. 46-48)
46. (d) Both lines and coplanar
2 3 A
3 2 3 |=0
1 -1 -1
0 2(=2+3) +3(3 +3) +A( =3 —2) =0
ad A= 4

sin”'sin 4 =sin"'sin (T —4) = TT—4

47, LetX3-r-2 =271
2 3 4

g x=3+2n

=n
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-1 -2 z+
EXx. 45 Statement | Line X3 =Y =

plane11x—3z —14 =0. 1

1
lies in the

Statement Il A straight line lies in a plane, if the line is
parallel to plane and a point of the line in the plane.
Sol. (a) Statement I(1, 2, — 1) is a point on the line and

11+3-14 =0.

UThe point lies on the plane 11x —3z —14 =0.

Further 3 x 11 + 11(—3) =0.

OThe line lies in the plane.

Statement II is also true.

y=2+3n
z=1+4p
-2 -3 -2
It will lie on :yz 223 0 =1

So, point of intersection is (5, 5, 5).
48. (b) Equation of plane contains both lines
x—=3 y-2 z-1
2 3 4 |=0
3 2 3
(x=3)(1) +(y —2)(12 =6) Hz —1)(4—9) =0
x +6y =5z =10

Thus, the angle is g

Passage 11

(Ex. Nos. 49 to 51)
Letayx +b y+cz+d =0and a,x +b,y+c,z =d, =0 be
two planes, where dy, d, >0. Then, origin lies in acute
angle, if aya, + b b, +c;c, <0and origin lies in obtuse
angle, if aya, + by by, +cjc; >0.
Further point (x1, », z; ) and origin both lie either in acute
angle or in obtuse angle. If (a\x; + by, + ¢z +d;)
(arx1 +byy tyz +dy) >0
One of (x1, W, z1) and origin lie in acute and the other in
obtuse angle; if (a;x; + by, +¢z; +dy)
(arx) +byy teyzi+dy) <0

Ex. 49 Given that planes 2x +3y —4z +7 =0 and
X =2y +3z =5 =0. If a point P is(1,— 2,3), then
(a) O and P both lie in acute angle between the planes
(b) O and P both lie in obtuse angle
(c) O lies in acute angle, P lies in obtuse angle
(d) O lies in obtuse angle, P lies an acute angle
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Ex. 50 Given the planes x +2y —3z +5 =0 and
2x +y +3z +1=0. If a point P is (2, -1, 2), then
(a) O and P both lie in acute angle between the planes
(b) O and P both lie in obtuse angle
(c) O lies in acute angle, P lies in obtuse angle

(d) O lies in obtuse angle, P lies an acute angle

Ex. 51 Given the planes x +2y =3z +2 =0 and

x =2y +3z +7 =0, if the point P is(1, 2, 2) then
(a) O and P both lie in acute angle between the planes
(b) O and P both lie in obtuse angle
(c) O lies in acute angle, P lie in obtuse angle
(d) O lies in obtuse angle, P lies in acute angle

Sol. (Ex. 49-51)

49. (b) Equation of the second plane is — x +2y —3z +5 =0
2A=1) +3 2 +(-4)(-3) >0
UOrigin lies in obtuse angle.

(2%1+3(-2) =4 X3 +7)(-1+2(-2) =3 X3 +5)
=@2-6-12 +7)(~-1 —4 =9 +5) >0

O P lies in obtuse angle.

50. (c)1x2+2x1-3x3<0

O Origin lies in acute angle.

Also, (2 +2(=1) =3(2) +5)(2 x2 =1 +3 x2 +1) =(~1) (10) <0

O P lies in obtuse angle.
51. (a)1-4-9<0
U Origin lies in acute angle.
Further (1 + 4 —6 +2)(1 =4 +6 +7) >0
UThe point P lies in acute angle.

Passage III
(Ex. Nos. 52 to 54)

In a parallelogram OABC with position vectors of A is
3i +4j and C is 4i +3j with reference to O as origin. A

point E is taken on the side BC which divides it in the ratio

of 2:1 Also, the line segment AE intersects the line
bisecting the 1AOC internally at P. CP when extended
meets AB at point F.

Ex. 52 The position vector of P is

(@i+] (b)?(h})

(c)%h}) (d)?(h})

Ex. 53 The equation of line parallel to CP and passing

through (2,3,4) is
xX—2_y—-3 _ x—-2_y—-3 _
a =———z=4 (b = ,Z=4
(a) . 5 (b) : .

x =2 y—3’Z:3 (d)x—Z y =3

5 3 5

Ex. 54 The equation of plane containing line AC and at a
maximum distance from B is

() rli+j)=7
©rd2i-j)=7

(byri-j)=7
(d) rBi +4j) =7

i+3j) c E

[ AT

o) A@Gi+4))

B(7i+7))

Sol. (Ex 52-54)
P 2, 13, 21 2 4
52. (d)OB=7i+7j,0E =5i +?],OP=?(1+_])

53. (b) Direction ratio of CP is (1, 6, 0), then equation of line
passing through (2, 3, 4) and parallel to CP is

x=2_y—-3_z-4
1 6 0

54. (a) The plane containing line AC and at a maximum distance
from B must be perpendicular to the plane OABC.

Since, OABC is rhombus, so OB must normal to the plane. So,
equation of required plane is

[r—4i-3j]Qi+]J) =0
0 G+3) =7

Passage IV
(Ex. Nos. 55 to 57)
A ray of light comes along the line L =0 and strikes the
plane mirror kept along the plane P =0at B. A(2,1,6)is a
point on the line L =0whose image about P =0is A'. It is

-2 -1 -6
al :y4 == and P=01s

given that L =0is

x+y-2z=3

Ex. 55 The coordinates of A' are
(a) (6,5, 2) (b) (6,5,-2)
(c)(6,—5,2) (d) None of these

Ex. 56 The coordinates of B are
(a) (5, 10, 6) (b) (10, 15, 11)
(c) (=10, — 15, —14) (d) None of these

Ex. 57 IfL, =0 is the reflected ray, then its equation is
x+10 _y—-5_2z+2

(a)
4 4 3
x +10 +15 _ z+14
(b) JAAE
3 5 5
x + 10 +15 z+14
() =L —-
4 5 3

(d) None of the above



Sol. (Ex 55-57)
55. (b) Let Q(x,, y,, z,) be the image of A(2, 1, 6) about mirror
x +y —2z =3. Then,

x2—2:y2—1:22—6

1 1 -2
-2@2+1-12 -3)
= ‘=4
1%+ 1% +2°
0 (%2, y2, 22) (6,5, —2)
56. (C)Letx =Y =Z 6:}\

4 5
x=2+3\,y=1+4A,z =6 +5A lies on plane x + y =2z =3
ad 243N +1+4A —2(6 +5\) =3
u 3+7N —12 —=10A =3
a - 3% 12
d A=- 4
Point B =(-10, —15, —14)

57. (c) The equation of the reflected ray L; = 0 is the line joining
(x4, y9, z5) and B(— 10, =15, —14).
x+10 _y+15 _z +14

16 20 12
x+10 _y+15 _z +14
or = =
4 5 3
Passage V

(Ex. Nos. 58 to 60)
The line of greatest slope on an inclined plane P, is the line
in the plane P, which is perpendicular to the line of
intersection of the plane P, and a horizontal plane P;,.

Ex. 58 Assuming the plane 4x —3y +7z =0 to be

horizontal, the direction cosines of the line of greatest slope
in the plane 2x +y =5z =0 are

3 -1 3 1T -1

1

NN BN TN T
-3 1 1

(c) ﬁ, ﬁ, ﬁ (d) None of these
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Ex. 59 The equation of a line of greatest slope can be

X_y_ z X_y _z
ax=Y=2 pX=Y =2
()3 1T -1 ()3 -1 1

X _Yy z X_y_ <z
o X =Y=2 dr=Y=
()—3 11 ()1 3 -1

Ex. 60 The coordinates of a point on the plane

2x+y =5z =0, 211 unit away from the line of intersection

of2x +y =5z =0 and 4x —3y +7z =0 are
(@) (6,2, - 2) (b)(3,1.-1)
(©(6,-22) (d(3-1

Sol. (Ex. 58-60)

58. (a) Plane B is of the form r[Th; = 0, where n; =(4,
Plane P, is of the form r[h, =0,

n, =(2,1, —5)

The vector b along the line of intersection of planes is

n; xn; =(4,17,5) =n4

-3,7)

where

Since the line of greatest slope is perpendicular to n; and n,
the vector along the line of greatest slope

=n, Xn; =3, -1,1) =n,
and the unit vector

. 3 -1 1
n =n=§f,—,—
! 1111 V11

59. (b) Since, (0, 0, 0) is a point on both planes, it lies on the line of
intersection.
Hence, the equation a line of greatest slope can be
XY _z

3 -1 1

60. (c) The point on the line g =Y = % at a distance 2+/11 unit

from the origin is given by

7:7)} = - =
5T 211
11 11

The point is (6, = 2,2).



220 Textbook of Vector & 3D Geometry

JEE Type Solved Examples :
Matching Type Questions

Ex. 61 Match the entries between following two columns.

Column I

Column II

A. -1_y+t1_=z+ . -1 |6

Iftheline X =Y "= ~ hes inthe p. sin

plane 3x —2y +5z =0, then A is equal to
B. If(3, A, M) is a point on the line
2x+y+z-3=0=x -2y +z -1, then 5
A + U is equal to
C. The angle between the linex =y =zand r. -3
the plane 4x — 3y +5z =2 is

D. The angle between the planes
x+y+z=0and3x -4y +5z=01is

Sol. (A) - (9), (B) - (), (C) ~ (p), (D) ~ (5)
(A)30-2(-2) +5(\) =0 O A = _g

(B) Point 3, A, y) lieson2x +y +z =3 =x -2y +
0 32+ A+ -3=0and3 -2\ +4 -1 =0
ad A+u+ % 0and2A -p-2=0

So, A+u=-3

(C)sin® = 10t+1(-3)+1 3

J1E+12+1% 16 +9 +25 Ir

_ 6
0 =sin 1‘—
25

1B3+1(-4)+16_ 4

316 +9+25 350
I3
0 =cos ' | —
\ 75

Ex. 62 Match the following

(D) cos B =

z -1

[1The lines are coincident.

(c)<5,4,

UThe lines are parallel.

Also, x =2 +5\,y = =3 +4A,z =5 —2A

0 2+5}\—7:—3+4)\—1:5—2)\—2
5 4 -2

— 2> are direction ratios of both the lines.

ie. A-1=\-1=

-2
ONo value of A.
Thus, the lines are parallel and different.

(D) <2,3,5>and <3, 2,5 > are direction ratios of first and
second line, respectively.

Ex. 63 Match the followings

Column I Column IT

A. The coordinates of a point on the line x =4y +5, p. (-1,-2,0)

z =3y — 6 at a distance 3 from the point (5, 3, - 6)
is/are
_y+3 q (50,-6)

The plane containing the lines ¥ %
5

=Z*s and parallel to i+ 43 + 7k has the point
7

. Aline passes through two points A(2, — 3, —1) r. (2,5,7)
and B(8, — 1,2). The coordinates of a point on this
line nearer to the origin and at a distance of 14
units from A is/are

D. The coordinates of the foot of the perpendicular 5. (14,1,5)

from the point (3, — 1, 11) on the line

Column I Column II
Ax-1_y-2 _z-3 ndx_l_g_ﬂ p. coincident
2 3 4 3 4 5
are
B.x-1_y-2 _2z-3 X=3_y-5_2z-7 q paralleland
2 3 4 2 3 4 different
are
C x—2:y+3:5—zandx—7:y—1_z—2 r. skew
5 4 2 5 4 -2
are
D.x-3 = g = ﬂ and Q = g = ﬂ S. interseCting
2 3 5 3 2 5 in a point
are
Sol. (A) - (s),(B) - (p). (C) - (@), (D) - (r)
(A) Both the lines pass through the point (7, 11, 15).

(B) <2, 3, 4 > are direction ratios of both the lines. Also,

the point (1, 2, 3) is common to both.

£=g=z_3i5/are
2 3 4
Sol. (A) - (q), B) - (p), (C) - (s), D) - (1)

(A) The given line is x =4y +5,z =3y —6,

or x =5 z+6 _
. s 7Y
x=5_y _z+6

or T =2 =2 =)\ sa
T 1 3 (say)

Any point on the line is of the form (4A + 5, A, 3A = 6).

The distance between (4A +5,A,3\ —6) and (5, 3, — 6) is 3 units
(given).

Therefore, (4A + 5 =5)* + (A =3)> +B\ =6 +6)* =

0 16A% +A2 +9 =6\ +9\2 =9

0 260 =61 =0

D }\ = 0, i
13

The point is (5, 0, — 6)
(B) The equation of the plane containing the lines
-2 _y+3_z+5

3 5

and parallel to i+ 4] + 7k.



Chap 03 Three Dimensional Coordinate System 221

X2 y*3 25 (B) Any point on the line x2_y-1.z73 =Ais
1 4 7 |=00 x-2y+z-3=0 -3 2
3 5 7 (=3N +2,2\ + 1,2\ + 3), which lies on plane 2x + y —z =3.
Therefore,

Point (— 1, —2, 0) lies on this plane.

—6A +4 +2\ +1 -2\ -3 =3
(C) The line passing through points A(2, -3, —1)

) 43 i -6\ =1
x - z
and B, —1,2)is =Y = 1
8-2 -—1+3 2+1 ?\—-g
_yt3_z+1 _ 28
or - - =A (say) Therefore, the point is &, —, —
6 2 3 373

Any point on this line is of the form P(6A + 2,2\ —3,3\ — 1),

whose distance from point A(2, —3, —1) is 14 units. Therefore (©)If (x, y, 2) is required foot of the perpendicular, then

x=1_y-1_2z-2_(@2-2+8+5)

0 PA =14 [0 PA® =(14)*
(14) 2 -2 4 22 +(-2)% +4°
O (6N)2 +(2M\)% +(3\) 2 =196 Los -9
2 _ 2 _ _ or X, ,ZEQL,*,f
0 49N* =196 ON =4 DA=2 2 y.2 =g
Therefore, the required points are (14, 1, 5) and (- 10, =7, = 7). D) A . he line -1_y-2_z-3_ Ai
The point nearer to the origin is (14 1, 5) (D) Any point on the line 2 3 4 18
(D) Any point on line AB, =Y T2 273 e P + 1,3\ +2, 4\ + 3), which satisfies the line
3 4 x—4_y-1_z
M@2A, 3\ + 2,4\ +3). Therefore, the direction ratios of PM are 5 9 1
2)\—3,3)\+3and4)\—8. 2}\+1_4_3}\+2_1_4)\+3
or = =
But PM [0 AB 5 5 1
P(3,-1,11) 0 N=— 1
The required point is (=1, =1, —1).
X -3 z-4
Ex. 65 =Y 2=
A i B 3 4 5
0 22\ —=3) + 3B\ +3) +4(4\ —8) =0 Column I Column II
AN —6 +9\ +9 +16\ —32 =0 A. Point on the line at a distance 10~/2 from p- (-1,-1,-1)
20N -29=0; A=1 23,4
Therefore, foot of the perpendicular is M(2, 5, 7). B. Point on the line common to the plane q- (2,3,4)
x+y+z+3=0
Ex. 64 Match thefollowings C. Point on the line at a distance +/29 from the origin. r. (8,11, 14)
D. Point on the line common to the plane s. (—4,-5,-6)
Column I Column II Xx+y-z+3=0
A. Image of the point (3, 5, 7) in the plane p. (-1,-1,-1)
2x+y+z=-18is Sol. (A) - (r,5), (B) - (p). (C) - (q). (D) - (s)
B. The point of intersection of the line q- (-21,-7,-5) Any point on the line is (3r +2, 4r + 3,5r + 4
X72_Y71_273 1d the plane (A)@Br+2-2)* +(4r +3 =3)” +(5r +4 —4)*=200
-3 -2 2
_ 0 (9O+16+25r2 =200 0 r==+2
2x+y—-z=3is
C. The foot of the perpendicular from the point r. g § Forr =2, the point is (8’ 11, 14), Forr = =2 it s (_ 4 -5 _6)
(1,1,2) to the plane2x —2y + 4z +5 =0 is 373 (B)3r+2+4r +3 +5r +4 +3 =0
: R ‘ 0 12r+12=00r=-1
D. The intersection point of the lines @ 1 25 2 . . )
x-1_y-2_z-3 . x-4_y-1 1212 12 and the point on the line common to the plane is (-1, =1, —1).
2 3 4 5 2 (C) Br +2)? +(4r +3)? +(5r +4)* =29
76
Sol. (A) - (@), (B) ~ (1), (C) - (s), (D) - (p) 50 +76r =0 Or=o,r ==

(A) If the required image is (x, y, z), then
-3 _y-5_z-7_ 26+5+7+18)
2 1 1 22 +1% +1°

For r = 0, the point is (2, 3, 4).
(D)3r+2 +4r +3 =51 —4 +3 =0
a 2r+d4=00 r=-2

=-12or(-21, -7, -5) O The point on the line common to the plane is (—4, =5, —6)
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JEE Type Solved Examples :
Single Integer Answer Type Questions

Ex. 66 If the perpendicular distance of the point (6, 5, 8)
from the Y-axis is 5\ unit, then A is equal to
Sol. (2) Foot of perpendicular from (6, 5, 8) on Y-axis is (0, 5, 0).
Required distance = /(6 = 0)° +(5 =5)° +(3 —0)?

=10 unit

d 5A=10 O Az?zz

Ex. 67 A parallelopiped is formed by planes drawn
through the points (2, 4, 5) and (5, 9, 7) parallel to the coordi-
nate planes. The length of the diagonal of the parallelopiped
is
Sol. (7) The length of the edges are given by a =5 —2 =3,

b=9-3=6,c=7 -5 =2, so length of the diagonal

=\a® +b? +¢?
=,/9 +36 +4

=7 units

EXx. 68 If the shortest distance between the lines

x—3 -8 z-3 x+3 +7 z-6
_Y 7S _ and YTl is Av/30 unit,
3 -1 1 -3 2 4

then the value of N is
Sol. (3) Given, lines are
r=3i +8j +3k +A(3i -j + k)
r =(-3i -7j +6k) +p(-3i +2j +4k)

where A, [l are parameters.

Subjective Type Questions

Ex. 71 The equation of motion of rockets are
X =2ty = —4t, z =4t,
where the time t’ is given in second and the coordinates of a
moving point in kilometres.
What is the path of the rocket? At what distance will the
rocket be from the starting point 0(0,0,0) in 10s.

Sol. Eliminating ' from the given equations, we get the equation of
the path,

or

Shortest distance

(=3 =3)i +(7 =8)] +(6 -3)k]

[(31-j+k) x(-3i +2j +4k)]

(-6i -15j +3k) x(-6j -15k +3Kk)
36 +225 +9

=4/270 =3+/30 unit

Ex. 69 If the planes x = cy —bz =0, cx —y +az =0 and

bx +ay — z =0 pass through a line, then the value of
a’ +b* +c* +2abc is

Sol. (1) Given, planes are

(1)
..(ii)
(i)
Equation of planes passing through the line of intersection of
planes (i) and (ii) may be taken as

(x —cy —bz) + NMcx —y +az) =0
Now, planes (iii) and (iv) are same
0 1+ch _—(c+N _-b+a
b a -1

x—cy —bz =0
ex—y taz =0
bx+ay -z =0

(iv)

By eliminating A, we get a® + b* +c® + 2abc =1

x—4 _y-2_z-k
=

plane 2x — 4y +z =7, the value of k is

Sol. (7) The point (4, 2, k) must satisfy the plane.
So, 8-8+k=70 k=7

lies exactly on the

Ex. 70 If the line

Thus, the path of the rocket represents a straight line passing
through the origin.

For t=10s
We have, x=20,y = — 40,z = 40

|| =] OM | =y/x* +y” +2*
=,/400 + 1600 + 1600 =60 km

Ex. 72 Write the equation of a tangent to the curve x =t,
y =t?, z =t at its point M(1,1,1); (t =1).

Sol. Here, r=A +1*j + 1’k

and

a3 +24 +3t%k
dt



Hence, the direction of the tangent at the point M is
determined by the vector.

%@ =i+2j+3k
Iy

Thus, the equation of the desired tangent is,
x—1_y-1_z-1
1 2 3

Ex. 73 Find the locus of a point, the sum of squares of
whose distances from the planes x — z =0, x =2y +z =0 and
x+y +z=0is 36.

Sol. Given planes are x—=z=0,x =2y +z =0

and x+y+z=0.
Let the point whose locus is required be P(q, 3, Y) According
to question,

2 _ 2 2
la+y[  la-2B+y[" [a+B+y[" _
2 6 3
or 3% +y? —2ay) +a? +4B* +v* —4ap —4Py +2ay
+20% +B% +y? +20B +2By +2ay) =36 %6

or 602 + 6B% +6y* =36 X6

or a? +B% +y* =36

Hence, the required equation of locus is
x> +y*+2% =36

Ex. 74 The plane ax + by =0 is rotated through an angle

o about its line of intersection with the plane z =0. Show
that the equation to the plane in new position is

ax +by * z\Ja® +b* tana =0

Sol. Given planes are
ax +by =0 ()
and z=0 .(ii)

UEquation of any plane passing through the line of
intersection of planes (i) and (ii) may be taken as,

ax+ by +kz =0
The direction cosines of a normal to the plane (iii) are
a b k

Ja? + b2 +kP Jak + bE + K \Ja? + b+

The direction cosines of a normal to the plane (i) are

a b
, , 0
\/az +b? \/az +b?
Since, the angle between the planes (i) and (iii) is O.
ala+bB+kDD

..(iif)

k% cos® o =a %1 — cos®a) +b*(1 —cos’a)
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, _(a* + b¥)sin*a

2
cos” O

On putting in Eq. (iii) k = + /a* + b tan a, we get equation of

plane as,
ax + by + z\Ja* + b? tana =0.

Ex. 75 Assuming the plane 4x —3y +7z =0 to be hori-

zontal, find the equation of the line of greatest slope through
the point(2,1,1) in the plane 2x +y =5z =0.

k

Sol. The required line passing through the point (2, 1, 1) in the
plane 2x + y —5z =0 and is having greatest slope, so it must
be perpendicular to the line of intersection of the planes

2x+y—-5z =0 (1)

and 4x =3y +7z =0 (i)
Let the DR’s of the line of intersection of Egs. (i) and (ii) are a,
b, c.

2a+b-5c=0
and 4a-3b +7c =0

(as DR’s of straight line (a, b, c) is perpendicular to DR’s of
normal to both the planes)

a_b _c

4 17 5
Now, let the direction ratio of required line be proportional to
I, m and n, then its equation be

x—2_y-1_z-1

) m n
where, 2] + m —5n =0and 4] + 17m +5n =0
So, L_m_n
3 -1 1
Thus, the required line is x72 = y-1 = 271
3 -1 1
a b .
Ex. 76 Does + + =0 represents a pair
X—y y—z z-X
of planes?
. ...a b c
Sol. Here, given equation is + + =0
X-y y-z z-Xx

1
(=]

0 aly —2)(z —x) +b(x —y)(z —x) +c(x =y) (v =)
O- axy ayr az% axzt bxz bx*~ byz

+ byx + cxy —cxz —cy2 +cyz =0
O bx® + cy® +az® —=(b +¢ —a)xy -
(c+a-b)yz —(a +b —c)zx =0
OValue of determinant;

1 1
b -—(b+c-a) ——(a+b —c
2( ) 2( )

1 1
-—(b+c-a c -—(c +a -b
2( ) 2( )

1 1
-~(a+b- “(c+a-b
2(a c) 2(c a-b) a
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0 0 0
1 1
=l-=0b+c- -=(c +a -b
2( ¢ —a) c 2(0 a —b)
1 1
-Z(@+b- -Z(c +a -b
2(a c) 2(c a —b) a

[Ry - Ry + R, +Rs]
=0

Hence, the given equation represents a pair of planes.

—a — —
Ex. 77 If the straight line al i =Y B =27V intersect

m n
the curve ax® + by2 =1, z =0, then prove that

a(an =yl)* +b(Bn —ym)? =n’.

x—G:y—B:z—y:)\
l m n

Sol. Here,

0 Any point on the given line
Al+0,Am +3 +An +y)
If it lies on the curve ax® + by? =1,z =0
(as the point of intersection)

a@ + D)2 +b@ +m\)? =1 ()
(i)

and An+y =0

From Eq. (ii), A = Y st satisfy Eq. (i), we get
n
aft - pfp -
n n

a(nat = K)? +b(np —myf =n?

Ex. 78 Prove that the three lines from O with direction
cosines l;, my, ny; l,, my, ny, andly, ms, ny are coplanar, if
L(myny —=nyms) +my(nyls=Llyns) +ny(lomy —l;m,) =0.

Sol. Here, three given lines are coplanar, if they have common

perpendicular.
Let DC’s of common perpendicular be [, m and n.
I, + mm +nn; =0 (1)
I, +mm, +nn, =0 ..(ii)
and ll; + mmg + nng =0 ..(iii)

Solving Egs. (ii) and (iii) by cross multiplication method, we

get
/ __m ___n
mg ng I3 mg
0 [ _ m _ n i

Mo — Nyms - nyls = nsly B Lymg = Ism,
O I = k(myng—nyms), m = k(nyly — ngly), n = k(l;mg — Ismy)
Substituting in Eq. (i), we get

k(mans — nyms)ly +k(ngls —nsly)my + k(lyms —Ismy)ny, =0
O L(mgns = nymy) + my(ngls—nsly) + ny(lyms —1lsmy)

Ex. 79 A line makes angle, a, 3, y and d with the four
diagonals of cube, prove that

4
cos? o +cos? B +cos? y +cos® & :E O
Sol. Let the cube be shown in the figure, where four diagonals are

OP, AL, BM and CN and A(a, 0, 0), B(0, a, 0), C(0, 0, a), L(0, a, a),
M(a, 0, a), N(a, a, 0) and P(a, a, a), hence direction cosines of OP

are
ZAK
C (0,0, a) M (a, 0, a)
-v
L -2y (,m,n)
0, a,a) ":: __.P@aa
2f-
0) A(@,0, 0)
B(0, a, 0) N(a, a, 0)
y
a a a

—_
—_

The DC’s of BM are Q\/l—, -—, @
3 3 43

1 1 1
The DC’s of CN are %T —_, - —@
3°J37 3

Let the DC’s of required line be (I, m, n).

0 cosa=lfm*m sg=_trm*n
N N

I-m+n l+m-n

cosY =———— and cos®d =—~———
LN NG

cos? a + cos®B+ cos’ y + cos® &
=%{(l+m+n)2 H(=1 +m 4n)*+ (I —m +n)’
+(L+m-n)’}

:é(lz_'_mz +n2) :é
3 3

Ex. 80 Let PM be the perpendicular from the point
P(1,2,3) to XY-plane. If OP makes an angle ® with the posi-
tive direction of the Z-axis and OM makes an angle @ with
the positive direction of X-axis, where O is the origin, then

find© and @.
Sol. Here, P be (x, y, z) shown as,

then, x =rsinB [dos @y =rsinOsin@z =r cos O (1)



X 'M

O 1=rsinB[tos @2=rsinBsin @3 =r cosO

O 1% +22 +3% =r®sin® 0 cos® @ +r?sin’® Bsin® @ +r? cos® B
=r?sin” O(cos? @ +sin® ¢) +r? cos® O
=r?sin® @ + r? cos® B =r?

O r=+.14

O From Eq. (i), we have

V14’

sinB cos @ = +

in B sin ¢ = 2 9= 3
sin Sin ——, COS -—
V14’ V14

(neglecting — ve sign as acute angles)

0 sin@sin @ _2
sinBcos @ 1
and tan 6 = sin © =§
cos® 3
ad tan @ =2 and tan 0 :g
- _, 050
ad = tan '2and @ =tan”’
¢ s

Ex. 81 Find the distance of the point (1,0, = 3) from the

plane x —y — z =9 measured parallel to the line,
X—2 y+2 2-6

2 3 -6
Sol. Given plane is
xX—y—z=9 (1)
— + f—
Given line ABis *—2 =2 5 2.7 66 (i)

Equation of line passing through (1, 0, — 3) and parallel to
x—2_y+2_z-6

2 3 -6
x—1 -0 _z+3
is =Y "= =r (i)
2 3 -6

Coordinate of any point on Eq. (iii) may be given as
P@r +1,3r, —6r —3)
If P is intersection of Egs. (i) and (iii), then it must lie on Eq. (i).
(2r +1) =(3r) —=(-6r —3) =9
2r +1 =3r +6r +3 =9
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5r =5
a r=1
[O0Coordinate of P(3,3, —9).
[ Distance between (1, 0, —3) and (3,3, — 9)
=6 =1)" +3 —0)* +(=9 +3)’

=J4+9 +36 =7

Ex. 82 Find the equation of the plane which passes
through a;x + byy +c¢,z +d; =0,a,x +b,y +c,z +d, =0
x—a_y-B_z-y

and which is parallel to the line

m n
Sol. Given,a;x + by + ¢z +d;, =0
ayx + byy +cyz +d, =0 (1)
and xmay B =27y (i)
l m n
Equation of plane through the intersection of plane (i) is given
by

(ax +by + ez +di) +Mayx +byy +cpz +d,) =0
or (@ + Aay)x +(b +Abyy +(e +Acy)z
+(d, + Ad;y) =0 ..(iii)
DR’s of normal to Eq. (iii) are
(@ + Aay), (b + Aby), (e + Acy)
0 Eq. (iii) is parallel to Eq. (ii).
0 Normal to plane (iii) should be perpendicular to line (ii).
O (a; + Aay)l +(by +Aby)m=+ (¢; + Acy)n=0
O A=- M, putting in (iii), we get
(ayl + bym +c,n)
(ax + by + oz +dp)(agl + bym + con) —(al +b +cn)
(ayx + byy +cyz +dy) =0
Hence, the equation of required plane.

Ex. 83 Find the perpendicular distance of a corner of a

unit cube from a diagonal not passing through it.
Sol. Let the edges OA, OB, OC of the unit cube be along OX , OY and

OZ, respectively. Since, OA = OB =OC =1 unit

O OA=i 0OB=j,0C=k
ZAL
C(0,0,1)

—P(1,1,1)

k4 \‘,/-’\'/
/’//M

X0 50.1,0°
I
A(1,0,0) D
X

Let CM be perpendicular from the corner C on the diagonal OP.
The vector equation of OP is

r=Ai+j+k)
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O OM = Projection of OC on OP 0 “A+4 _pU+2 S2A 47 _2u+3
=0C[OP A+1 U+l AN+l p+1
_f((i+j+f<)_1 A+8 _5u+4
NE) NE) A+l p+1
Now, OC? =OM? + CM? 0 SN+ +5 _(u+1)+1
A +1 +1
O CM? =|OC |* -OM* =1 L2 H
3 3 —2A +1) 49 _ 20 +1) +1
A+1 +1
P :
3 A+1)+7 _50+1) -1
A +1 p+1
Ex. 84 If a variable plane forms a tetrahedron of constant . R
volume 64k> with the coordinate planes, then find the locus A+1 P+l
of the centroid of the tetrahedron. PSR 1
Sol. Let the variable plane intersects the coordinate axes at A+1 n+1
A(a, 0, 0), B(0, b, 0) and C(0, 0, c). Then, the equation of the 7 1
. 1+ =5-
plane will be X1 W+
X .y, z_ .
—+=+-=1 ...>Q) 1 1
a b ¢ Let = xand =y
Let P(q, 3, y)be the centroid of tetrahedron OABC, then A+l H+1
g S5x -y =29 -y =47x+y =4
a:E’B:B,V:E xl y ) x-y xTy
4 4 4 On solving, x=—,y =—
or a=40,b=4Bc =4y 2 2
1 O A+ F 2 +1=2
0 Volume of tetrahedron = 3 (Area of AAOB) LOC A=Lp=1
1 abc Clearly, if A =1 andp =1,
O 4 3=-2 @ =
64k 3 % abge 6 AB and CD bisects each other.
59
. o = ) 41 - P22

1 E

ORequired locus of P(a, B, Y) is xyz = 6k°.

5 _aBy
o k T e Now, M:\/@—sg+
2
15

= TS = pB
Ex. 85 Show that the line segments joining the points
(4,7,8),(—1, —2,1) and (2, 3, 4) (1, 2, 5) intersect. Verify Also, CP= \/ B- §g 0 - Eg - 2@2
whether the four points concyclic. 2 2 2
Sol. Here, A(4,7,8), B(—1, =2,1), C(2, 3, 4) and D(1, 2, 5). If the lines :ﬁ =pPD

AB and CD intersect at P, then let
We know four points A, B, C and D are concylic, if

AP [PB = PC [PD

A
C
D
AP _A &M .
0 A B 1}\ PI; llj But here,
+4 —2A+7 A +38
Then, P = 71 APEPB:%andPCEPD:Z
_u+2 2u +3 5p+40 0 Points are non-concyclic.
+1 417 g+l



Ex. 86 If P be any point on the plane Ix + my +nz =p
and Q be a point on the line OP such that OP LOQ = pz,
show that the locus of the point Q is
p(lx +my +nz) =x* +y? +z°.

Sol. Let P(a, B, y)and Q (x;, y1, 21)
DR’s of OP are (a, 3, y) and DR’s of OQ are (x;, y;, z1)-

-+ O, Q and P are collinear.

0 a_B_Y (say) ...()
X &4

Since, P(0, 3, y) lie on the plane
Ix + my + nz =p,
lo +mB +ny=p

Since, P(0, B, y) lie on the plane Ix + my +nz =p,

la+mB+ny+p
a klx, + kmy, + knz; =p [using Eq. (i)] ...(ii)
Since, OP [0Q =p*
0 Ja? + B2 +y? Qfxf +yf +27 =p?
VO T+ a4yl vt =p?
a k(xf + yf +2E) = p? .(iid)

From Egs. (ii) and (iii), we get
Ixy + my, +nz; _ 1
yital  p
O pllx + my, +nz,) =(x{ +y} +2z7)
Hence, locus of Q
d pllx + my +nz) =x* +y° +2°

Ex. 87 Find the reflection of the plane
ax +by +cz +d =0 in the planea’ x+b'y+c' z+ d' =0
Sol. Given planes are
ax+by +cz +d =0 (1)

and ax+by+dz+d=0 (i)
Let P(a, 3, Y) be an arbitrary point in the plane (i) and Q (p, ¢, )
be the reflection of the point P in plane (ii). Locus of Q will be
the required reflection of plane (i) in plane (ii), let L be the
mid-point of PQ.

é--& -4--e
Q ’\j o
/

+ + +
Then, L@D a R q B, ! V@
2 2 2
L lies in plane (ii), we get

g a’Qp;a§+b’éqzﬁg+c'§;y§+d'=o
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0 d(p+ o)+ b(gHB)+cy)+ad =0

DR’sof PQarea — p,3 —¢q, y —r.
Since, PQ perpendicular on plane Eq. (iii), we get

(i)

a-p_B-qg_y-r_, (say)
a 4 ¢
O a= p akB=q+bky=r+ck
Putting the values of 0, 3 and y in Eq. (iii), we get
a@p+ka)+ b@q+ kb)+c@r+kd)+2d =0
O 2dp+bq+dr+d)=-ki@d*+ B+ ¢?) . (iv)

Since, P(a, B, y) lies on plane (i), we get
ad + P +e¢y +d =0
O a(p+ka)+n(qg+kb)+c(r+kc')+d =0
(ap +bq +cr +d)
(ad" + bb' + cc)

t k=-

Putting the value of k in Eq. (iv), we get
2@ p+bqgt+tcdr+d)
@i+ VP ) (ap+ bg+ cr+d)
- ad + bb' + cd

OLocus of Q (p, g, ).
i.e. equation reflection of plane (i) in plane (ii) is,
2(ad + bV + ¢ )dx+Vy+dz+d")
=@+ b*+c?%) (ax + by +cz +d)

Y

Ex. 88 A point P moves on a plane s " +Z=1A plane

a c
through P and perpendicular to OP meets the coordinate

axes in A, B and C. If the planes through A, B and C parallel
to the planes x =0, y =0 and z =0 intersect in Q, then find

the locus of Q.
Sol. Given plane is R
a b ¢
Let P(h,k, I) be the point on plane.
h k1

0 S+ 4+ =
a b ¢
0 OP =|h* +k* +I*
o p k !

DC’s of OP =

O
U , , O
Bh? +k2 +12 [n? +k? 1702 +k? +1°8
0 Equation of the plane through P and normal to OP is,

hx ky Iz

NV EE ' JRE IR+ 1 +\/h2 +kE + 12

0 hx + ky +lz =h* +k* +]?
2 2 2 D
0 asgire+r o
ad h O
O 2 2 2 O
BEIZD,h +k +l’
0 k O

()

(i)
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2 412 42
h”+k lD

U
c=0,0,
u ) u

Let Q(a, B, y), then
R+ K2 +1°
o0=—
h
R +k2+ 12
B=——"--—"7"
k
_h2+k2+lz
i
11 R +k? +1P
NOW’7+7+7: 2 2 2\2
a® B° oy (hPHkT D)
_ 1
R+ K% +1°

5

...(iii)

(V)

From Eq. (iii), we get
R HE
- a
h _R*+ K" +I*
- ad
R +EE+ 1P
bB
_RE+EE TP
oy
[ S S R (i S
aa Y &y

h

ad

Similarly,

and

o~ o [x 9

[from Eq. (ii)]

11 1 1
a0 B oy hE+ K+
1 1 1
_7+B7+7
a Y
URequired equation of locus is
1 1 1 1 1 1
B

ax by cz x* y? 2%

[from Eq. (iv)]

Ex. 89 Prove that the shortest distance between any two
opposite edges of a tetrahedron formed by the planes
y+z=0,x+z=0,x+y =0, x+y +z =\3a is/2a.

Sol. Here, planes
y+2z=0z+x=0 x+y =0meetat 00, 0, 0).
Let the tetrahedron be OABC.

Let the equation of one of the pair of opposite edges OA and
BC be

y+z=0x+z=0 (1)
and x+y=0,x+y+z=3a ..(i1)
©00 _F A
O 1

¢ ,\D\
0,0,v3a Q B

Egs. (i) and (ii) can be expressed in symmetrical form as
x=0_y-0_z-0
1 1 -1
x=-0_y-0_z -\Ba
1 -1 0
DR’s of OA and BC are (1,1, —1) and(— 1, 1, 0).

Let PQ be the shortest distance between OA and BC having
direction cosine (I, m, n).

O PQis perpendicular to both OA and BC.

...(iii)

and

. (iv)

l+m+n=0 (V)
I-m=0 ..(vi)
On solving Egs. (v) and (vi), we get
o P A
c Q "B
! = m = E =k
1 1 2
Also, P+m?+nt=1
1
O K2+ Kk +4k*=1 0 k=—
6
1 2
t |l=—==mandn=—
NG NG
Shortest distance between OA and BC,
ie. PQ =Length of projection of OC and PQ

=[(x —x)l +(y, —y1)m +(z, —z)n|

=lonl +oot +3a B2
6 6 NG

%
= J2a



Three Dimensional Coordinate System Exercise 1:
~ Single Option Correct Type Questions

. The xy-plane divides the line joining the points

(-1,3,4)(2 —5,6).

(a) Internally in the ratio 2 : 3
(b) externally in the ratio 2 : 3
(c) internally in the ratio 3 : 2
(d) externally in the ratio 3 : 2

. Ratio in which the zx-plane divides the join of (1, 2, 3)
and (4, 2, 1).

(a) 1:1 internally
(c) 2 : 1 internally
L IfP(3,2,—4),0(5 4, —6)and R (9, 8, —10) are collinear,

then R divides PQ in the ratio
(a) 3 : 2 internally (b) 3 : 2 externally
(c) 2 : 1 internally (d) 2 : 1 externally

. A(3,2,0), B(5,3,2) and C (-9, 6, —3) are the vertices of a

triangle ABC. If the bisector of [JABC meets BC at D,
then coordinates of D are

9 57 17 19 57 17
@0 0§20
8 16 16 8 16 16

9 57 17
© L= -———
8 16 16

(b) 1: 1 externally
(d) 2 : 1 externally

(d) None of these

. A line passes through the points (6, =7, —1) and (2, =3, 1).

The direction cosines of the line so directed that the
angle made by it with the positive direction of x-axis is

acute, are
2 2 1 221
Q) = b) ===
()3 3 3 (®) 333
2 2
c)—, ——, d
()3 3 (d)

w |

21
373

1
3
. If Pis a point in space such that OPis inclined to OX at
45° and OY to 60° then OP is inclined to OZ at

(a) 75°

(b) 60° and 120°

(c) 75° and 105°

(d) 255°

. I, my,ny and I, m,, n, are direction cosines of the two

lines inclined to each other at an angle 6, then the
direction cosines of the internal bisector of the angle

between these lines are
Lh+l, m+m n+n L+l m+m m+n

(2) 9’ 9’ o ® 9’ R )

2sin— 2sin— 2sin— 2cos— 2cos— 2cos—
2 2 2 2 2 2

L=l m-my n —ny L=-1L m-my nm —n
() g, M M (@ 2 R

2sin — 2sin— 2sin— 2 cos— 2cos— 20059
2 2 2 2 2 2

10.

11.

12.

13.

14.

. The equation of the plane perpendicular to the line

x—1y-2 z+1

and passing through the point (2,3, 1),

(b)r.(i -j+2k) =1
(d) None of these

. The locus of a point which moves so that the difference

of the squares of its distances from two given points is
constant, is a
(a) straight line
(c) sphere

(b) plane

(d) None of these

The position vectors of points a and b are i- j +3k and
30+ 33 +3k respectively. The equation of a plane is
r. (51 + Zj —71A() +9 =0. The pointsa and b

(a) lie on the plane

(b) are on the same side of the plane

(c) are on the opposite side of the plane

(d) None of the above

The vector equation of the plane through the point
2i — j — 4k and parallel to the plane
r.(4i-12j-3k) -7 =0,is

(a)r.(4i —12j -3k) =0  (b) r.(4i - 12§ —3k) =32

(c) r. (41 — 12 —31}) =12 (d) None of these

Let L, be the line r; = 2i +j —k +A (I +21A<) andlet L,
be the another line r, = 3i +3 +U (; +3 —1A<). Let Ttbe
the plane which contains the line L; and is parallel to
L,. The distance of the plane Ttfrom the origin is

2 1
(a) \f; (b) -
(c) /6 (d) None of these
x—1_y—2_2z-3
===

following is incorrect ?
(a) it lies in the plane x =2y +z =0

For the line

, which one of the

- . X
(b) it is same as lmeT == ==

(c) it passes through (2, 3, 5)
(d) it is parallel to the plane x =2y +z =6 =0

The value of m for which straight line

3x —2y +z +3 =0 =4x —3y +4z +1is parallel to the
plane2x —y + mz —=2 =01is

(a) -2 (b) 8

(c) —18 (d) 11
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15.

16.

17.

18.

19.

20.

21.
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The length of projection of the line segment joining the
points (1, 0, —1) and (-1, 2, 2) on the plane x +3y —5z =6,
is equal to

271

(a) 2 (b) o
472 474

() 3T (d) g

The number of planes that are equidistant from four
non-coplanar points is
(@)3
(©7

In a three dimensional co-ordinate system, P, Q and R

(b) 4
(d)9

are images of a point A (a, b, ¢) in the xy, yz and zx
planes, respectively. If G is the centroid of triangle PQOR,
then area of triangle AOG is (O is the origin)

(a)o (b) a® + b +¢*

(c) g (@® +b*+ %) (d) None of these

A plane passing through (1, 1, 1) cuts positive direction
of coordinate axes at A, Band C, then the volume of
tetrahedron OABC satisfies

@V< (b)Vzg

\CHIEN-RE ]

(c)V = (d) None of these

Iflines x =y =zand x = % = § and third line passing

through (1, 1, 1) form a triangle of area A6 units, then
point of intersection of third line with second line will
be

(@) (1,2,3)

o

The point of intersection of the line passing through
(0, 0, 1) and intersecting the lines x +2y +z =1,
—x +y -2z =2and x +y =2, x + z =2 with xy plane is

1
(a) % -, o (b) (1, 1,0)
1 51
, == 0 d5—-0
©F 3.0 @ 5 0f
Two systems of rectangular axes have the same origin. If

a plane cuts them at distance a, b, cand @', b, ¢’ from the
origin, then :

(b) (2,4, 6)
(d) None of these

(a) ! + ! + + =0
aZ 2 2 alZ bIZ CIZ
1 1 1 1 1 1
(b)7_7_7+ 7 2 20
a b c a v ¢
© 1 + 1 1 1 1 1 —0
22 22 g g2 g
1 1 1 1 1 1
-+ - -—=0
2z 2 gz o2 g2

22,

23.

24,

25.

26.

+ +10 +14
Xre_y 3 =2 is the hypotenuse of an
isosceles right angled triangle whose opposite vertex is
(7, 2, 4). Then which of the following is not the side of

the triangle ?
x =7 -2 _z-4
@ =Y""=

The line

-3 6
x =7 -2 z-4
m =Y ==
3 6 2
x =7 -2 z-4
(©—+=r""=
3 5 -1

(d) None of these

Consider the following 3 lines in space
Li:r=3i—j+2k +A(2i +4j —k)

L:r=i+j-3k +1(4i +2j +4k)

Ly:r =3i +2j —2k +¢(2i +j +2k)

Then, which one of the following pair(s) is/are in the
same plane ?
(a) Only L L,
(c) Only L;I,
Letr=a + M and r =b + pm be two lines in space,
wherea =5i +j +2k,b =-i +7j +8k,1 =—-4i +j -k,
and m =2i —5j — 7k, then the position vector of a point
which lies on both of these lines, is

(ai+2j+k

(b)2i +j+k

(©i+j+2k

(d) non-existent as the lines are skew

(b) Only L,L,
(d) L,L, and L,Ls

L, and L, are two lines whose vector equations are
Li:r=X\[(cos® +3)i +(+/2sinB)j + (cos B —~/3)k]
and Ly:r = (ai + bj + k)

where, A and [ are scalars and  is the acute angle
between L; and L,. If the angle 0 is independent of 6,
then the value of a is

Tt
(a) " (b)

=N

() (d)

w |

2
The vector equations of two lines L, and L, are
respectively,
r=17i —=9j +9k +\ (3i +j +5Kk)
r=15i —8j —k +l (4i +3j)
I. L, and L, are skew lines.
II. (11, =11, —1) is the point of intersection of L, and L,.
IMI. (—11, 11, 1) is the point of intersection of L; and L,.

and

IV. cos ™ %%%is the acute angle between, L; and L,.
35

Then, which of the following is true ?
(a) Il and IV (b) I and IV
(c) Only IV (d) I and IV



27.

28.

29.

30.

31.

32,

33.

34.

Consider three vectors p =i +j +k,q =2i +4j —k and
r =i+ j +3k.If p, q and r denotes the position vector of
three non-collinear points, then the equation of the
plane containing these points is

(a)2x -3y +1 =0 (b) x =3y +2z =0
(¢)3x-y+z-3=0 (d)3x—-y-2=0

The intercept made by the plane r.n = g on the x-axis is
@-L 0 ="
in q
(©(in)g @~
|n]

If the distance between the planes
8x +12y —14z =2 and 4x +6y —7z =2

. 1 .
can be expressed in the form —, where N is natural,

JN
then the value of w is
(a) 4950 (b) 5050
() 5150 ) 5151

A plane passes through the points P (4, 0,0) and Q (0,0, 4)

and is parallel to the Y-axis. The distance of the plane
from the origin is

(a) 2 (b) 4

()2 (d) 242

If from the point P (f, g, h) perpendiculars PL and PM be

drawn to yz and zx-planes, then the equation to the
plane OLM is

(a)£+1_5:0 (b)£+X+E:()
f g h f g h
X Y iZEo) D-X+Y 4% =
(C)f : (d) A
The plane XOZ divides the join of (1, —1,5) and (2, 3, 4) in
the ratio A : 1, then A is
1
-3 b) —=
(a) (b) 3
1
3 d)—
(c) ()3

A variable plane forms a tetrahedron of constant volume
64K with the coordinate planes and the origin, then
locus of the centroid of the tetrahedron is

(a) x* +y° +2° =6k’ (b) xyz =6k*

(c) x* + y? + 2% =4k* A x2+y?+272 =4k

Let ABCD be a tetrahedron such that the edges AB, AC
and AD are mutually perpendicular. Let the area of
AABC, AACD and AADB be 3, 4 and 5 sq units,
respectively. Then, the area of the ABCD, is

(a) 542 (b)5

(c)5/~/2 (d) g
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Equation of the line which passes through the point
with position vector (2, 1, 0) and perpendicular to the
plane containing the vectorsi + jand j + ks
(a)r=(210) +t(1, -1,1)
(b)r=(@210) +c(-1,1,1)
()r=(210) +t(1 -1)
(dr=@210)+t(111)
Where, t is a parameter.
Which of the following planes are parallel but not
identical ?

P :4x -2y +6z =3

P, :4x -2y =2z =6

P; :—6x +3y =9z =5

P,:2x—-y—-z=3
(a) P, and P, (b) P, and P,
(c) B and P, (d) P, and P,
A parallelopiped is formed by planes drawn through the
points (1, 2, 3) and (9, 8, 5) parallel to the coordinate
planes, then which of the following is not the length of
an edge of this rectangular parallelopiped ?

(a) 2 (b) 4
(©6 8
vector equation of the plane

r=i—j+A(i+j+k) Hu (i —2j +3k)in the scalar dot

product form is

(a) r.(51 —2j +3k) =7

(b) r. (51 +2j —3k) =7

(c) r.(51 —2j —3k) =7

(d) r.(51 + 2j +3k) =7

The vector equations of the two lines L; and L, are

givenby L, :r=(2i +9j +13k) +A (i +2j +3k)

and Ly:r =(=31 +7j +pk) +u (4 +2j —3k).

Then, the lines L; and L, are

(a) skew lines for all p R

(b) intersecting for all p LR and the point of intersection is
(-1,3, 4)

(c) intersecting lines for p = —2

(d) intersecting for all real p JR

Consider the plane
(x,9,2)=(0,1,1) + A (1, =1, 1) +J (2, —1.0). The distance
of this plane from the origin is

1 V3

(a) g (b) 7
3 2

(c) 5 (d) ﬁ

The value of a for which the lines x-2 =Y- ? =Z- 13
1 2 3

x—a_y-7_z+2

and intersect, is
-1 2 -3

(a) =5 (b) =2

(©)5 (d) -3
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For the line X7l _y-z_z-73
1 2

following is incorrect ?

(a) It lies in the plane x =2y +z =0.

_y_z

T2 3

(c) It passes through (2, 3, 5).

(d) It is parallel to the plane x =2y +z —6 =0.

, which one of the

(b) It is same as line %

Given planes P, :cy +bz =x;
Py:az+tcex=y
Py:bx +ay=z

P, P, and P; pass through one line, if

(@)a®+ b® +c¢? =ab +bc +ca

(b) a® + b* + ¢* +2abc =1

() a® + b2 +c* =1

(d) a® + b* + ¢* +2ab +2bc +2ca +2abe =1

-2_y—-3_z—4 x—1_y—-4_z-5

The lines * and
1 -k k 2 1

are coplanar, if
(ak=0or -1 (b)k=1or -1
(c)k=0o0r -3 (d)k =3 or -3

-2 +1 -1
The line d =Y . =Z n intersects the curve
xy=c 2 in xy-plane, if ¢ is equal to
(@) + 1 (b) %
(c) £/5 (d) None of these

The line which contains all points (x, y, z) which are of
the form (x, y,z) = (2, —2,5) + A (1, —3,2) intersects the
plane 2x — 3y + 4z =163 at P and intersects the YZ-plane
at Q.If the distance PQ is a/b, where ¢, b[ON and & 3,
then (a + ) is equal to
(a) 23

(c) 27

(b) 95
(d) None of these
If the three planes r.n; = p;,r.n, =p,andr.n; = p,

have a common line of intersection, then

pi(ny Xns)+p, (n; Xny) +p; (n; Xn,)is

equal to
(@)1 (b) 2
(9)0 (d)-1

The equation of the plane which passes through the line
of intersection of the planes r.n; =¢;,r.n, =q, and is
parallel to the line of intersection of the planes

rn; =q; andr.n, =q,,is

(@) [m; n3 n,](rny —q) =[n; n3 ny](r.n, —q)

(b) [ny ny n3](r.ny —qy) =[n, n3n;](r.n; —qs)

(c)[ny n3 ny](rny —qy) =[ny ny n3](r.n; —qy)

(d) None of the above
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A straight line is given by r =(1 +#)i +3t j +(1 —-t) k,
where t [JR. If this line lies in the plane x + y +cz =d,
then the value of (¢ +d)is

(a) -1 (b) 1

(0)7 (d)9

The distance of the point (=1, =5, —10) from the point of

x=2_y+tl_z-2

intersection of the line and the

4
plane x —y +z =5is
(a) 2411 (b) /126
(c)13 (d) 14

P(p) and Q(q) are the position vector of two fixed points
and R(r) is the position vector of a variable point. If R
moves such that (r — p) X (r —q) =0, then the locus of Ris

(a) a plane containing the origin O and parallel to two
non-collinear vector OP and OQ.

(b) the surface of a sphere described on PQ as its diameter.
(c) a line passing through the points P and Q.

(d) a set of lines parallel to the line PQ.

The three vectors i + j, j + k, k +1i taken two at a time

form three planes. The three unit vectors drawn
perpendicular to these three planes form a
parallelopiped of volume

1
() g

V3
4

(b) 4
4
343

The orthogonal projection A’ of the point A with
position vector (1, 2, 3) on the plane 3x —y + 4z =0is

()3 (d)

015 0O

(a)(-1,3,-1) (b) B_E 2 15
a5 a

(c) el -1 (d) 6., =7, =5)

The equation of the line passing through (1, 1, 1) and
perpendicular to the line of intersection of the planes
x+2y —4z =0and 2x —y +2z =01is
x—-1_1-y _z-1 x—-1_1-y _z-1
a = = b = =
® 5 1 2 (b) =5 1 2
x—-1_1- z—1 x—1 -1_z-1
= y = (d) = Y =
0 -10 =5 -10 0 =5

(c)

A variable plane at a distance of 1 unit from the origin

cuts the axes at A, B and C. If the centroid D (x, y, z) of

AABC satisfies the relation % + =S + iz =K, then the

x y2 z
value of K is

(a) 3
(c)

() 1

1
S d) 9
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The angle between the lines AB and CD, where
A=(0,00),B=(1,1,1),C=(-1, -1, —1)and D =(0,1,0) is
given by

(a) cos 6 :% (b) cos © :%
=1 =1
(c) cos B = N (d) cos © i

The shortest distance of a point (1,2, —3) from a plane

making intercepts 1, 2 and 3 units on position X,Y and
Z-axes respectively, is
(@)2

13
() E

(b) 0
12
(d) o

A tetrahedron has vertices O (0,0,0), A (1,2,1), B(2,1,3)
and C (-1, 1,2). Then the angle between the faces OAB

and ABC will be
_ 7
b 1
(b) cos %Q

(a) cos™ @%Q
(d) 90°

() 30°

The direction ratios of line I; passing through P (1,3, 4)

-1_y-2_z-3
and perpendicular to line I, X =Y =°

3 4
(where, I; and I, are coplanar) is
(a) 14, 8,1 (b) -14, 8, -1
(c) 14, =8, -1 (d) -14, -8, 1

Equation of the plane through three points A, Band C
with position vectors —6i +3j +2k,3i —2j +4k and
5i +7j +3k is equal to

@r(i—j+7k) +23 =0 (b)r.(i+j+7k) =23
©rG+j-7k) +23 =0 (d)r(i-j-7k) =23

OABC is a tetrahedron. The position vectors of A, Band

Care i, i+ jand j + k, respectively. O is origin. The
height of the tetrahedron (taking plane ABC as base) is

1 1
(a) 5 (b) %
(c) ﬁ (d) None of these

The plane x —y —z =4 is rotated through an angle 90°
about its line of intersection with the plane

x +y +2z = 4. Then the equation of the plane in its new
position is
(a)x+y +4z =20
(©)x+y—4z =20
Let A Xy A 2
plane area A on the xy, yz, zx plane respectively
Then A® =

(@) AZ, + AL + AL

(b) x + 5y + 4z =20
(d)5x+y +4z =20

A, be the area of the projection of a

(b) (AL, + A}, + AL

(d) \ Axy + Ayz + Azx

(C) Axy + Ayz + sz

Chap 03 Three Dimensional Coordinate System

64.

65.

66.

67.

68.

69.

70.

71.

233

Through the point P (h, k,[) a plane is drawn at right

angles to OP to meet co-ordinate axes at A, Band C. If
OP = p then the area of the AABC is

5 5
p p
b) £—
@ 2her ®
3 3
P p
L
© ok @ i
The volume of the tetrahedron included between the
plane 3x + 4y —5z —60 =0 and the co-ordinate planes is
(a) 60 (b) 600
(c) 720 (d) 400
The angle between the lines whose direction cosines are

given by the equations [* + m* —n® =0,] +m +n =0is

(a) cos™! (24/3) (b) cos ™' 3
I
i d) =
(c) (d) .
The distance between the line
r =2i —2j +3k +A (i —j +4k)and the plane
r[{i +5j + k) =5is

10 10
() ﬁ (b) ?
10 10
(c) ; (d) ﬁ

The Cartesian equation of the plane perpendicular to the
x—-1_y-3_z-4
-1

line

and passing through the origin

is
(a)2x—y +2z -7 =0
(c)2x—y +2z =0

(b)2x+y +2z =0
d2x-y-z=0

Let P (3,2,6) be a point in space and Q be a point on the
liner = (; —j’ +21A<) +u( i +j +51A(). Then the value of
M for which the vector PQ is parallel to the plane

x —4y +3z =1is

(a) () —i
1

() (d) -

R [ =N =

8
A plane makes intercepts OA, OB and OC whose

measurements are g, b and ¢ on the OX, OY and OZ axes.
The area of triangle ABC is

(a)é(ab+bc+ca) (b)éabc(a+b+c)

(c)%(azbz + b + ) (d) % (@+b+c)

The radius of the circle in which the sphere

x% +y? +2% +2x -2y —4z —19 =0is cut by the plane
x +2y +2z +7 =0is
(a) 2

(c) 4

(b) 3
@1
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Leta =i +3 and b = 2i — k, then the point of
intersection of the linesr Xxa =b xaandr xb =a Xbis
(@)@, -11) () 3,1, -1)

(©)(-3,11) (d) (-3, -1, -1)

The co-ordinates of the point P on the line
r=(i+j+k) +A (- +j —k)which is nearest to the

origin is
2@ %2 4 2@
- DY E
3 (®) 3 33
2 (d) None of these

© % 3’ _EQ

The 3-dimensional vectors v, v,, V3 satisfying

A
&
é;';;J
[ W

V.V =4, V. Vy S =2 V.V3 =6,V,.Vy Z2,V,.V3 =5
v3.V4 =29, then v5 may be

(a) -31 +2j * 4k (b)3i -2j + 4k

(c) =21 +3j * 4k (d)2i +3j + 4k

The points i- j +3k and 3i + 3_Aj +3k are equidistant
from the plane r.(5i + 2} - 71A() +9 =0, then they are
(a) on the same sides of the plane

(b) parallel of the plane

(c) on the opposite sides of the plane

(d) None of the above

A, B,C, D are four points in space. Then,

AC? + BD® + AD* +BC® 2

1 1
a) AB? + CD? b -

@ ) . ( )AB2 CD?
(c) - (d) None of these

CD*  AB?
I x> yi] +|z1] [ y2] 2| x| +]2a], [25]> | x5] +]ys),
then xli +y£]' +zllA(, xzi +y23 +z21A( and

x3§+y3j +z3lA( are

(b) collinear

(d) non-coplanar

(a) perpendicular
(c) coplanar

The position vector of the point of intersection of three
planesr.n; =¢;,r.n, =q,,r.n; =q3;,wheren;, n,

and n 5 are non-coplanar vectors, is

(a) B (93 (n; X ny) + g (ny; Xn3) +q, (03 Xny)]
[n; n; nj]

(b) ———— [q; (m, xm,) +g (n, Xny) +g (ny xmy)]
[n; n; ny]

(0) -

———[q (n; X ny) + g, (n; Xny) +q3(n3 Xn)]
[n3 n; n,]

(d) None of the above

A pentagon is formed by cutting a triangular corner
from a rectangular piece of paper. The five sides of the
pentagon have length 13, 19, 20, 25 and 31 not
necessarily in that order. The area of the pentagon is
(a) 459 sq units (b) 600 sq units

(c) 680 sq units (d) 745 sq units

80.

81.

82,
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85.
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In a three dimensional coordinate system P, Q and R are
images of a point A(g, b, ¢) in the XY they YZ and the ZX
planes respectively. If G is the centroid of triangle POR,
then area of triangle AOG is (O is the origin)

(a) 0 (b) a® + b* +¢*

(c) g(a2 +b%+c%) (d) None of these

A plane 2x + 3y +5z =1has a point P which is at
minimum distance from line joining

A(1,0,-3), B(1, —5,7), then distance AP is equal to
()35 (b) 245

(c) 4/5 (d) None of these

The locus of a point which moves in such a way that its

. s z . . .
distance from the line = = = = -~ is twice the distance
1

from the plane x +y +z =01is

(@) x* + y* + 2% —=5x =3y =3z =0
(b) x* + y® + 2% +5x +3y +3z =0
(c) x* + y* + 2% —=5xy —3yz —3zx =0

(d) x* + y* + 2% +5xy +3yz +3zx =0

A cube C ={(x,y,2)|0< x, y,z <1} is cut by a sharp knife
along the plane x =y, y = z, z = x. If no piece is moved
until all three cuts are made, the number of pieces is
(a)6 (b) 7

(©) 8 ) 27

A ray of light is sent through the point P(1,2 3) and is

reflected on the XY-plane. If the reflected ray passes
through the point Q(3, 2,5), then the equation of the
reflected ray is
x=3_y-—-2_z-5 x=3_y-—-2_z-5
= = b = =
(® 1 0 1 (b) 1 0 -4
x=3_y-—-2_z-5 x—-1_y—-2_z-3
= = d = =
© 1 0 4 @ 1 0 4

A plane cutting the axes in P, Q, R passes through
(0 =B,B -V, y— a).If Ois the origin, then locus of
centre of sphere OPQR is

(@ax+By +yz =4

b)@ -B)x +@ -y)y +(y-a)z =0

(9@ —=B)yz + B ~Y)zx +(y ~d)xy =2xyz

O g

The shortest distance between any two opposite edges
of the tetrahedron formed by planes x + y =0,y +z =0,
z+ x =0, x +y +2z =ais constant, equal to

2a

(a) 2a (b) %
a 2a
% 5
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The angle between the pair of planes represented by (a) the direction cosines of three mutually perpendicular
equation 2x® —2y? +4z® +6xz +2yz +3xy =0is lines
) 04 (b) the direction ratios of three mutually perpendicular lines
(a) cos™! %@ (b) cos™ %Q which are not direction cosines
! (c) the direction cosines of three lines which need not be
(c) cos™ %@ (d) cos™ Q\/LQ perpendicular
84 (d) the direction ratios but not the direction cosines of three

Let (p, g, r) be a point on the plane 2x +2y +z =6, then lines which need not be perpendicular

the least value of p* +¢°® +r? is equal to 93. If ABCD is a tetrahedron such that each AABC, AABD
(a) 4 (b) 5 ©)6 (d) 8 and AACD has a right angle at A. If ar(AABC) = ky,
) ) ) ar(AABD) = k,, ar (ABCD) = k5, then ar (AACD) is
The four lines drawing from the vertices of any A
tetrahedron to the centroid of the opposite faces meet in (a) K + kZ + K2 (b) [—E2
. . o K+ ky + ks
a point whose distance from each vertex is 'k’ times the
distance from each vertex to the opposite face, where k Ik + K — k]| @) Ik =k =k |
® 1 1 3 5 94. In a regular tetrahedron, if the distance between the
(@) 3 (®) 9 (c) 4 () 4 mid-points of opposite edges is unity, its volume is
1 1
The shortest distance from (1, 1, 1) to the line of (@) 3 (b) 5
intersection of the pair of planes xy + yz +zx +y* =0is 1 1
(€)= (d) ——
8 2 1 2 V2 672
(@)= (b) 75 (c) 5 (d)~
3 3 3 3 95. A variable plane makes intercepts on X,Y and Z-axes
The shortest distance between the two lines L, : x = k;; and it makes a tetrahedron of volume 64 cu. u. The locus

of foot of perpendicular from origin on this plane is

y=kyand L, : x =ks;y =k, is equal to
() (x* + y® + 2%)° =384 xyz

(a) v klz + k22 4 k32 + kf (b) kiks + Kk,
(O +ks)” + (ke + k) () (ks =)+ (k, =)’ (b) xyz = 681 p
[l

o, m n0 r, ¢ n0O (C)(X+Y+Z)Bl;+l+lH =16

A=% m nDandB=%J rDWhere vz
2 22 2 92 T (d) xyz (x +y +z) =81

B math naaf . ;E:}j ?3 rial ; 96. If P, Q, R, S are four coplanar points on the sides AB, BC,
pi»q;,r; are the cofactors of the elements [;, m;, n; for
i=1,23.1If(l;, my,ny), (I, my, n,)and (I3, ms, n5 ) are CD, DA of a skew quadrilateral, then AP B@Egﬁ
the direction cosines of three mutually perpendicular | PB QC RD SA
lines, then (p4, g4, 1), ,q,,7,)and . g3, Ts)are equals

(P1,91.11) (P2sq2.12) (P3.93:73) @ 1 (b) -1 ©3 @ -3
Three Dimensional Coordinate System Exercise 2 :
More than One Correct Option Type Questions

Given the equations of the line 3x —y +z +1 =0and (c) Equation of the plane through (2, 1, 4) and perpendicular

5x + 7y +3z =0. Then, which of the following is correct ? to the given lines is 2x ~y +z =7 =0.

(a) Symmetrical form of the equations of line is (d) Equation of the plane through (2, 1, 4) and perpendicular
5 to the given linesis x + y —2z +5 =0.
X_~ 8. 8 98. Consider the family of planes x +y +z =c where c is a

parameter intersecting the coordinate axes at P,Q and R

(b) Symmetrical iorm of the equations of line is and 0, and y are the angles made by each member of
x+t= y- sz this family with positive x, y and z-axes. Which of the

following interpretations hold good for this family?
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(a) Each member of this family is equally inclined with
coordinate axes.

(b)sin® a + sin® P +sin® y =1
(c) cos® o + cos®B + cos’ y =2
(d) For ¢ =3 area of the APQR is 3+/3 sq units.

Equation of the line through the point (1, 1, 1) and
intersecting the lines2x —y —z =2 =0 =x +y +z -1
and x —y—-z —3 =0 =2x +4y —z —4

(a)x—-1=0,7x +17y —3z —-134 =0

(b) x =1 =0,9x +15y =5z =19 =0

_y-1_z-1
c)x—-1=0—=
(c) N 3

(d) x -2y +2z =1 =0,9x +15y 5z —-19 =0

Through a point P (h, k, [) a plane is drawn at right
angles to OP to meet the coordinate axes in A, Band C. If
OP = p, A, is area of projection of AABC on xy-plane,
A, is area of projection of AABC on yz-plane, then

(a)A-&E(b &H Lo DIE() w _0hO

Chkin (Rhklg " A,, [hO oo

vz yl

Which of the following statements is/are correct?

(a) If n.a =0, n.b =0 and n.c =0 for some non-zero vector n,
then[abc]=0

(b) There exist a vector making angles 30° and 45° with x-axis
and Y-axis.

(c) Locus of point for which x =3 and y = 4 is a line parallel to
the Z-axis whose distance from the Z-axis is 5

(d) The vertices of regular tetrahedron are O, A, B, C where
‘O’ is the origin. The vector OA + OB + OC is
perpendicular to the plane ABC

Which of the following is/are correct about a

tetrahedron ?

(a) Centroid of a tetrahedron lies on lines joining any vertex
to the centroid opposite face

(b) Centroid of a tetrahedron lies on the lines joining the mid
point of the opposite faces

(c) Distance of centroid from all the vertices are equal

(d) None of the above

A variable plane cutting coordinate axes in A, B,Cis at a

constant distance from the origin. Then the locus of
centroid of the AABC is

(@x?+y?+z7%=16 M) xP+y?+z7%=9
O O
(c)1 Lelalp so@x+y=o
y z 0

. o . X
Equation of any plane containing the line

Y= n_z"z
b c
then pick correct alternatives

“Lis A(x = x,) + B(y =y1) +C (z =21) =0

105.

106.

107.

108.

109.

110.

@2=2=C

— is true for the line to be perpendicular to the
c

a
plane

(b) A(@a+3)+B(( —-1) +C(c —-2) =0

(c) 2aA +3bB + 4¢C =0

(d) Aa+ Bb +Cc =0

x—2 +1 z-1
The line =7 = intersects the curve
2 -1
x® +y? =r® z =0then

(a) Equation of the plane through (0, 0, 0) perpendicular to
the given line is3x + 2y —z =0

(b)r =+/26 (c)r=6

(d)yr=7

A vector equally inclined to the vectors i- 3 +k and

i+ 3 ~ k then the plane containing them is

i+5-k . -
@ m)j-k

Nz
Consider the plane through (2,3, -

()21 (d) i

1) and at right angles
to the vector 3i — 43 +7k from the origin is
(a) The equation of the plane through the given point is

3x —4y +7z +13 =0

(b) perpendicular distance of plane from origin L

V74

(c) perpendicular distance of plane from origin Rl

V74

21
d) perpendicular distance of plane from origin —
(d) perp p gin 7
A plane passes through a fixed point (g, b, ¢) and cuts the

axes in A, B,C. The locus of a point equidistant from
origin, A, B and C must be

(a) ayz + bzx + cxy =2xyz (b)g+k +8 =1
x y z

(C)£+é+£=2 (d)£+ﬁ+£:3
X y z X y z

Let A be vector parallel to line of intersection of planes
P1 and P,.Plane P, is parallel to the vectors 2j J +3k and

4J -3k and that P, is parallel to J -k and3i+ 3}, then
the angle between vector A and a given vector

2 + ji- 2k is
T Tt Tt 3T
(a) E (b) Z () g (d) T

Consider the lines x =y =z and the line
2x+y+z-1=0=3x +y +2z -2 then

. . 1
(a) the shortest distance between the two lines is —

V2
(b) the shortest distance between the two lines is v/2
(c) plane containing 2nd line parallel to 1st lineisy —z +1 =0

3
(d) the shortest distance between the two lines g



111.

112.

113.

114.

115.

116.

117.

118.

If py, p,, psdenote the perpendicular distances of the
plane 2x — 3y + 4z +2 =0 from the parallel planes.

(@) pr +8pp —ps =0 (b) p3 =16p,

(c)8p, = py (d) pr +2p; +3ps =429

A line segment has length 63 and direction ratios are 3,
—2,6. The components of the line vector are

(a) =27, 18, 54 (b) 27, —18, —54

(c) 27, -18, 54 (d) =27, 18, =54

Thelinesx_2:y_3:z_4:mdx_1 =y-4_275
1 —k k 2 1

are coplanar if

() k=0 bk =-1

© k=2 @ k=-3

The points A (4,5,10), B(2,3,4)and C (1,2, —1) are three
vertices of a parallelogram ABCD, then

(a) Vector equation of ABis2i+3j+ 4k + A (i +j +3k)
x—2_y-3_z—-4

(b) Cartesian equation of BC is N s

(c) Coordinates of D are (3, 4, 5)
(d) ABCD is a rectangle

The line x = y =z meets the plane x + y +z =1at the
point P and the sphere x* +y* + 2z =1at the points R
and S, then

() PR+ PS =2 (b)prpSz%

(c) PR=PS (d) PR + PS =RS

A rod of length 2 units whose one end is (1,0, —1) and

other end touches the plane x — 2y +2z +4 =0, then

(a) The rod sweeps the figure whose volume is Tt cubic units.

(b) The area of the region which the rod traces on the plane is
2T

(c) The length of projection of the rod on the plane is /3 units.

(d) The centre of the region which the rod traces on the plane

. % 2 =5
is &, =, —
33

Consider the planes P, :2x +y +z +4 =0
Py:y—z+4=0and P; :3x +2y +z +8 =0
Let Ly, L,, L4 be the lines of intersection of the planes
P, and P;, Py and P, and P, and P, respectively. Then,
(a) at least two of the lines L;, L, and L; are non-parallel
(b) at least two of the lines L;, L, and L; are parallel
(c) the three planes intersect in a line
(d) the three planes form a triangular prism

The volume of a right triangular prism ABCA,B;C; is

equal to 3. Find the coordinates of the vertex A;, if the
coordinates of the base vertices of the prism are
A(1,0,1), B(2,0,0)and C (0, 1,0).

(@)(—2,0,2) (b) (0, -2, 0)

(¢) (0,2,0) (d) (2, 2,2)
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119.

120.

121.

122.

123.

124.

237

Let a plane pass through origin and is parallel to the line
x=1_y+3_z+1
2 -1 =2

such that distance between plane

and the line is g Then, equation of the plane is ........ .

(a) x -2y +2z =0
(c)2x+2y +z =0

(b) x =2y =2z =0
dx+y+z=0

OABC is a regular tetrahedron of side unity, then

(a) the length of perpendicular from one vertex to opposite

face is+/2/3

(b) the perpendicular distance from mid-point of OA to the
plane ABCis1/+/6

(c) the angle between two skew edges is T/ 2
(d) the distance of centroid of the tetrahedron form any

vertex is +/3/8

If OABC is a tetrahedron such that
OA? + BC* =0B* +CA* =0C*? +AB?, then

(a) OA O BC (b) OB 0 AC

(c)OC O AB (d) AB O AC

If the line *= % = % intersects the line
1

Pix +3(1-20)y +z =3= —é{wzx +3(1 =)y +22}

then point (a, 3, 1) lie on the plane

(a)2x—y +z =4 b)yx+y-z=2

(c)x—2y =0 d2x-y=0

Let PM be the perpendicular from the point P(1, 2, 3) to
XY plane. If OP makes an angle 8 with the positive
direction of Z-axis and OM makes an angle @with the

positive direction of X-axis, where O is the origin and 6
and @are acute angles, then

(a) tanB = ? (b) sin 6 sin @ 2%
(c) tan@ =2 (d) cos O cos @ =L

J14

A variable plane which remains at a constant distance P
from the origin (0) cuts the coordinate axes in A, B, C
(a) Locus of centroid of tetrahedron OABC is

2,2 2.2 2.2 _16 5 5 5
Xy ryzt X" =—=xyz

(b) Locus of centroid of tetrahedron OABC is
2.2 _ 4 222

x2y2+yzzz+zx — XYz
(c) Parametric equation of the centroid of the tetrahedron is

P P
of the form Qgseca secB,zsecO( cosecf3, Zcosec o @

o,B 0O(o, 2y = {mt /2, M3 11/2
(d) None of the above
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Three Dimensional Coordinate System Exercise 3 :

~ Statement | and Il Type Questions

= Directions (Q. Nos. 125 to 138) For the following
questions, choose the correct answers from the codes (a),
(b), (c) and (d) defined as follows :

125.

126.

127.

128.

129.

(a) Statement I is true, Statement II is also true; Statement II
is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement II
is not the correct explanation of Statement I

(c) StatementI is true, Statement II is false

(d) Statement I is false, Statement II is true

Statement I Let A (; + 3 + lA() and B (; - j + lA() be two
points, P (2; + 33 + lA() lies exterior to the sphere with AB
as one of its diameters.

Statement II If A and B are any two points and Pis a
point in space such that PA.PB >0, then the point P
lies exterior to the sphere with AB as one of its
diameters.

StatementI Ifr = x{ + yA] +zlA(, then equation

r X (Zi —3 +31A() =3i +k represents a straight line.

Statement IT Ifr = xi + y_A| +zk, then equation
r X (; + 23 —31A() =2 —j' represents a straight line.
Statement I Let O be the angle between the line
x—2_y—-1_z+2
2 -3 -2
10

. Q
Then, 8 =sin !
en Sin %E

Statement II Angle between a straight line and a plane
is the complement of angle between the line and normal
to the plane.

and the plane x +y —z =5.

Statement I A point on the straight line 2x + 3y — 4z =5

and 3x — 2y + 4z =7 can be determined by taking x = k
and then solving the two equations for y and z, where k
is any real number.

Statement II If ¢’ # kc, then the straight line

ax + by +cz +d =0, Kax + Kby +c¢'z +d' =0, does not

intersect the plane z = o, where 0 is any real number.
-1 -3 -1

Let the line L having equation al . =7 5 == 3"

intersects the plane P, having equation x —y +z =5at

the point A.

Statement I Equation of the line L' through the point

A, lying in the plane P and having minimum inclination

withline Lis8x +y -72—-4 =0 =x -y +z =5

Statement II Line L' must be the projection of the line
L in the plane P.

130.

131.

132.

133.

134.

135.

136.

x—4 _y+5_z-1 z
4 -3 1 3 2
Statement I The lines intersect.

Given lines

Statement II They are not parallel.

Consider the lines L; :r=a +Aband L, :r=b + i a,
where a and b are non-zero and non-collinear vectors.

Statement I L, and L, are coplanar and the plane
containing these lines passes through origin.

Statement II (a — b).(b X a) =0 and the plane containing
L, and L, is[ra b] =0 which passes through origin.
Statement I Pis a point(a,b,c). Let A, B, C be the
images of Pin yz, zx and xy planes respectively, then
equation of the plane passing through the points
ABandCisZ+2 +% =1

a b ¢
Statement II The image of a point Pin a plane is the
foot of the perpendicular drawn from P on the plane.
Statement I The locus of a point which is equidistant
from the points whose position vectors are 3i — 2j + 5k
andi+2} ~kis r(i —23 +31A() =8

Statement II The locus of a point which is equidistant
from the points whose position vectors are a and b is

B -2*PH G —p)=0
0 2

Statement I If the vectors a and c are non-collinear
then the lines r =6a — ¢ + A (2¢c —a)and

r=a —c + (a +3c)are coplanar.

Statement II There exist A and [ such that the two
values of r in Statement I becomes same.
_y _z+1

-1 1

Statement I The lines X and

1 .
Y = - = % are coplanar and equation of the plane
containing them is 5x +2y =3z —8 =0

x =2

Statement II The line

perpendicular to the plane 3x + 6y +9z —8 =0and
parallel to the plane x +y —z =0

The equation of two straight lines are
x—1 +3 _z-2 x =2 -1_z+3
R AL and =Y - .
2 1 -3 1 -3 2
Statement I The given lines are coplanar.

Statement II The equations 2x; —y; =1, x; +3y; =4
and 3x; +2y, =5are consistent.



137. Statement I A plane passes through the point
A (2,1, —3). If distance of this plane from origin is
maximum, then its equation is 2x + y —3z =14.

Statement II If the plane passing through the point
A (a)is at maximum distance from origin, then normal
to the plane is vector a.

239

Chap 03 Three Dimensional Coordinate System

138. Statement I At least two of the lines L;, L, and L5 are
non-parallel.

Statement II The three planes do not have a common
point.

Three Dimensional Coordinate System Exercise 4 :

~ Passage Based Questions

Passage I
(Q. Nos. 139 to 142)

Let 4 (1,2,3), B(0,0,1)and C(-1, 1, 1) are the vertices of
A ABC.
139. The equation of internal angle bisector through A to side

BCis

()r=1i+2j+3k +p i +2j +3k)

(b)r =1 +2j +3k +p (31 +4j +3k)

()r=1+2j+3k +u (i +3j +2k)

(d)r=1i+2j+3k +p@3i +3j +4k)

140. The equation of altitude through Bto side AC is

(@) r=k +t(7i -10j +2k)
(b)r =k +¢(-7i +10j +2k)
() r=k +t(7i —10j —2k)
(d)r=k +t(7i +10j +2k)

141. The equation of median through C to side ABis

(@r=-i+j+k +pGi —2k)
(byr=-i+j+k +p3i +2k)
(@r=-i+j+k +p(3i +2k)
(dr=-i+j+k+pEi +2j)

142. The area of (AABC) is equal to
9 V17 17 7
(a) > (b) Y (c) o (d) 5
Passage I1

(Q. Nos. 143 to 144)
Consider a plane x + y — z =1 and the point A (1,2, —3).
A line L has the equation x =1+3r, y=2-r, z=3+4r

143. The coordinate of a point B of line L, such that ABis
parallel to the plane, is
(a) (10, -1, 15)
(c)(41,7)

144. Equation of the plane containing the line L and the point
A has the equation
(a)x -3y +5=0
(¢)3x-y—-1=0

(b) (=5, 4, =5)
(d)(=8,5,-9)

(b) x +3y -7 =0
(d)3x+y—-5=0

Passage III
(Q. Nos. 145 to 1438)
Consider a triangular pyramid ABCD the position vector of
whose angular points are A(3,0,1), B(—1,4,1), C(5,2,3) and
D(0, =5, 4). Let G be the point of intersection of the
medians of the ABCD.

145. The length of the vector AG is

(a) /17 (b) Sl (c) Rl (d) 3
3 9 4
146. Area of the AABC (in sq units) is
(a) 24 (b) 86
(c) 446 (d) None of these

147. The length of the perpendicular from the vertex D on
the opposite face is

14 2
(a) 7 (b) "3
(c) % (d) None of these

148. Equation of the plane ABC is
(a)x+y +2z =5 (b) x —y -2z =1
(c)2x+y —2z =4 d)x+y-2z=1

Passage IV
(Q. Nos. 149 to 151)

A line Ly passing through a point with position vector
p=i+2j+3k and parallel a =i +2j +3k, Another line L,
passing through a point with position vector =2i +3j +3k
and parallel to b=3i + j +2k.

149. Equation of plane equidistant from line L; and L, is
(@)t.(i-7j-5k) =3 (b)£.(i +7j +5k) =3
(c).(1i-7j-5k) =9 (d)£.(1i+7j-5k)=9

150. Equation of a line passing through the point (2, -3, 2) and
equally inclined to the line L, and L, may be equal to

()

x=2_y—-3_z-2 x =2
= = b =y +3=z -2
2 -1 1 () -2 Y
x =2 +3 z-5 x+2 +3 z-2
:y = (d) :y =

-4 3 2 4 3 =5

()
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151. The minimum distance of origin from the plane passing
through the point with position vector p and
perpendicular to the line L, is

7
(a) V14 (b) Nevi
(c) % (d) None of these

Passage V
(Q. Nos. 152 to 154)
For positive I, m and n, if the planes x =ny + mz, y =z +nx,
z =mz + lyintersect in a straight line, then
152. I, m and n satisfy the equation
(@)1 + m* +n® =2 (b) I* + m* + n? +2Imn =1

(I +m*+n* =1 (d) None of these

153. cos ' [+ cos ' m +cos ' nis equal to

(a) 90° (b) 50°
(c) 180° (d) None of these
154. The equation of the straight line is X = % = E, where the
a c

ordered traid (a, b, ¢) is

(@) {1 =12, 31 =m? 1 -n?

(b) I, mand n

1 m n
(c) , and
-2 1 -m? Ji-n
(d) None of the above

Passage VI
(Q. Nos. 155 to 157)

Ifa=6i +7j +7k, b =3i +2j -2k, P(1,2,3)

155. The position vector of L, the foot of the perpendicular
from P on the line r =a + Ab is
(a)6i +7j + 7k (b)3i +2j -2k
(c)3i + 5 + 9k (d)9i +9j +5k

156. The image of the point P in the line r =a + Ab is

(a) (11,12, 11) (b)(5.2,-7)
(c) (5,8,15) (d)(17,16,7)

157. If A is the point with position vector a then area of the
triangle APLA is sq. units is equal to

(2)3V6 (b) @
(17 @7
Passage VII

(Q. Nos. 158 to 160)
A(-2,2,3)and B(13,-3,13) and L is a line through A.

158. A point P moves in the space such that 3PA = 2PB, then
the locus of Pis
(a) x* + y® + 2% +28x —12y +10z —247 =0
(b) x* + y® + 2% —28x +12y +10z —247 =0
(c) x* + y* + 2% +28x —12y —10z +247 =0
(d) x* + y* + 2% —28x +12y —10z +247 =0

159. Coordinates of the point P which divides the join of A
and Bin the ratio 2: 3 internally are

CIEEY < (b) (4.0.7)

2 12 17
@B -2
5 5 5

160. Equation of a line L, perpendicular to the line ABis
(a)x+2_y—2_z—3

(d) (20, 0, 35)

15 -5 10
x-2_y+2_z+3
e
3 13 2
x+2 -2 _z-3
(©—==Y"%=
3 13 2
x =2 +2 _z+3
@ ==Y"2=
15 -5 10
Passage VIII

(Q. Nos. 161 to 163)

The vector equation of a plane is a relation satisfied by
position vectors of all the points on the plane. If P is a
plane and nis a unit vector through origin which is
perpendicular to the plane P then vector equation of the
plane must be r.n=d where d represents perpendicular
distance of plane p from origin.

161. If A is a point vector a then perpendicular distance of A
from the plane r.n = d must be
(a)|d +an| (b)|d ~an|
(c)[af —d| (d) |d 4]

162. If b be the foot of perpendicular from A to the plane
r.n =d then b must be
(a)a+(d —a.n)n
(c)a +a.n

(b)a-(d —ah)h

(d)a —a.n

163. The position vector of the image of the point a in the
plane r.n =d must be (d #0)
(@) -a.h (b)a -2(d —a.h) A
(©)a +2d —a.h) A (d)a + d(-a.h)

Passage IX
(Q. Nos. 164 to 166)
A circle is the locus of a point in a plane such that its
distance from a fixed point in the plane is constant.
Anologously, a sphere is the locus of a point in space such
that its distance from a fixed point in space is constant.



The fixed point is called the centre and the constant
distance is called the radius of the circle/sphere.

In anology with the equation of the circle | z — c| = a, the
equation of a sphere of radius a is | r — ¢| =a, where cis the
position vector of the centre and r is the position vector of
any point on the surface of the sphere. In Cartesian system,
the equation of the sphere, with centre at (—g, — f, —h) is
x? +y* + 2% +2gx +2fy +2hz +c¢ =0 and its radius is

Jri+gd+h e
164. Radius of the sphere, with (2, -

extremities of a diameter, is

251
(a) S (b) =

3,4)and (= 5,6, —7)as

251

251
(©) e (d) 5

165. The centre of the sphere

(x = 4)(x +4) +(y =3)(y +3) +z° =0is

(a) (4,3,0) (b) (=4, -3,0)
(¢) (0, 0, 0) (d) None of these
166. Equation of the sphere having centre at (3,6, — 4) and
touching the plane r MZ; - 23 - lA() =10, is
(x =3)% +(y —6)* +(z +4)* =k?, where k is equal to
()3 (b) 4
©6 (d)17
Passage X

(Q. Nos. 167 to 168)
Let A(2,3,5), B(—1,3,2), C(A, 5, 1) are the vertices of a
triangle and its median through A (i.e.) AD is equally
inclined to the coordinates axes.

On the basis of the above information answer the following
167. The value of 2\ — | is equal to

(a) 13 (b) 4

(c)3 (d) None of these

168. Projection of ABon BC is

(a) i

()= (d) 48

S«f
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Passage XI
(Q. Nos. 169 to 171)
The line of greatest slope on an inclined plane P, is that
line in the plane which is perpendicular to the line of
intersection of plane P, and a horizontal plane P,.
169. Assuming the plane 4x —3y +7z =0to be horizontal, the

direction cosines of the line of greatest slope in the
plane 2x + y —5z =0 are

3 -1 1 3 1 -1
® 1 V11 Vi (®) 11 V11 Vit

SR R

170. The equation of a line of greatest slope can be

x z y _z
A A b =z

(a)3 1 -1 () —1 1
x _y_z X _y _
B A Hi=L="2

(C)—S 1 1 ()1 3 -1

171. The coordinates of a point on the plane 2x +y =5z =01is

/11 units away from the line of intersection of the given
two planes are
@@,1,-1)
(0B -11)

(b)(=3,1,1)
(4.3 -1)

Passage XII
(Q. Nos. 172 to 174)

Given four points A(2,1,0), B(1,0,1),C(3,0,1) and
D(0,0,2). Point D lies on a line L orthogonal to the plane
determined by the points A, B and C.
172. The equation of the plane ABC is

(ax+y+z-3=0 (b)y+z-1=0

(c)x+z-1=0 d2y+z-1=0
173. The equation of the line L is

(a)r =2k +A{ +k)

(b)r =2k + A(2j + k)

()r=2k +A(j +k)

(d) None of the above
174. The perpendicular distance of D from the plane ABC is

@)+2 (b) 1/2

(c) 2 (d1/+2
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Three Dimensional Coordinate System Exercise 5 :

" Matching Type Questions

175. Consider the following four pairs of line in Column I

and match them with one or more entries in Column II.

Column I Column II
(A) Lyx=1+t,y=tz=2-5¢ (p) non-coplanar
Lyr=(2,1,-3)+A (2,2, -10) lines
®) , x-1_»y=3 _z-2 (q) lines lie in a
2 2 -1 unique plane
xX=2 _y—=6_z+2
by -1 -1
(©) Lix=-6t,y=1+9t,z = 3¢ (r) infinite planes
Lyx=1+2s,y=4 =35,z =s contgining both
the lines
(D) L.f:J"I:Z‘2 (s) lines are not
1 2 3 intersecting at a
x=3 _y=2 z-1 unique point
S

176. P(0,3,-2), Q(3,7, —1)and R(1, -3, —1) are 3 given points.
Let L, be the line passing through P and Q and L, be the

line through R and parallel to the vector V=i + k.

Column I Column II
(A) Perpendicular distance of P from L, (p) 7+/3
(B) Shortest distance between L; and L, (q) 2

(C) Area of the APOR (ry 6
(D) Distance from (0, 0, 0) to the plane  (s) 19
POR 147

177. Match the statements of Column I with values of

Column II.
Column I Column II
- + +
A) tehetine X1 =2 o2 Liecin @) g1 |6
-2 A 25
the plane 3x =2y + 5z =0, then A is
equal to
(B) If (3, A, ) is a point on the line (q@ _7
2x+ y+z-3=0=x -2y +z —lthen 5
A + [ is equal to
(C) The angle between the linex = y =z (r) -3
and the plane 4x -3y + 5z =21is
(D) The angle between the planes (s) o (8
x+ y+z=0and3x -4y+5z=0 cos 75

178. Consider the lines given by L; : x +3y —5 =0,
L,:3x—ky—-1=0and Ls :5x +2y —12 =0.

Match the statement of Column I with values of Column
II.

Column I Column I1

(A) Ly, L, and L; are concurrent, if (p) k=-9 — 6 5
2 5 2

(B) OneofL;, L, and Lyis parallelto (q) , __6 _
. k=-—,-9
atleast one of the other two, if 5
(C) Ly, L, and L; form a triangle, if ™ = 5
6
(D) Ly, L, and L; do not form a (s) k=5
triangle, if t k=0

179. A variable plane cuts the x, y and z-axes at the points,
A, Band C, respectively such that the volume of the
tetrahedron OABC remain constant equal to 32 cu units
and O is the origin of the coordinate system.

Column I Column I

(A) The locus of the centroid of the (p) xyz=24
tetrahedron is

(B) The locus of the point equidistant ~ (q) (x*+ * +2°)
from O, A4, B and C is

=192 xyz
(C) The locus of the foot of (r) xyz=3
perpendicular from origin to the
plane is
(D) If P4, PB and PC are mutually () (F+ 3%+ 2%
perpendicular, then the locus of P is =1536 xz

180. Match the statements of Column I with values of
Column II.

Column I1

(A) The area of the triangle whose vertices (p) 0
are (0,0,0) (3,4, 7)and (5, 2, 6) is

(B) The smallest radius of the sphere (@ 70
passing through (1, 0, 0), (0, 1, 0) and 3

(0,0, 1) is
(r) \P
3

Column I

(C) The value(s) of A for which the
triangle with vertices
A(6.,10,10) B(1, 0, —5)and
C (6, —10, ) will be a right angled
triangle (right angled at A) is/are

(D) d is the perpendicular distance from (s) 3 J65
(13,4101 =271 =2 e 2
-1 1 1
d
value of —=
243
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181. Match the statements of Column I with values of Column II. Consider the cube

Column I

(A) Angle between any two solid diagonal

(B) Angle between a solid diagonal and a plane

(C) Angle between plane diagonals of adjacent faces

(D) The values of |a x b|

Column I
() cos_I%
(@ -1 1

cos Q-EQ
M) og! 1

3
() 1
2

Three Dimensional Coordinate System Exercise 6 :

~ Single Integer Answer Type Questions

182.

183.

184.

185.

186.

187.

188.
189.

190.

191.

In a tetrahedron OABC, if OA =i, OB =i + jand
oC=i+ 2} +k, if shortest distance between edges OA
and BCis m, then /2m is equal to ... (Where O is the
origin)

A parallelopiped is formed by planes drawn through the
points (2, 4, 5) and (5, 9, 7) parallel to the coordinate

planes. The length of the diagonal of the parallelopiped
is ...

If the perpendicular distance of the point (6, 5, 8) from
the Y-axis is 5A units, then A is equal to .........

If the shortest distance between the lines
-3 -8 -3 +3 +7 -6

X = y = z and * = 4 = z is )\\/%
3 -1 1 -3

units, then the value of A is .........

If the planes x —cy —bz =0,cx —y +az =0and
bx +ay —z =0pass through a line then the values of

a? +b% +c? +2abcis ...

If xz-plane divide the join of point (2,3, 4) and (1, —1,5) in
the ratio A : 1, then the integer A should be equal to

If the triangle ABC whose vertices are
A(-1,11),B(1,-1,1)and C (1,1, —1)is projected on
xy-plane, then the area of the projected triangles is ..........

The equation of a plane which bisects the line joining
(1,5,7) and (-3, 1, —1) is x + y +2z =A, then A must

The shortest distance between origin and a point on the
space curve x =2sin t,y =2cos t,z =3t is ...........

The plane 2x - 2y +z +12 =0 touches the surface

x? +y2 +2z% —2x —4y +2z =3 =0 only at point

(=1, A, —=2). The value of A must be

192.

193.

194.

195.

196.

197.

198.

199.

If the centroid of the tetrahedron OABC where A, B, C
are the points (a,2,3), (1, b,2) and (2,1, ¢) be (1, 2, 3), then
the point (g, b, ¢) is at distance 5v/A from origin, then A
must be equal to ...........

If the circumcentre of the triangle whose vertices are
(3,2,—5),(-3,8 —5) and (—3,2,1) is (-1, A, —3) the integer
A must be equal to ...........

If P, P, is perpendicular to P, P;, then the value of k is,
where P,(k, 1, —1), P,(2k,0,2) and P;(2 + 2k, k, 1) is ...........
Let the equation of the plane containing line
x—y—z—4=0=x +y +2z —4 and parallel to the line
of intersection of the planes 2x +3y +z =1and

x +3y +2z =2be x + Ay + Bz +C =0. Then the values
of[A+B+C —4|is ... .

Let P(a, b, c) be any point on the plane 3x +2y +z =7,
then find the least value of 2(a® + b? +¢?).

The plane denoted by P, : 4x +7y + 4z +81 =0is rotated

through a right angle about its line of intersection with
the plane P,:5x +3y +10z =25. If the plane in its new
position be denoted by P, and the distance of this plane

from the origin is d, then the value of %E(where []

represents greatest integer less than or equal to k) is ......

The distance of the point P(—2, 3, —4) from the line

x+2 _2y+3_3z+4
3 4

4x +12y —3z +1 =01is d, then find the value of (2d —8).

LI

measured parallel to the plane

The position vectors of the four angular points of a
tetrahedron OABC are (0, 0, 0), (0,0, 2), (0, 4,0) and (6, 0, 0),
respectively. A point P inside the tetrahedron is at the
same distance ‘r’ from the four plane faces of the
tetrahedron. Then, the value of 97 is .............. .
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200.

201.

202.

203.

204.
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Value of A do the planes x —y +z +1 =0,

Ax +3y +2z =3 =0,3x + Ay +z —2 =0form a triangular
prism must be

If the lattice point P(x, y, z); x, y, z >0and x, y, z I with
least value of z such that the ‘P’ lies on the planes

7x +6y +2z =272 and x — y +z =16, then the value of
(x +y +z —42)is equal to

If the line x = y =z intersect the line

xsin A + ysin B +zsin C —2d* =0

=xsin2A +ysin2B +zsin C —d?, where A, B, C are the
A B C

internal angles of a triangle and sin B sin 5 sin > =k,

then the value of 64k is equal to

The number of real values of k for which the lines
x_y-1_z ndx—k:y—k:z—Z
-1 2k 3k -1

are coplanar, is

Let G;, G, and G5 be the centroids of the triangular
faces OBC, OCA and OAB of a tetrahedron OABC. If V;

205.

206.

207.

denotes the volume of tetrahedron OABC and V, that of
the parallelepiped with OG,,0G, and OGj; as three
concurrent edges, then the value of 4V, /V, is (where O
is the origin)
A variable plane which remains at a constant distance p
from the origin cuts the coordinate axes in A, B, C. The
locus of the centroid of the tetrahedron OABC is
= %x2yzzz, then 3/2k is

p

If (I, my, ny); (I, my, ny) are D.C’s of two lines, then

2.2 2.2 2.2
xy"ty'z" +z"x

(m, =1,my)* +(mn, —myn,)?

+(myly —nyly)? +(Ll, +mymy +nyn,)? =

If the coordinates (x;, y, z) of the point S which is
equidistant from the points O(0,0,0), A(n S0, 0)
B(0,n*,0), C(0,0, n) obey the relation 2(x + y +2z) +1 =0.

Ifn0Z, then|n|= (| Olis the modulus
function).

Three Dimensional Coordinate System Exercise 7 :
Subjective Type Questions

208.

209.

210.

211.

212,

Find the angle between the lines whose direction
cosines has the relation [ + m +n =0and
21* +2m® -n® =0

Prove that the two lines whose direction cosines are
connected by the two relations al + bm +c¢n =0and

2

ul® + vm* +wn? =0are perpendicular if

a’(v+w)+b%(w +u) +c*(u +v) =0

2 2 2
and paraliel it & + 2=+~ =q
u v w

+2 _y+1_2z-3
2 2
distance of 3+/2 from the point (1, 2, 3).

. . X
Find the point on the line ata

A line passes through (2, — 1, 3) and is perpendicular to
the lines rm; + 3 - IA() +)\(2£ —2} +IA<) and

r= (2; —j —3IA() +p(i +23 +21A() obtain its equation.
Find the equations of the two lines through the origin

x=3_y—3_z

.1, . Tt
which intersect the line == =" atangle of 3
1

each.

213.

214,

215.

216.

217.

Vertices Band C of AABC lie along the
x+2 _y—-1_z
1

given that A has coordinates (1, — 1, 2) and line segment
BC has length 5.

line

; O. Find the area of the triangle

A point P moves on the plane Xt % +Z =1which is

a c
fixed. The plane through P perpendicular to OP meets
the axes in A, Band C. The planes through A, B, C
parallel to yz, zx, xy planes intersect in Q. Prove that if

the axis bc rectangular, then the locus of Q is
1 1 1 1 1 1
b=+ 4

52 y2 22 by ¢z

ax

Prove that the distance of the point of intersection of the

x—2_y+1l_z-—
4

from the point (-1, =5, —10) is 13.

line 2 and the plane x —y +z =5

Find the equation of the plane through the intersection
of the planes x +3y +6 =0 and 3x —y — 4z =0, whose
perpendicular distance from the origin is unity.

Find the equation of the image of the plane
x —2y +2z —3 =01in the plane x + y +z —1 =0.
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Three Dimensional Coordinate System Exercise 8 :
~ Questions Asked in Previous Years Exam

(i) JEE Advanced & IIT JEE

218.

219.

220.

221.

222,

Consider a pyramid OPQRS located in the first octant

(x=20,y20,z=0)with O as origin and OP and OR along
the X-axis and the Y-axis, respectively. The base OPQR of
the pyramid is a square with OP =3. The point S is
directly above the mid-point T of diagonal OQ such that
TS = 3. Then,

[More than One Correct Type Question, 2016 Adv.]

(a) the acute angle between OQ and OS is;

(b) the equation of the plane containing the AOQS is
x—y=0
(c) the length of the perpendicular from P to the plane
3
V2

(d) the perpendicular distance from O to the straight line

15
containing RS is Yy

Let P be the image of the point (3, 1, 7) with respect to
the plane x — y +z =3. Then, the equation of the plane
passing through P and containing the straight line

containing the AOQS is

1 2 1

[Single Option Correct Type Question, 2016 Adv.]
(ayx+y—-32=0 (b)3x+2z =0
(c)x—4y +7z2 =0 (d)2x-y =0

From a point P(A,A,A), perpendiculars PQ and PR are

drawn respectively on the lines y = x,z =1and
y = —x,z = -1L.If Pis such that QPR s a right angle,
then the possible value(s) of A is (are)

[Single Option Correct Type Question, 2014 Adv.]

(a) v2 (b) 1 (c) -1 (d) =2

Y :iand L, :x:(x,l= z
2—a

Two lines Ly: x =5,
3-a -2 -1

are coplanar. Then, O can take value(s)

[More than One Correct Type Question, 2013 Adv.]
(b) 2
(d) 4

(a) 1
(c) 3

A line [ passing through the origin is perpendicular to
the lines [More than One Correct Type Question, 2013 Adv.]
L:(3+1t)i+(~1 +2t)j +(4 +2t)k, —0 <t < oo

I, :(3+25)i +(3 +2s)j +(2 +s)k, —c0<s < o0

Then, the coordinate(s) of the point(s) on [, at a
distance of +/17 from the point of intersection of [ and

I, is (are)

223.

224,

225.

226.

(b) (-1,-1,0)

g

Perpendicular are drawn from points on the line
x+2_y+t1l_z
==—— = —to the plane x + y +z =3 The feet of
2 -1 3
perpendiculars lie on the line
[Single Option Correct Type Question, 2013 Adv.]

0§

(0 1,1,1)

x -1 _2z-2 x -1 _2z-2
@ I=2—= (b) Z =t ="
5 8 -13 2 3 =5
x_y-1_z-2 x_y-1_z-2
c) == = d) —=—=
© 4 3 =7 (@) 2 =7 5
. . x—1 z+3
Consider the lines L, : . 2%: T

X d_y*3 :Z+3andtheplanes

1 1 2
P :7x+y+2z =3P, :3x +5y —6z =4.Let
ax + by + cz =d the equation of the plane passing
through the point of intersection of lines L, and L, and
perpendicular to planes P, and P, .

L,

Match List I with List IT and select the correct answer
using the code given below the lists.
[Single Option Correct Type Question, 2013 Adv.]

List I List 11
P. a= 1. 13
Q. b= 2. -3
R. c= 3. 1
S. = 4. -2
Codes
P QO R P Q R S
@3 2 4 1 ()1 3 4 2
(c) 3 2 1 4 d) 2 4 1 3
. . -1_y+1_z
If the straight lines =T and
XTH = yTH = = are coplanar, then the plane(s)

containing these two lines is/are
[More than One Correct Type Question, lIT-JEE 2012]
(@) y +2z=-1 b) y+z=-1
() y—-z=-1 d) y-2z=-1
If the distance between the plane A x =2y +z =d and
x—1 -2_z-3
=Y 2= and
3 4
-4
5 is \/g, then ‘d‘ is equal to....

the plane containing the lines

x—2_y—-3_z
3 4
[Single Option Correct Type Question, lIT-JEE 2010]
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Passage
(Q. Nos. 227-229)
Read the following passage and answer the questions.
Consider the lines
x+1_y+2_z+1

Li:
s 1 2
L,: x—2:y+2:z—3
1 2 3

[Passage Type Question, IIT-JEE 2008]

227. The distance of the point (1, 1, 1) from the plane passing
through the point (=1, =2, —1) and whose normal is
perpendicular to both the lines L, and L, , is

(a) 2/~/75 unit (b) 7/+/75 unit

(¢) 13/+/75 units (d) 23/+/75 units
228. The shortest distance between L, and L, is

(a) 0 unit (b) 17/+/3 units

(c) 41/5+/3 units (d) 17/5+/3 units

229. The unit vector perpendicular to both L, and L, is

-i+7j+7k -i -7j +5k

D B b — 1 TR
(a) 7o (b) 53

-i +7j +5k 7i -7j -k

T TR | P
(c) 573 (d) N

= Directions (Q. Nos. 230-231) For the following questions,
choose the correct answer from the codes (a), (b), (¢) and
(d) defined as follows.

(a) Statement I is true, Statement II is also true; Statement II
is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement II
is not the correct explanation of Statement I

(c) StatementI is true; Statement II is false
(d) Statement I is false; Statement II is true

(ii) JEE Main and AIEEE

233. If the image of the point P(1, - 2,3) in the plane
2x +3y — 4z +22 =0 measured parallel to the line

X _y _Z. 3

2 =Y =250, then P 1t

1 4 5 8Q. then PQis equal to [2017 JEE Main]
(a)3«/§ (b)ZJE

(© Va2 (d) 6~/5

234. The distance of the point (1,3, —7) from the
plane passing through the point (1, — 1, — 1)
having normal perpendicular to both the lines
x—1_y+2_z-4 x—2_y+1_ z+7

and . is
1 -2 3 2 -1 -1
20 10
(a) —— units (b) — units
V74 V83 [2017 JEE Main]
(c) o units (d) 10 units
V83 74

230. Consider three planes
P:x—-y+z=1, Pb:x+y—-z=-1
and P;: x -3y +3z =2
Let L, L,, Ly be the lines of intersection of the planes
P, and P;, P; and P;, P, and P,, respectively.

Statement I Atleast two of the lines L,, L, and L4 are
non-parallel.

Statement II The three planes do not have a common
point. [Assertion and Reason Type Question, lIT-JEE 2008]

231.

Consider the planes

3x—6y —2z =15 and 2x+y—2z =5.
Statement I The parametric equations of the line of
intersection of the given planes are x =3 +14t,
y=1+2t, z =15t.
Statement II The vectors 14 i + Zfi +15k is parallel to

the line of intersection of the given planes.
[Assertion and Reason Type Question, IIT-JEE 2007]

232. Consider the following linear equations
ax + by +cz =0,bx +cy +az =0,cx +ay +bz =0
[Matching Type Question, IIT-JEE 2007]

Column I Column IT

A. atb+c#0and p-

&+ b+ * =ab +bc +ca

The equations represent
planes meeting only at
a single point

B. a+b+c=0and q.

@+ b+ #£ab+be +ca

The equations represent the
linex=y=z

C. at+b+c#0and r.

&+ b+ #ab+bc +ca

The equations represent
identical planes

D. a+b+c=0and r.

&+ b+ =ab +bc +ca

The equations represent the
whole of the
three-dimensional space

235. The distance of the point (1, = 5, 9) from the plane
x —y +z =5measured along the line x =y =z is

(a) 3310 (b) 1043 [2016 JEE Main]
(© = @2
J3 3
-3 =Y +2 _Z +

4
lies in the plane,

236. If the line, X
2 -1

Ix + my —z =9, then [ + m” is equal to [2016 JEE Main]

(a) 26 (b) 18 (©)5 (d) 2

237. The distance of the point (1, 0, 2) from the point of
X =Y =2 2 and the
4 12
[2015 JEE Main]

intersection of the line

plane x —y +z =16, is

(a) 2414 (b)8
(c)3421 (d)13



238.

239.

240.

241.

242,

243.

244.

245.

The equation of the plane containing the line

2x =5y +z =3, x + y + 4z =5 and parallel to the plane

x +3y +6z =1, is [2015 JEE Main]
(a)2x + 6y +12z =13 (b) x +3y +6z=-7

(c)x+3y +6z =7 (d)2x +6y +12z =-13

The angle between the lines whose direction cosines
satisfy the equations [ + m +n =0and [* =m® +n? is

T T
() ~ (b) — :
3 4 [2014 JEE Main]
Tt Tt
= d =
()% ()
-1 -3 -4
The image of the line X— Y92 in the plane
3 1 -
2x —y +z +3 =0is the line [2014 JEE Main]
x+3 =5_z-2 x+3 =5 _z+2
(@ 2=Y "= b =r""=
3 1 =5 -3 -1 5
x=3 +5 _z-2 x—3 +5_z-2
(©2=Y"7= @ 2=Y"2=
3 1 =5 -3 -1 5

Distance between two parallel planes 2x + y +2z =8 and
4x +2y +4z +5 =01is [ 2013 JEE Main]

3 5
i b) 2
(a)2 ()2
7 9
z d) 2
(C)2 ()2
If the lines
x—2:y—3:z—4andx—1:y—4:z—5
1 1 -k k 2 1

are coplanar, then k can have [2013 JEE Main]
(a) any value (b) exactly one value
(c) exactly two values (d) exactly three values

An equation of a plane parallel to the plane

x —2y +2z —5 =0and at a unit distance from the origin
is [AIEEE 2012]
(a) x -2y +2z -3 =0 (b) x -2y +2z +1 =0

(c) x—2y+2z-1=0 (d) x—-2y +2z +5=0

— + a—
Ifthelinex 1=y 1=Z 1a
2

-3 -k
ndx :y :E
3 4 1 2 1

intersect, then k is equal to [AIEEE 2012]

2
-1 b) =
(a) (b) 5
9
- d) o
(c) 5 (d)
If the angle between the line x = y 2_ 1_z73 and the

plane
, O/s50

x +2y +3z =4iscos H/?D then A equals

140 [AIEEE 2011]

3

(a) g

5
(c) g
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247.

248.

249.

250.

251.

252,

247

Statement I The point A (1,0,7) is the mirror image of

-1 -2
the point B(1, 6,3) in the line XYoo Z—.
1 2 3
.o x_y—-1_z-2_. .
Statement II The line 1T, T ? bisects the line
segment joining A (1,0,7)and B(1,6,3). [AIEEE 2011]

(a) Statement Iis true, Statement II is true; Statement II is not a
correct explanation for Statement I

(b) Statement I is true, Statement II is false
(c) Statement I is false, Statement II is true

(d) Statement I is true, Statement II is true; Statement II is a
correct explanation for Statement I

The length of the perpendicular drawn from the point

(3,-1,11) to the line X = y-2 = z3 is

2 3 4 [AIEEE 2011]
(a) V66 (b) 29
(c) /33 (d) /53

The distance of the point (1,-5,9) from the plane

x—y+2z =5measured along a straight line x =y =z, is

[AIEEE 2010]
()35 (b) 1043
(c)5v3 (d) 3310

A line AB in three-dimensional space makes angles 45°
and 120° with the positive X-axis and the positive Y-axis,
respectively. If AB makes an acute angle 0 with the

positive Z-axis, then 8 equals [AIEEE 2010]
(a) 30° (b) 45°
() 60° @ 75°

Statement I The point A(3, 1, 6) is the mirror image of
the point B(1, 3, 4) in the plane x —y +z =5.
Statement II The plane x —y +z =5bisects the line
segment joining A(3,1,6) and B(1, 3, 4). [AIEEE 2010]
(a) Statement I is true, Statement II is true;

Statement II is the correct explanation of Statement I
(b) Statement I is true, Statement II is true;

Statement II is not the correct explanation of Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true
-2 _y-1_z+

-5

x +3y —0z +f =0. Then, (0, ) equals [AIEEE 2009]
@ 6 -17) (b) (=67) (o) G,—15) (d) (=515)

The projections of a vector on the three coordinate axes
are 6, — 3, 2, respectively. The direction cosines of the

2
Let the line lies in the plane

vector are [AIEEE 2009]
6 32
a) 6,—3,2 b) -, —=,—
(a) ()5 i
6 32 6 32
Q) --o = d - -2
© 7 77 @ 7 77
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253.

254.

255.

256.

257.

258.
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The line passing through the points (5,1 a), and (3, b, 1)

1 —-13
crosses the YZ-plane at the point [0, ?7, T% Then,

[AIEEE 2008]

(a) a=8,b=2
(¢c) a=4,b=6

(b) a=2,b=8
d) a=6,b=4
If the straight lines
x—1:y—2:z—3 and x—2:y—3:z—1
k 2 3 3 k 2

intersect at a point, then the integer k is equal to
[AIEEE 2008]

(@ -2
(c) 5
Let L be the line of intersection of the planes

2x +3y +z =1and x +3y +2z =2. If L makes an angle
with the positive X-axis, then cos O equals [AIEEE 2007]
(a) 1/3 (b) 1/2

() 1 (d) 1/42

(b) -5
(d) 2

. m . i . .
If a line makes an angle of — with the positive directions
4

of each of X-axis and Y-axis, then the angle that the line

makes with the positive direction of the Z-axis is
[AIEEE 2007]

(a) /6
(c) /4

) T3
@) /2

If (2, 3, 5) is one end of a diameter of the sphere
x% +y? +z° —6x —12y =2z +20 =0, then the coordinates

of the other end of the diameter are [AIEEE 2007]

(a) (4’ 9, _3) (b) (45 -3, 3)

(c) (4,3,5) (d) (4,3, -3)

The two lines x =ay + b,z =cy +d and
x=a'y+b',z=c"y+ d are perpendicular to each
other, if [AIEEE 2006,2003]

259.

260.

261.

262.

263.

(@)aa'+c' =1 (b)—'+£,=—l
a C
(c)—+—=1 (d)aa'+ cc'=-1
a C
The image of the point (—1,3, 4) in the plane x =2y =01is

17 19
(a) (15,11, 4) ®) Q_ 330 IQ [AIEEE 2006]

9 13
@ -5

If the plane 2ax — 3ay + 4az +6 =0 passes through the

(©)@® 44

mid-point of the line joining the centres of the spheres
x® +y® +2° +6x -8y -2z =13and
x? "'y2 +z% -10x +4y —2z =8 then aequals

[AIEEE 2005]
(2) 2 (b) -2
(c) 1 (@ -1
+ - -
If the angle 6 between the line o : 1.y ; 1_z ; 2 and

the plane 2x — y ++/Az +4 =0is such that sin 8 =§. The

value of A is [AIEEE 2005]
4 3
-2 b) 2
(a) 3 (b) .
3 5
-2 q 2
(c) s (d) 3
The angle between the lines 2x =3y = —z and
6x = —y =—4zis [AIEEE 2005]
(a) 30° (b) 45°
(¢) 90° ) 0°
The plane x + 2y —z =4 cuts the sphere
x? +y* +z% —x +z -2 =0in a circle of radius
[AIEEE 2005]
(a) V2 (b) 2
(0) 1 ) 3



Exercise for Session 1

Answers

1-2
373

:

1.8 2.3 |k | 4.(1,2,3),(3,4,5),(-1,6,=-7)
5.5 6.(4,5,6) 7.90°
8. -1 9.0 11.%,_—1,2§0r§_—2,
33 3
12./14

Exercise for Session 2
Lr=3i —j+3k +A\2i -2j +5k)

2.r=2i 3] +4k +A@i +4] -5k), ¥ 2=r*t3 o274
3 4 -5
3. 3,§,0§ 4.cos_1§12»9§ 5.-1,-1,-1)
575 1
6. L 41
NE 10
8X_I_Z:Z_2 x—1 l:z—Z
-1 2 -7 1 -2 7
9,L_1:y7_2:i1 10. (5, 8, 15)
1 -2 1
Exercise for Session 3
1.2x— y+3z=9 z.x%(zi+2j+f()

3.4x-3y+2z=3 4.5x+ 18y +6z =0
5.x=-5y-2z+6=0,3x—-y+4z-2=0

6.(-3,5,2) 7.sin"! %@

8. y+z=2 9.13
10.17x —47y—24z + 172 =0
11.3x -y + 3z +10 =0
12.x-2y+2z=0andx -2y +2z -6 =0
13.25x + 17y + 62z =238 (acute angle bisector)
x +35y —10z = 256 (obtuse angle bisector)
14.x-8y+4z=7
15.2x+2y+z=9

Exercise for Session 4

1. Centre (2, — 2, 0), Radius = oL

2.3+ y* + 22 —4x +4y —4z +9 =0, Centre (2, - 2, 2)

3.0+ y2 + 22 -2J/3y -1=0

4.9x% + 937 + 92° — 54x =108y + 72z +545 =0
5A=4/32%3

6.2x% + 212 + 222 —6x +2y —4z =25

. 7 L T8
7. (1) %, > 2@ (i1) - (i) 5
Chapter Exercises

L.(b)  2.(b) 3. (b) 4. () 5.a)  6.(b)

7.(b)  8.(b) 9. (b) 10.(c)  11.(b)  12.(a)
13.(c) 14.(a) 15.(d)  16.(c) 17.(a) 18.(b)
19.(b)  20.(a) 21. (c) 22.(c) 23.(d) 24.(a)
25.(a) 26.(b)  27.(d) 28.(a) 29.(d) 30.(d)
31.(a) 32.(d) 33.(b) 34.(a) 35.(a) 36.(c)
37.(b)  38.(c) 39.(c)  40.(c) 41.(d) 42.(c)

43.(c) 44.(c)
49.(d) 50.(c)
55.(d)  56.(b)
61.(b) 62.(d)
67.(a) 68.(c)
73.(a) 74.(b)
79.(d)  80.(a)
85.(c)  86.(b)
91.(d) 92.(a)
97. (b,d)

100. (b,e)

103. (b,c)

106. (c,d)

109. (b,d)

112. (c,d)

115. (a,b,d)

118. (b,d)

121. (a,b,c)

124. (a,b)

127.(a) 128.(b)

133.(a) 134.(a)
139.(d) 140. (b)

145. (b) 146. (c)

151.(c) 152.(b)

157.(b) 158.(a)

163. (c) 164.(c)

169. (a) 170. (b)

175.(A) - r (B) -
176.(A) - r (B) -
177.(A) - ¢ (B) -
178.(A) - s (B) -
179. (A) - r (B) -
180.(A) - 5, (B) -
181.(A) - r (B) -
182.(1) 183.(7)
188.(2) 189. (8)
194. (3) 195.(7)
200. (4) 201. (4)
206. (1) 207. (1)

208. cos' gjg
3

45. (¢)
51. (c)
57.(b)
63. (a)
69. (a)
75. (¢)
81. (b)
87. (c)
93. (c)
98. (a,b,c)
101. (a,c,d)
104. (a,b)
107. (b,c)
110. (a,c)
113. (a,d)
116. (a,c,d)
119. (a,c)
122. (a,b,c)
125. (d)
129. (b)
135. (b)
141. (b)
147. (a)
153. (¢)
159. (b)
165. (c)
171. ()
. (©)~
©) -
) -
©) -
) -
r, (C)-
b, (C) -
184. (2)
190. (2)
196. (7)
202. (4)

E IR

210. (-2,—-1, 3)and
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46. (a) 47.(b)  48.(a)
52.(d) 53.(b) 54.(a)
58. (a) 59.(c)  60.(a)
64. (a) 65.(b)  66.(c)
70. (¢) 71.(b)  72.(b)
76. (a) 77.(d)  78.(a)
82.(c) 83.(a) 84.(c)
88. (a) 89.(c)  90.(a)
94. (a) 95.(a)  96.(a)
99. (b,c)
102. (a,b)
105. (a,b)
108. (a,c)
111. (a,b,c,d)
114. (a,b,c)
117. (b,c)
120. (a,b,c,d)
123. (a,b,c)
126. (d)
130. (d) 131.(a) 132.(c)
136.(a) 137.(a) 138.(d)
142.(b) 143.(d) 144.(b)
148.(d) 149.(d) 150.(b)
154. (a) 155.(c) 156.(c)
160. (c) 161.(b) 162. (a)
166. (b) 167.(b) 168. (b)
172.(b) 173.(c) 174.(d)
(4:9(D) - (p.s)
p> (D) - 5
p (D) - s
(rst) (D) - (p,S)
¢ D) - ()
q, D) - (s
q
185.(3) 186.(1) 187.(3)
191.(4) 192.(3) 193.(4)
197.(7) 198.(9) 199.(6)
203.(1) 204.(9) 205.(2)
6 43 111
177177 17

2111 = (21 — j +3k) +P(2j+i - 2K)

212. 5= = % and
1 2 -1

L
-1 1

-2
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213. 1;;5 sq units  216.2x+ y—2z+3 =0andx—2y—2z-3=0

221. (a,d) 222. (b,d)

217.x—8y+4z—-7=0

218. (b, c, d) 219.(c)  220.(c)

223.(d) 224.(a) 225. (b, c) 226.(b) 227.(c)
229.(b) 230.(d) 231.(d)

232.(A) - (1); (B) - (9); (C) ~ (b); (D) ~ (5)

233.(b) 234.(b)  235.(b) 236.(d) 237.(d)
239.(a) 240.(a) 241.(c) 242.(c) 243.(a)
245.(d) 246.(d)  247.(d) 248.(b) 249.(c)
251.(b) 252.(c) 253.(d) 254.(b) 255.(a)
257.(a) 258.(d)  259.(d) 260.(b) 261.(d)
263. (c)

228. (d)

238. (¢)
244. (c)
250. (a)
256. (d)
262. (c)



Solutions

1. Suppose xy-plane divides the line joining the given points in
the ratio A : 1. The coordinate of the point of division are
PA =1 -5\ +3 6\ + 40

Bh+1 A+1° A+1

This point lies on xy-plane.
0 6\ + 4
A+1

—o0x- 2
3

Hence, xy-plane divides externally in the ratio 2 : 3.
Aliter We know that the xy-plane divides the line segment
joining P (xy, y1, z1) and Q (x, ¥, z,) in the ratio —z; : z,.
Therefore, xy-plane divides the segment joining (-1, 3, 4) and
(2, =5, 6) in the ratio —4: 6 i.e. 2 : 3 externally.
. Suppose zx-plane divides the join of (1, 2, 3) and (4, 2, 1) in the
ratio A : 1. Then, the co-ordinates of the point of division are

WA +1 2N +2 A +30

A+1 A+1 A +1

This point lies on zx-plane

2)\+2:0D)F_ 1
+1

0 y-coordinate =0 [J

Hence, zx-plane divides the join of (1, 2, 3) and (4, 2, 1)
externally in the ratio 1: 1.

Aliter We know that the zx-plane divides the segment joining
P (x1, y1, z1) and Q (x,, 5, 2,) in the ratio =y, : y,.

Ozx-plane divides the join of (1, 2, 3) and (4, 2, 1) in the ratio
—2:2ie.1:1 externally.

. Suppose R divides PQ in the ratio A : 1. Then, the coordinates
of Rare

LA +3 4N +2 —-6A —40
A+1  A+17 A+1

But, the coordinates of R are given as (9, 8, —10).
5\ +3_9 a4\ +2 —g

0 =9,
A+1 A+1

and BA-4_ o0 a=3
A+1 2

Hence, R divides PQ externally in the ratio3: 2.

. D divides BC in the ratio AB: AC1i.e. 3 : 13. Therefore,
coordinates of D are

(Bx-9+13 X5 3x6+13 X3 3x—3+13x2D0 QB 57 17
3+13 3+13 3+13 8716 16

. Let [,m,n be the direction cosines of the given line. Then, as it
makes an acute angle with x-axis. Therefore, [ > 0. The line
passes through (6, =7, —1) and (2, =3, 1). Therefore, its direction
ratios are

6—2,-7+3 -1 -1or 4—-4,-2o0r2 -2, -1
. . . . . 2 2 1
Hence, direction cosines of the given line are —, ——, —g

6. We have, o = 45° and B=60°

Suppose OP makes angle y with OZ. Then,

cos? a + cos’B + cos’y =1

ST S
2
1 1
O cos’y==0 cosy+ -
¥ 4 ¥ 2
O Y =60°,120°

. Let OA and OB be two lines with direction [;, m;, njand

15, my, ny.

Let OA = OB =1. Then, the coordinates of A and B are

(L, my, n;) and (I, my, n,) respectively. Let OC be the bisector of
0 AOB. Then, C is the mid point of AB and so its coordinates
are

gl"'lz m + my "1"'"2@
2 7 2 7 2

Y4
B (=ls,myn
Clame Z)C[/1+/2 my+mo n1+n2]
, 2 T2 T2
A (-l;,my,n,)
0 1M,
X < > X

E [l1+/2‘m1+m2yn1+n2]
2 2 2

vY

. . L+1L, m+m n+n
ODirection ratios of OC are - 2 1 z 1 2

2 2 2
Now. oC = gl+l2g+§wl+m2§+ Qll+n2g
’ 2 2 2

ocC = =
2
\/(112 + "fh2 + '112) +(lzz +m§ +n22) +2(Ll, +mmy +mny)
O ocC = ;/2 +2cosB [. cos® =L, + mm, +nn, |

O ocC 25/2 + 2cosB :COS%@

[J Direction cosines of OC are
L+l m+m m+n,
2(0C)" 2(0C) ’ 2(0C)

L+, m+m, n +n
1+ L 1 2 M 2
or, 5 s

0 0 0
2 —-) 2 —) (2 —
(cos 5 ) 2(cos 5 ) (2cos 2)

. The given line is parallel to the vectorn =1 — j + 2k. The

required plane passes through the point (2,3, 1) i.e., 21 + 3] + k
and is perpendicular to the vector n = i- j + 2k So, its
equation is

{r—(@i +3j +k)} @ -j +2k) =00000
0 r[@i - +2k) =1



9. Le the position vectors of the given points A and B bea and b

10.

11.

12.

13.

14. Vector (31-2j+ k) x(4i -3 +4k) is perpendicular to 21—+ mk

respectively and that of the variable point P be r. It is given
that

PA* - PB* =k
|AP* - |BP* =k
[r—a)* —|r -b)* =k
{[x* +a]* —2r @} —{|r|* +|b|* -2r B} =k
2r((b —a) =k +|b]* —|al?

r((b

o A

—a) = A\, where A :é{k+|b\2 -|al*}

Clearly, it represents a plane.

The position vectors of two given points area=1i -] +3k and

b=3i+3]) +3k and the equation of the given plane is
r =(5i +2j —7k) +9 =0

or rn+d=0

Wehave  an+d=(i-j +3k) [(5i +2j 7k) 49
=5-2-21+9 <0

and b.n+d = (31 +3j +3k) [bi +2j -7k) +9

=15+6-21+9 >0

So, the points a and b are on the opposite sides of the plane.
The equation of a plane parallel to the plane

r(4i-12j-3k) =7 =0 is,

(i —12j -3k) +A =0

This passes through 21 - -4k
0 (2i-j-4k) 4 -12j 3k) + A =0
g 8+12+12+A=0
g A=- 32
So, the required plane is r[(4i —12] —BR) —32=0

Equation of the plane containing L;,
A(x=2)+B(y -1) +C(z +1) =0

where A+2C=0; A+B-C=0

g A=-2C,B=3C,C=C

O Plane is —2(x—2) +3(y —1) +z +1 =0

or 2x—=3y—-z-2=0

-2

V14

(1, 2, 3) satisfies the plane x—2y +z =0 and also
(i+2j+3k) (i —2j +k) =0
x=1_y-2 _z73 -3

Since the lines ——==— and
1 2 3

2

7

Hence, p=

Xy

1 2
line is obviously parallel to the plane x -2y +z =6

3 -2 1
0 4 -3 4/=00 m=-2
2 -1 m

(constant)

=§ both satisfy (0,0,0) and (1, 2, 3), both are same. Given

Chap 03 Three Dimensional Coordinate System

15. Let A(1,0,-1),B(-1,2,2)

Direction ratios of segment AB are <2,-2,-3 >
\2><1+3(—2) S(3) _ 11 _ 11

S J1+9+25 [a+a+9 17435 595
Length of projection = (AB)sin 6

=y +) +6)" 1 =

Ja74 474
rff

16. Let the point be A, B, C and D

—— units

251

The number of planes which have three points on one side and

the fourth point on other side is 4. The number of planes
which have two points on each side of the plane is 3.

U Number of planes is 7.

17. Point A is (a, b, c) 0 Points P, Q, R are (a, b, —
(a, = b, c) respectively.

O Centroid of triangle POR is % é EQD G= % be
33 33

O A, O, Gare collinear [J area of triangle AOG is zero.

18. Let the equation of the plane be£+%+E =1
a c
O l+l+l:l
a b ¢

1
0 Volume of tetrahedron OABC =V = g(a bc)

Now, (abe)® = ; ? 7 23(GM2HM)
4+
a b ¢
9
g abc=227 0 V2 5
19. A(1,1)
a
O B (A, 2X, 3)\)
Let any point of second line be (A, 2\, 3\ )
cos O =& sin O —ﬁ
Jaz2' Jaz
1
AOAB = E(OA)OBSIH e
B W T T e W
2 Jaz

So, Bis (2, 4, 6).
20. Equation of line x + 2y +z —1 +A(— +y —2z —2) =0
x+y-2+Ux +z -2) =0
(0, 0, 1) lies on it
a A= O UH=-2
For point of intersection, z = 0 and solve (i) and (ii).

¢),(=a, b, c)and

...(id)
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21.

22,

23.
24,

25.

Textbook of Vector & 3D Geometry

4 '

x z x z
Theplanesare7+z+f:1andf+l+f:1
a c a c

Since the perpendicular distance of the origin on the planes is
same, therefore

g
a
E‘/l EN 1H

avz er CIZD

Given one vertex A(7, 2, 4) and line
x+6 _y+10 _z+14
5 3 8
General point on above line, B =(5A —6,3\ —10,8\ —14)
Direction ratios of line AB are <5\ —13,3\ —12,8\ —18 >
Direction ratios of line BC are <5, 3,8 >

Tt
Since, angle between AB and BC is Z

T _(5A-3)5 +33) —12) +8(8\ —18)

COS
(5N —13)2
5%+ 3% +8% O+ 3N —12)°
+ B\ —18)*

Squaring and solving, we have A =3,2

x=7_y—-2_z—-4
3 6

x=7_y—-2_z—4

3 6 2

Hence, equation of lines are

and

L L, intersecting; L,L; parallel; L3, skew.
A =l =1 (point of intersection of two lines)
O r=a+lorb+m,ie,r=i+2j+k
Both the lines pass through origin.
Line L, is parallel to the vector
V, =(cosB ++/3)i +(~/25inB)j +(cos® —/3)k and L, is parallel
to the vector
V, =ai +bj +ck

O cos O :LDIZ
[ Vi [V, |

_ a(cos B + +/3) + (b2)sin 6 + ¢(cos B —+/3)
\/m (cos B + +/3)? + 25in’0
+(cos 0 —+/3)?
_ (a+c)cosB + by/2sin B +(a —c)3
Ja + b2+ 2 +6

In order that cos 0 in independent of 6

atc=0

and b=0
. cosg = 23 _\3
a22\2 2

T

O =
6

26. Given lines are skew lines and angle between them
,d2+3+00

= cos E’i\/gﬂ/ga
5

1

35
27. Equation of plane
Ox—-1 y-—-1

H1 3

0o 0

=cos~

z -0
—2H=0
2 0

P(1,1,1) Sy, 2)

R
Qe a-1 W13

O 2Bx—-3-y +1) =0
O 3x -y =2
28. x-intercept =¢i
ilh
0 xith=q O xlzi
ilh

29. B =4x +6y -7z =1 =0
P, =4x +6y =7z =2 =0
J= 1 1

J16 +36 +49 /101

101 X 102

Hence, =5151

30. x and z-intercept of the plane is 4 and it is parallel to y-axis,
hence equation of the plane is x + z = 4.
Its distance from (0, 0, 0) is 2+/2.

31. Coordinate of L(0, g, h) and M(f, 0, h). Now, to find the
equation of OLM.

00 (0,0,0) o,D(X,f/,z)
®/(0,g,-h) o/M(f,O,h)
Ox y z0
0 Ho g hH=o0
of 0 hO
O (gh)x + (fh)y —(gf)z =0
XL Y _z_
or —t+t=-—=
fe h
32. y-coordinate of P is zero.
¥ _3A+ (7)) [ p /

A+1

1,-1,5 2,3, 4
0 A=l / /
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38. Plane through a and parallel to two non-collinear vector

(r—a)b xc) =0 (takes dot with b % ¢ both sides)
ie., (r-@G-j) Gi -2j -3k) =0
0 r (51 - 2j -3k) =7

39. Intersecting, if
05 2 13-p0 |5 2 13-p

le BH=02 0

0O-1 2 =3 g |-1 2 -3
—4(-15 +13 —p) =0

p=-2
Aliter
AN +2)=—u +3) ..()
2N+ p=2u +7 ..(id)
3A+13=p —3u ...(iif)

From Eq. () 4 =(-A +5)
On putting in Eq. (ii), 2A +9 = =2(A +5) +7

A=-3
Now, from Eq. (iii), =9 + 13 =p +6
p=-2
40. r=a+ b + |k
Taking dot with b x ¢
C(0,c,0) [rbc]=[abc] [where,a =(0, 1, 1)]
1 b=(,-1,1)andc =(2, —1,0)
AreaofABCD=5|BCXBD| oo 1 10
[ TR T . . abel=H1 -1 1H=0-(0-2)+1(-1+2) =3
—E|(b1—c_])><(b1 —dk)|—5|bdj+bck+d01| 02 -1 o[

=L o2t + ca? + a%? () Ox vy z0
2 and [rbe]=H1 -1 1H=x(0 +1) = y(0 -2) +2(-1 +2)
Now, 6 =bc,8 =cd, 10 = bd

b%? + c’d* + d*b* =200 o
=x+2y +z
On substituting the value in Eq. (i), we get Hence, equation of plane is x + 2y +z =3
A=1200 =512 . :Djaz\ﬁ
L Poo%o
35. r=2i+j+0k +1i +j) x(j +k) 2-a 9-7 13 ~(=2)0
=@ 1,0)+t(k —j +1)=(21,0) + 11, -1, 1) #“.91 2 3 H=o
36. Option (a), 2.2 ¢E o -1 2 =0
. 3 3 9. ) O a=-3
Option (b), 2_2: 2 :_2 =2_12den;1cal 42. On (1, 2, 3) satisfies the plane x — 2y + z =0 and also
Option(c),?:?:?;fg (i+zj+3f()mi—2j+f<) =0
Option (d),2 =2 # -6 Since, the lines x“l_y-2_z73
x =9 x=10 2 3
37. y=8y :2% andfzz=£b0thsatisfyt+1and3t+3.
z=5z~= 35 bz

Hence, both are same.

Edges of the cuboid are 8, 6 and 2. Given line is obviously parallel to the plane x =2y +z =6
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43.

44.

45.

46.

47.
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Or —¢ -bQg
Infinite solution Hc -1 a H= 0
0ob a -10
g ad+b*+ct =1

Note that 3 such planes can meet only at one point i.e. (0, 0, 0)
or they may have the same line of intersection i.e., at infinite
solution.

The given lines are coplanar, if
[2-1 3-4 4-5[] 1-1-1
H 1 1 -k =0 O |11 -k|=0
0o k 2 1 0 k21
1 0 0
a 1 1 1-k|=0
kk+21+k
ad 20+ k) —(k +2)1 —k) =0
if k*+3k=00 k=0o0r-3
Put z = 0 in the line given x =5andy =1
0 50=c’
Equation of the line is X~z :y+32 =Z2_5 =A ..(i)
Hence, any point on the line (i) can be taken as
xX=AN+2
¥y =-G3A\ +2)
z =2\ +5)
From some A point lies on the plane
2x —3y + 4z =163 ...(ii)
20\ +2) +303\ +2) +4(2A +5) =163
19N =133
ad A= 7
Hence, P =(9, —-23,19)
Also, Eq. (i) intersect YZ-plane i.e., x =0
A+2=0
Hence, A=-2
O Qo,4,1)

PQ =/9% +27° +18°
=9/1 +3% +2% =914

0 a=9andb =14
Hence,a + b =9 +14 =23

So,

Equation of the plane passing through the line of intersection
of the first two planes is r [{n; + An,), = p; + Ap,. where A is a
parameter

Since, three planes have a common line of intersection the
above equation should be identical with r Th; = p; for some A.
That is for some A,

n; + An, =kn, (1)
and P+ Ap, =kps ..(id)
From Eq. (i)

n; Xng; + An, Xn; =0
and n; Xn, =kn; xn, ...(iii)

From Eq. (ii)

48.

49.

50.

51.

52.

(o1 + Ap2)(ny X n3) =kps(n, Xns)
= p3(ny X my)
pi(ny X nz) + p,A(n, Xng) + py(n; + ny) =0
O pi(ng Xnj) + py(ng Xny) + ps(n; xny) =0
[Using Eq. (iii)]

.(iv)

Equation of any plane through the intersection of r [(h; = ¢,
and r [h, = g, is of the form

rChy + Arth, =¢ +Aq, ..()
where A is a parameter.

So, n; + An, is normal to the plane (i). Now, any plane parallel
to the line of intersection of the planes r [h; = g3 and
r [h, =g, is of the form.

rl(n; + Un,) =gq3 + gy, hence we must have
n; + An, =k(n; +pn,) for some k

0 [n; + An,][n; Xxn,] =0
0 [n; n3n,]+ A[n,; n3n,] =0
0 )\:_[nl n; ny]

[n;, n; ny]

On putting this value in Eq. (i), we have the equation of
required plane as

[n; n; ny]
hy —qg=———(rlh, -
rim —q [0, 0y 0] (rthy = q,)

0 [n;n; n,](rChy —gq)
=[n; n3 n,J(r (h, —q;)

Equation of line is

r=i+0j+k +4i +3j -k) )
Eq. (i) liesinx +y + cz =d
O 1+0+c=d
1+c=d
Also, 10+13 +c¢(-1) =0
c=4
O 1+4=d 0 d=5
O (c+d)=4+5=9
Anypointonx_2=y+1=Z_zcanbe
4 12
@2r +2,4r —1,12r +2)
which lieson x -y +z =5
O (r +2) —(4r —=1) +12r +2 =5

r=0

UPoint on the plane =(2, -1, 2)

Distance between (2, —1, 2) and (=1, =5, —10)
=@ +1)? +(=1 +5)° +@2 +10)°
=13

R(r) moves on PQ,

R(r)
P(p) Aq)
G+j)xG+ ﬁ) =i -j +k 0 Unit vector perpendicular as to
s oA woon 1 s oA &
the plane of i + jand j + kis —=(1 — j + k).

NG

Similarly, other two unit vectors are



53.

54,

@G:j-mmm54ﬂ+j+m
Ot -1 1
V:mbmﬁdziﬁ]1 1 —Hzﬁg
0-1 1 1
Aliter
Leta=1+}.b=] +kandc=k +1i.
Now, [a Xb,b X ¢ ¢ xa] =[a b c]?
o1 1 of
=Ho 1 1H=[1(1) -1(0 -1)]* =4
Ol o0 10
Hence, actual volume with unit vectors
_ 4
“laxb||bxc||cxal
Now,|a xb|=4/a’h?* —(aB)’ = /4 -1 =43 etc.
4
Vactual = 35
n=3i-j+4k
Line through A are parallel to n is
r=1+2j+3k +\@3i -j +4k)
=3\ +1,2-A,3+ 4\ (1)

n A(1,28

Hence, Eq. (i) must satisfy the plane
3x—y +4z =0
33A +1)—=(2=A) +43 +4\) =0
26N +13=0
1

A=--
2

Hence, A' is %;, g, l@which is the foot of the perpendicular

from A on the given plane.
On solving x +2y —4z =0and2x —y + 2z =0, we get

r-Jy -z

0 -10 -5
One point P on line is (0, —10¢, =5¢) and Q =(1, 1, 1)
Direction ratio of PQ =(1,1 + 10t, 1 + 5¢)
0 —10 —100¢t =5 =25t =0
3

0 t=-=
25

s
55

x-1_1-y _z-1
1 2’

O

Hence, required equation

Chap 03 Three Dimensional Coordinate System

+Z =1 be the variable.

55. Let£+X
a b ¢

So that, % =1
1 1 1
o+ o+
at bt
Then, the coordinates of AABC are A(a, 0, 0), B(0, b, 0) and
(0, 0, ¢).

The centroid of AABC is %

56.

Direction ratios of ABare1:1:1.

Direction ratios of CD are 1:2: 1.
Angle between AB and CD,
IX1+1x2+1x1 _ 4

cos 0 =T_ﬁ

Equation of plane is % + % +§ =1

57.

0 Required distance

§8. Angle between the faces = Angle between the normals
n; = Vector normal to face OAB
PGk
=OA xOB=|1 2 1]|=5i-j-3k
21 3
n, = Vector normal to face ABC
ik
=AB xAC =|1 -1 2
-2 -1 1
=i-5j-3k
1 Iy .1y

Angle between faces = cos™
n ] [n,]

=cos™! g?@
5
89. 0=(1+2A2+3A3+4)\)
Direction ratio of PQ =2\, 3\ —1, 4\ -1
Now, (2A)2 + (3K —1)3 +(4\ —1)4 =0)
29\ =7
_ 7
29
Direction ratio of line PQ is (14, =8, —1).
60.

with position vector a, b and ¢ is
rlfaxXb+bxc+c xa) =a B %c

Equation of the plane passing through three points A, B and C
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So that, ifa, b, ¢ representAthe %iver} vectors, then A, = 1 Iji E‘J—Z A, = 1 Eﬁ EP—Z
Oi j kO 2 h k 2 k1
axb+bxc+cxa=-6 3 20U 1 p* p*
O 0 Azx = i i
03 -2 4pg 2 1 h
N PN — [2 2 2
0i j kO Oi §j kO Ay T AR AL
+B3 -2 4%5 7 35 :;)4\/12+hz+k2:p4\/ »o_ P
o 7 3p o076 3 2(Q 4\ R 2 VW2 2hkl
= -131 +13j -912k 5
! ] Hence Ar(DABC) = v
0o-6 3 20 2hkl
and ald Xc¢ :H 3 -2 4 H: 299 65. Equation of the given plane can be written as
o5 7 30 L A
So, the required equation of the plane is 2015 -1z
r.(—13i + 133 _91f() =299 or r mi _ j + 71}) +23 =0 which meets the co-ordinates axes in points A(20, 0, 0),
B(0, 15, 0) and C(0, 0, —12) and the co-ordinates of the origin
61. The volume of tetrahedron are (0, 0, 0).
. 1D1 0 00 . [The volume of the tetrahedron OABC is
=-(0A OB 0C) :Jﬂ1 1 oH: — units 0020 0 0
¢ 6D0 1 1Q ¢ 0100 15 o [2=8L x20 x15 x(-12)H=600
1 |:|6HO 0 —12%_EJ6 D_
Areaof the base =~| (i +j -1) x(j +k -)] 0o o
2 66. I +m+n=01+m?>-n*>=0
_1 2 + l’% _ 1
—5\1 l—ﬁ 0 I+ m? —(d -m)* =0
3 x Volume 342 1 0 2lm=0ie,l=0orm=0
Height = —— -0 =2N% =~ o PR
Area of base 6 /2 Ifl=0,m=-nandifm=0,1=-n
62 _ _ Since d.r.’s of the two lines are 0,1, —1and 1, 0, —1
s X~y —z-4=0,x+ty+2z -4=0 e_0x1+1x0+(_1) x(-) 1
Required plane is of the form cosy = 22 )
(x—y—z-4)+A(x +y +2z —4) =0 T
Since, this plane is perpendicular to the plane x =y —z —4 =0 . 0= 3
3 PO N A A
O 1+A+\ —1)(-1) +@\ -1)(4) =0, A =3 67. G-j+4k)(( +5j +k) =0

Therefore the line and the plane are parallel. A point on the

line is (2, —2, 3). Required distance is equal to distance of
63. Let, m, n be the direction cosines of the normal to the plane . |2 +5(-2) +3 =5| _ 10
(2, —2,3) from the given plane = ——————=—

12 +5% 417 271

68. - Plane is perpendicular to the line

U Required plane 5x + y + 4z =20

on which lies the plane area A.
Then, A,, =projection of A on the xy-plane
= Acosd, where 0 is the angle between the plane

and xy-plane. U Equation of plane is of the form2x —y +2z +k =0
1.0+ mo0 +nl - If passes through origin 0 k =0
O cosO = ————
1 g 2x—y +2z =0
Since, the normal to the xy-plane has direction cosines (0, 0, 1) 69. PQ =i(-2 -3u) +jM -3) +k(Gu —4)
0 Ay =4, PQis parallel to x —4y +3z =1
Similarly, Ay = A O 1(=2 —3W) — 4 —3) +35u —4) =0
A, = A, ; 1
2 2 2 _ a2 H=—
DA% + AL + AL =A 4
64. Equation of the plane through P(h, k, [) perpendicular to OP is 70. Plane meets axes at A(a, 0, 0), B(0, b, 0) and C(0, 0, c).
—72 .12 .2 — 2
Xhotyk bzl =hT k5 A+ =p ThenareaofAABC=1|AB><AC|
where, pr=ht+ KR+ 1P 2
1~ s ..
0 S TN 2 = V(=af +b) x(ai x|
roror 1 [aa 22, 22
h k I =5 (@b + b%c” +ca
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71. Centre of the sphere is (-1, 1, 2) and its radius g B=- 2
=J1+1+4+19 =5 and vV, =29 =a’® +B% +y?
CL, perpendicular distance of C from plane, is O y== A 4 . R
H—1+2+4+75_4 U vy =31 -2) 4k
0 J1t4+4 [ 75. The given plane is r [5i +2j —7k) = -9

Length of the perpendicular from i — j + 3k to it is
-9 —(i - +3k) 5i +2j —7k) _ -9 -5+2+21 _ 9

J5+ 4+ 49 V78 NG

A B Length of the perpendicular from 31 + 3 + 3k
-9 -(31 +3j +3k) (51 +2j -7k) _ -9-15-6+21 __ 9
Now, AL’ = CA* - CI? =25 —16 =9 778 - 778 BT
Hence, radius of the circle =/9 =3 Thus, the length of the two perpendiculars are equal in
72, Let rxa=b xa magm’tude. but opposite in sign. Hence, they are located on
opposite side of the plane.
o (r=b) xa :_0 76. Let the position vector of A, B, C, Dbea, b, cand d
J r=b+ia respectively.
Similarly, other line r =a + kb, where t and k are scalars. Then. AC? + BD? + AD? + BC?
Now atkb=b+rta ' _ +(d b b
a t=1,k=1 (equation the coefficients of a and b) e -a)lle a-)'- d( ) @ _')_ b b
O r=a+b=i+j+2i -k ) ) ( a)mdz a) 2(C ) & -b)
c A e =lc["+[al" —2alée +|d|" +[b|
=31+j-k 2 2 2
—2dd+|d|" +|a|” —2ald +|c|
ie. (3,1,-1) )
. 2 A P, +|b|" -2bl¢
73. Let the point P be (x, y, z), then the vector x1 + yj + zk will lie ) ) ) )
on the line =lal®+[b[" —2alb +[c|” +|d|
0 (x-1Di+(@y -Dj + -k —2¢f +|al* +| b +|c|* +[d[
=-A +Aj -2k +2alb +2cld-2alé-2bMd
O x=1-Ay=1+Aandz=1-A —2ald -2d[¢
Now point P in nearest to the origin. =@-b)la —d) +(c —d) (& ~d)+
0 D=(1 =M +(1 +A)? +(1 -A)? +@+b-c-d) +b —c —-d)
=ZAB*+CD* +(@a +b —c¢c ~d)[a + b —c —d)
ad d—D-—4(1—)\)+2(1 +A) =0
- B > AB? + CD?
0 A= 1 Ox » z0
3 77. If the given vectors are coplanar, theonz Yo 2y H: 0
0 The point is %, g, 2@ Oxs ys z30
The set of equation
74. We have,| v, | =2,| v;| =2 and| v | =429 XX+ yy +z1z =0
If 0 is the angle between v; and v,, then XX + Yy + 252 =0
242 cos 0 = -2 X3X + Y3y + 252 =0
0 o= 1 B 1% has a non-trivial solution.
cosu = N - Let the given set has a non-trivial solution x, y, z without loss

of generality, we can assume that x 2y > z.
For the given equation x;x + y;y + zz =0, we have

v X ="y T2
% 0 | xx|[=|yy +ziz| S|y | +]zz |
I s o O | x| <] yix|+]zx]
Let v; =2i,v, = —1 + jand vy =a1 +3j +yk 0 1% <[y +] 2]
Since vs ¥, =6 =2a Which is a contradiction to the given inequality.
O a= 3

[x [ >y +]2]
Also, v;,==-5=—-a +f3
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78.

79.

80.

81.
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Similarly, the other inequalities rule out the possibility of a
non-trivial solution.

Therefore, the given equations have only a trivial solution.
So, the given vectors are non-coplanar.
The vectors n; X n,, n, X n; and n; X n; are non-coplanar
vectors, so every vector can be written as
r =a(n; Xn,) +b(n; Xn;) +c(ng Xny)

Substituting this value in r [h; = ¢, a,b, we get

a(n; xn,) Mhy +b(n, Xxn;) My +c(ng xn;) by =q
O b=—>=

n, n; nj

b(n; n, n3) =¢q

Since, the required point of intersection will have the position
vector,
1
r=——— [gs(n; Xn,) + q(n; Xxn3) +gy(ng xny)]
(n; n; nj)

2
(4

Since r® + 52
0 e =31 or e =19 is not possible.
Therefore, e equals 13, 20 or 25.

The possibility for triplet {r, s, e} are {5, 12, 13}, {12, 16, 20},
{15, 20, 25}, {7, 24, 25}.

d r

Since 16, 15 and 24 do not appear among any of pair wise
differences of 13, 19, 20, 25, 31

Oa=19,b=25c¢=31d =20,e =13
Hence, required area = 745 sq units.
Point A is (a, b, ¢)

0 Points P, Q, R are (a, b, —
respectively.

¢),(—a,b,c)and(a, — b, c)

0 Centroid of triangle PQR is % g g@

DGE%,EE
33

O A, O, G are collinear [1 Area of triangle AOG is zero.
Let line joining AB meet plane 2x + 3y +5z =1at P.

AN+1 -5N 7A —-30 AP
Let P= =A
¢ B?\+l A+1 )\+1H BrB

21+3 A5 HA 3
Em i H)\+1H

2(+ 1) —15A +35\ =15 =\ +1

g )\:g
3

ad P=(1,-21)
O AP =245

82.

83.

84.

85.

86.

8s.

(r,r,—r)
Xx_Yy_ =z
P dicular — == =~
Q perpendicu alr1 b
U @-nNd+@-rnd+y+r(-1) =
:G+[3_V
3
0 PQ'=2{a’ +B* +y' ~aB +By +
But PQ =2
{perpendicular distance from P(a, 3, y) to plane x + y +z =0}
2 o+ +y[f
O Z@?+B%+y? —op +By +yo)=4
3( B +y B +By + yo) WE
‘B w P+aB +By +ya =0

The cut x =y separates the cube into points with x <y and
those with x > y.

0 So, number of pieces equals to the number of ways of
arrangements of x, y and z which is 3! =6.

Aliter Since in each coordinate there is inequality x >y >z.
So, number of pieces = number of ways of arranging x, y,z =6
Here P and Q lie on the same side of XY plane

Image P(1, 2, 3) on the XY plane is P'(1, 2, — 3)

-3 -2 -5
Reflected ray is P'Q [ X =Y =z
2 0 8
0 x—3=y—2=z—5
1 0 4
Let X+ Y +% =1be required plane.

a b c
Let the sphere be x* + y? + 2% + 2ux +2vy +2wz +d =0
d = 0if it passes through origin.

Also,a =-2u,b=-2v,c = —2w

a-B B-y, V-

and 1

—2u —2v —2w
Locus of centre (—u, —v, —w)is Z(0 —B)yz =2xyz
On solving the given planes, the vertices are O(0, 0, 0),
A(-a, a,a), B(a, - a, a), C(a, a, - a).

Consider the edges OA, BC whose equations are X =Y

— =

Z~

Ia

x—a_y+ta_
o 1 -1

Now, find S.D. between the lines.

zZ—a

. The angle between the pair of planes is

ax® + by® + cz® +2fyz +2gzx +2hxy =0is

_1%\/]” + g% +h* —ab —be —ca@

0 =tan
a+b+c

p+2q+r=6
0 @i +2j+ k) pi +q]j +rk) =6
(@)’ <|al’| b’
0 62 <9(p* + q* +1?)
p2+q2+r2 <4



89.

90.

91.

92,

93.

94.

Let A(xy, ¥1, 21), B(X2, Y2, 23), C(%3, ¥3, 23), D(X4, 4, 24) be the
vertices of tetrahedron. If E is the centroid of face BCD and G is
the centroid of ABCD then AG =3/ 4(AE)

O K =3/4.

yx+y) +z(x +y) =0
x+y=0 0O dr'sareb, =(1,1,0)
and y+z=0 0 dr'sareb, =(0,1,1)
ik
Now, b, xb, =1 1 0|=(1 -1,1)
01 1
and a;—a; =(1,1,1) —(0,0,0) =(1,1,1)
. oo |11 X0 -1, 1>| _1=2.0.2)
[(L-11) |1, -1,1)|
_Jivova_
1 + 1+1 \f
L, || L, Then required distance = distance between (k;, k,, 0),

(k3’ k4a 0)

=k ~ky)? + (e, —ky)’
Leta =i + mlj + nllA(, b=1i+ mzj + nzlA(
and ¢ = Li + myj + nJ{

Given that a, b, c are three mutually perpendicular unit
vectors.

Then, pi+ )+ rllA< =b xc =a
(b x c parallel toa and b X ¢, a are unit vectors)
Similarly, — p,i + goJ + rk =c xa =b
and p3i+q3j+r3f( =a Xb =¢
These vectors also mutually perpendicular unit vectors.
Let us suppose A be origin.
ar(AABC)’ + arf(AACD)? + ar(AABD)” = ar(ABCD)’

Hence the result follows.

a,b,cbeP.V.of A,B,C,|a|=|b|=|c| =K
OD:E :b+C
2 2
+ -
Given, |DE|:1D‘u =10 |b+c-al|=
O 3k2+2k2%—1—1§=4
2 2
(0]
B E ¢
O K =42
1 ) 103, ., [2.0 1
Volume = — (base area X height) = — k)" x.|—k[]=—
3¢ ght) = H BT
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Lo . X
95. The plane equation in the intercept forms is = + =
a

96.

97.

98.

Volume of tetrahedron OABC is

b
:aé—c =64 [ abc=384

Foot of perpendicular from (0, 0, 0) on this plane is

X _y _ z _ 1
t/a 1/b 1/c 1 1
a®  b?
O x—k,y=k,z—E
a b c
1 1 1 1
and —=—=+ =+ =
k a* b*
. l:xz+y2+zz
k k?
2

O x*+y%+2% =k

O(x? + y? +22)° =k

locus.

Let A(xy, y1, 21), B(x, y2, 25)
C(x3, y3, 23), D(x4, Y4, 24)

and the equation of the plane containing P, Q, R and S is
ax+by +cz +d =0and kg =ax, + by, +cz, +d
K Ko 7Ky 7 Ke

n A2RgS .

=abc xyz =384 xyz is the required

PB OC RD SA K, K, K,

Let a, b and c be the DR’s of the given line. Then,

we have 3a—b+c=0
5a+b+3=0

a_b _ ¢

On solving, we get — = — = —
& & 1 1 -2

Again, suppose the given line intersect the plane z = 0 at
-y, +1=0and5x +y, =0

(1, y1, 0), then 3x;
15
g7 s

Hence, the symmetrical form of the line is

+1 5
¥+ = -
8_y 8 _~*

On solving, we get x; =

11 =2
Equation of plane through (2, 1, 4) is

a(x —2) + by —1) +c(z —4) =0

whena =1,b=1andc = -21
x=2+y-1-2(z —4) =0
x+y -2z +5=0
Vector normal to the plane
n=i+j+k

V, =1V, =}V, =k

V.
cos (90° —a) =—=
|n|
1
g sindl = —
J§

1
Similarly, sinf = and siny =—
V3

%\

259

=1
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Hence, z sina =1
and z cos’a =2

Also, plane is equally inclined with the coordinate axes.

1 943
Also, A =5,/92 +9% +9? =—‘2f

99. 2x -y —z =2 +AN(x +y +z —1) =0satisfies (1, 1, 1)
2-1-1-2+\3 -1) =0
A=1
x=1
X—y—z-3+HU2x +4y —z —4) =0
-4+ (1) =0
H=4
xX—y—z-3+42x +4y —z —4) =0
9x + 15y =5z =19 =0
From Egs. (i) and (ii), we get
x—=1=0,9x + 15y =5z =19 =0
a=0andc=3b
x—lZO,y_l:Z_l
3
100. op = \r* +k* +1°
0
Direction ratios of OP are SIZ k LB
pp
Equation of plane ish—x+k—y +I—Z =p
p p P
2 o d pz o d pZI:J
AG—, 0,00 BLD, —, o CL, 0, —0O
Oh O o0 k 0O O g
V4
C
Y
Y B
A
X
101. (a) Since, n@=nb =nl¢ =0

U a, b and c are coplanar
a [a,b,c]=0
(b) cos®30° + cos?45° + cos’ y =1

3.1_5
O sin’r = " + 5 = 2 which is not possible.

(c) Obvious
(d) AB x BC is perpendicular to the plane ABC.
AB x BC =(OB - 0A) x(OC -OB)
= 0B x0C -0OA x0OC +0OA xOB
=0A x0OB + 0B xOC +0OA xOB
ie. axb +b xc +c xais perpendicular the plane ABC.
(@a+b+c) x(axb +b xc +c xa)

...(i)

102.

103.

={@a+b+c)d}b —{@ +b +c) A}b
+{@a+b+c)le}b—{@a+b +c) B} xc
+{@a+b+c)Ed}c —{(a +b +c) A}a
=(@+b+c)lb-cla +t(@ +b +c)
[t-a)b +{@+b +c) (a ~b)lc
=@ab-alt+b’-c?a +(bd-b A
+(c*—a®)b +(@@? —-b? +c @-c-b)c =0
Thus, the statement is true.
Let A(a), B(d), C(c) and D(d) be the vertices of a tetrahedron,
then centroid of the tetrahedron is
at+b+c+d
4

+c+
centroid G; of the face BCD is btetd

Now, centroid of the tetrahedron G, divides AG, in the ratio
3:1.
3(btc+d)+a_a+b+c+a

3+1 4

ie.

0 Clies on AC,.

(b) The edges AB and CD. Let E be the mid point of AB and F
be the mid point of CD

+b

- . a
[JPositive vector of E is

fe . cta
Positive vector of F is

B D

atb+c+d

Mid-point of EF is which is the centroid of the

tetrahedron ABCD.

Lettheplanebe£+z+£=1
a b c

O

oOod

1 1

2 2
b c

O
! 0=1 or 3
R
ad O
The plane cuts the coordinates axes at A(a, 0, 0), B(0, b, 0),
(0, 0, ¢). The centroid of AABC is

b ¢
, = =6y, z let
£ ) (let
xP+y? 427 =9
-1
101 1 10
or JOzt—zt=0 =0
S y' z°[g



104.

105.

106.

107.

108.

109.

When a line lies in a plane, then it is at right angles to the
normal to the plane. Here, d.r’s of the line are <a, b, c >and
altitude numbers of the plane are being taken as < A, B, C >.
So, we must aA + bB +cC =0.

For the given curve z = 0, therefore, the line and the curve
x—2 +1 0-1
meet where =Y =
2 -1
x—2 +1
i.e. where =1, Y =1lie., where x =5,y =1

z
So, the given line and the given curve meet in the point
(5, 1, 0). Since, this point lies on the curve also, therefore,
52 +1% =r?

O r’ =(+26)*
g r=x426

A vector coplanar with given vectors is
1+ Mi+@A —-1)j +1 =M )k Since it is equally inclined to
the two given vectors

A+Mi+0 -D)j+a Mk G-F+k)
[A+Ni+(\ -1)j+0 -Mk| 3
C@HNI+O -D)f 1 M)k G+

j-k)
3

A 4

[+ Mi+0\ -1)j+01 -Mk|

O A= 1
Required vector is 2i or i
The equation of the plane through (2, 3, ~1) and perpendicular
to the vector 31 — 4j + 7k is

3(x —2) +(—4)(y —-3) +7(z —(-1)) =0
or 3x —4y +7z +13 =0
Distance of this plane from the origin

_3%x0-4x0+7 x0 +13] _ 12

32 4 (—a)? +72 74

74

Let A, B, Cbe(q, 0, 0), (0,3, 0) and (0, 0, y) then the plane ABC
Xy .z
s+ = +2

a By
Since it always passes through a, b, ¢

a b ¢ )
E+E+§:l ..(Q)
If pis (4, v, w) then OP® = AP? = BP? =CP*

a W+ v+ wt = —a)? +vE +w?

=1

u v w
=...0 a =—B=—-y=—

ZB 2y 2
On putting a, B, y in (i), we get

a b ¢

—t—+—=2

u voow

b
0 Locusof(u,v,w)isg+—+£=2
x y z

Normal of plane P, is

n, =(2j +3k) x(4j -3k) = -18i
Normal to plane P, is

n, =(j - k) x(3i +3j) =31 -3j 3k
O A is parallel to (n, <n,) = * (-54]j —54lA()
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110.

111.

112.

113.

114.
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O Angle between A and 2i + j - 2k is
(=543 +54k) @i +j —2k) _ 1

cosB == *—
54423 2
Tt 3Tt
0=—or—
4 4
Any plane through the second line is
2x+y+z-1+kBx +y +2z -2) =0

If this is parallel to the first line, then
@2 +3k)+(1 +k) +(1 +2k) =0
2

0 k=-=
3

2
O Planeis2x +y +z -1 —g(3x +y +2z -2) =0

ory —z +1 =0. The required SD must be distance of this
plane from any point on the line x =y =z say (1, 1, 1)

-1+
a SD:—1 1+l :i
l02+12+(_1)2 ﬁ
4 _1/2_ 1 8

h —E,Pz —E—ﬁ,ps _E
For these values all the choices are easily verified.

Let the components of the line segment vector be a, b, ¢, then

a® + b? + ¢ =(63)* ()
a_b _c
also — =— == =\ (say) then
P (say)

a=3\,b=-2\ and c =6\
and from (i), we have
9AZ + 4A% + 3602 =(63)*

0 490\% = (63)*
0 A=+Boug
7

The required components are 27, =18, 54 or —27 , 18, =54

The given lines are coplanar if
2-1 3-4 4-50

o=H 1 1 —k B
0ok 2 1 0
o1 -1 -1gpgt o 0 [
:Hl 1 —kH:Hl 2 1—kH
Ok 2 100k k+2 1+kQ

orif2(1 + k) —(k +2)1 —k) =0
or ifk?+3k=0orifk=0, -3.

Direction ratios of ABare4 —2,5-3,10 —4o0r 1,1,3.So ABin
parallel to the vector i + j + 3k and passes through B (2,3, 4),
the vector 21 + 33 + 41A(, its equation is
2i +3j +4k + [ +] +3k)
Similarly, BC passes through the points B (2, 3, 4) and its
direction ratios are2 —1,3 —-2,4+1or1,1,5.
So its cartesian equation is

x—2_y-—-3_z—4

1 1 5
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115.

116.

117.
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Next, if Dis(a, b, c), then since ABCD is a parallelogram mid
point of AC and BD is same. (diagonals of a parallelogram
bisect each other)

0 +2 b+3 c+4@:%23
2 2 2 2 2
a (a,b,c) =(3,4.5)
AB is not perpendicular to BC because
1xX1+1x1+3 x5 #0.
ABCD is not a rectangle.

The coordinates of P where the line x = y =z meets the plane

x +y +2z =1are(1/3, 1/3, 1/3) and the co-ordinates of R and S
where the line meets the sphere x* + y? + z? =1 are

(1/+3,1/~3,1/~/3)and (=1/+/3, =1/+/3, =1/+3)

1 1 1
So that PR:@%——%«E%——
o tha . ﬁ =3
and PS=«/§%+%§
O PREPS:3%—1§:E

o0 3

PR+ PS =2

and RS=\/(1/J§+1/J§)2X3:2

So that, PR + PS =RS

The rod sweeps out the figure which is a cone.

A(,0,-1)

The distance of point A(1, 0, —1) from the plane is
[1-2+4] _

=1 unit.
Jo
The slant height [ of the cone is 2 units.
Then the radius of the base of the cone is

JP-1=Ja-1 =43
Hence, the volume of the cone is g(\/g Y2 = Tt cubic units.

Area of the circle on the plane which the rod traces is 3Tt

Also, the centre of the circle is Q(x, y, z).
x—1_y-0_z+1

Then
1 -2 2
_H(1-0-2+4)
12 + (_2)2 + 22
2 =5
or XY, 2) =4, -, —
oy =2
Observe that the lines L;, L, and Ly are parallel to the vector

L-1-1).
Also, A =0 =A, and bc, — by, 0

118.

119.

120.

121.

122.

123.

Volume = Area of base x height
Aia b, c)

3:éx\/§x\/§ xh

h=+6
(AA)? =h? =6
A,ATAB =0
A,ATAC =0
AA,BC =0
On solving, we get position vector of A; are (0, — 2, 0) or (2, 2, 2).
Let the equation of plane be Ix + my + nz =0, where [, m, nbe
desO P +mP+n=1 5 (3)
x—1_y+3_z+1

Given line n 5 O 2l-m-2n=0 - (ii);
Also, _LZ3mon =3
JeP+m?+n? 3
5
O l—3m—n=§—>(111)

Solving (i), (ii) and (iii), we get equation of plane as
x—2y +2z =0 or 2x+2y +z =0.

1 2

a) Height=h =1 —— =_|—

@ & 3 \E
020 1

1
b) Required distance = — [[—-[]=—
() Req 2 B\EH V6

(c) Angle = g

. . 3 3020 \F
d) Required distance = =(h) =—[1/—-[=./—
@ q 4() 4B\EH 8

Let OA =a, OB = b, OC = c then

ald+b —c)[ —c)=bB +(c —a)lt —a)

O - 2le- 2dal (@) =0

or BALOC =0

Hence, AB 0 OC similarly BC JOA and CA 0 OB.

Intersection of line with both the planes are the same
3 -6

3BZ+6(1-20) +3 6’ +6(1-2B) +6
0 2B-1)2 +30@ -2 =0 = 2B=1

If P be (x, y, z) then from the figure,
x =rsinBcos@ y =rsinBsin @ z =rcosO
O =rsinBcos@ 2 =rsinBsin@ 3 =rcosH



124.

125.

126.

O12+22+32 =0 r=x.14

0 sinBcos @ = =

, sinBsin @ =

1 2 0 3
—_— ——, COS —_—
\/14 V14 V14

z

(neglecting negative sign as 8 and (are acute)

sin@sin @ _2

u - U tan @ =2
sinBcos @ 1
5
Also, tan® = —
3
Let (I, m, n) be the direction cosines of the line perpendicular to

the plane.
U Equation of the plane Ix + my + nz =p

I 2 S
FH Bd B

A(p/1,0,0),B(0, p/ m, 0),C(0,0, p/n)

Centroid of tetrahedron OABC is

—pp P P
(x,y,z) Qﬁ am’ 4n

Using, 1>+ m® +n® =1
16
Xyt + yh? + 2 =—2x2yzzz
p
1 led.sn
Xy z. p
Put x :BsecO( secf3, y = “seca cosecf3,z =P cosec O
4 4 4
4 1 4 . 1 4 .
=— cosd cosP, — = —cosdsinf3, — = —sina

X p y P N

[cos®at cos®B + cos®a sin®B + sin’a ]

16 16
= —Z[COSZO( +sina ] ==
p
Statement IPA[PB =9 >0
0P is exterior to the sphere
Statement II is true (standard result)
0i j kO
Statement I r X (i +2j —3k) :Bx y z B
Dl 2 -3 0
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127.

128.

129.
130.

131.
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i(-3y —2z) = j(3x -2) +ﬁ(2x -y)
O =3y 2= 23x+z=-12x-y =0
ie. —6x —2z =2,3x+z =1.
UStraight line2x -y =0,3x +z = -1
Statement I

0i j kO
r x(2i - +3k) :gx y ZB
02 -1 3

=iBy +2z) - jBx —22) +1A((—x -2y)
t 3y +z=33x-2z=0,—x -2y =1

3x =23 —3y) =0

3x +6y =6
0 x+2y =2
Now, x +2y =-1, x + 2y =2 are parallel planes.
Or x 21 -] +3ﬁ) =3i +kis not a straight line.
O 2-3+2 0 1

sin@ =J— = —
0Ja+9+4/3 0 51

[ Statement I is true, Statement II is true by definition.

Statement I
3y —4z =5 -2k
-2y +4z =7 -3k

_31-13k

Ox=ky=12-5kz = is a point on the line for all

real value of k.
Statement I is true.
Statement II Direction ratios of the straight line are
<bc' —kbc, kac — ac', 0 > direction ratios of normal to be plane
<0,0,1>
Now, 0 X (bc' — kbc) + 0 X(kac —ac')+1 %0 =0
UThe straight line is parallel to the plane.
Statement II is the true but does not explain Statement I.
Equation of the plane, perpendicular to the plane P and
containing line Lis8x +y -7z =4.
L, and L, are obviously not parallel.
Consider the determinent
2 -4 10
D=H2 4 -3{
Oor 3 20
=28 +9) +4(4 +3) +1(6 —4)
=34 +28 +2
D#0 O Skew
Hence, Statement I is false.

n =a x b. Equation of the plane

n
a a
R ("
b
b
(r-a)lta xb) =0

[rab]=0
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132.

133.

134.

135.

136.

137.
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Statement II is not true because image of P in a plane is a point

M such that PM is perpendicular to the plane and the

mid-point of PM lies on the plane.

The point A, B, C are respectively (—a, b, ¢), (a, —b, ¢) and

(a, b, —c)

Y 2
c

A x .
which lie on the plane — + =1 and thus Statement I is
a

true.

In Statement I, let r be the position vector of the point on the
locus, then

[r-a|=|r-b| O (r-a)’=(@ -b)°
[r|*+]al®-2r@=|r> +|b|* -2r B
2rlfa —b) +|b|* —|a|* =0
2r[{a—b) + (b —a) (b +a) =0

%—a;bgt@—b):o

O oOoo0oodg

Showing that Statement II is true using it for Statement L.
we get the required locus as
O 3i-2j+5k+i+2j +k0
o~ 9 O
O O
@i -2j +5k - +2j -k) =0
O [r-@i+2k) @i -4j +6k)] =0
O rl(i —2j +3k) =2 x1 -0 x2 +2 x3 =8

and thus Statement I is also true.

Since a and c are non-collinear. Equating the coefficients of a
and c in the two values of r we get.

6-AN=1+W2A-1=31 -1 OA =} =2
So there exist values for A and 4 such that the two values of r
are same showing that the lines intersect and hence they are
coplanar. Thus, statement I and statement II both are true and
the first follows from the second.

m-2 0+1 -1-0 -1 1 -1[3
Since,H 1 -1 1 H=Hl -1 1 H=0
o1 2 3 OOl 2 30

The lines in Statement I are coplanar and equation of the plane
containing them is

Ox—-1 y z+1[
H 1 -1 1 H:—(Sx +2y -3z —8) =0
o1 2 3 0

So Statement I is true.

1 2 3
Also, Statement II is true because — = — = g and1+2-3=0

But does not lead to Statement 1.
Any point on the first line is 2x; + 1, x; =3, =3x; +2).

Any point on the second line is (y; + 2, =3y; + 1,2y, —3)
If two lines are coplanar, then 2x; —y; =1, x; + 3y; =4 and
3x, + 2y, =5 are consistent.

2 1

-3
—, —and —.
\14 /14 \/14

The direction cosines of segment OA are

OA =14

This means OA will be normal to the plane and the equation of
the plane is2x + y =3z =14.

138. 11, m, n denote the direction ratios of [and/+ m —n =0and

I|-3m+3n=001=0m=n

O direction ratios of L, are 0, 1, 1 similarly for L, and L;, we
find that the direction ratios of both are 0, 1, 1 showing that L,

L,, L; are parallel, thus Statement I is False.

Statement II is True, because solving the given equation we get

=2
x=0,y—-z=-landy -z = 5 which is not possible.

Solution (Q. Nos. 139-142)
139. Here, AABC is an isosceles with AB = AC

So, internal bisector of A is perpendicular to BC.
A(1,2,3)

B(0,0,1) mv2 C(-1,1,1)

AAMB OAAMC (RHS rule)
M is mid-point of BC.

1 -1
So, M= Ql —, 1@
2 2

OEquation of internal bisector through A to side BC is
r=(@1 +2j +3k) +u%i +gj +21}§

O r =@ +2j +3k) +uGi +3j +4k)

Aliter Equation of BCisr =k + A(i -J)

Let position vector of M on BC be r.

Now, AM = Position vector of M —Position vector of A
=(\i -Aj +k) -d +2j +3k)
=\ -1)i -\ +2)j -2k

Since, AM@i—j)=0 0 A :_?1

Position vector of point, M = _711 + %j +k
Equation of internal bisector through A to the side BC is
r=(@ +2j +3k) +u%i +§j +21}§
O r=(@ +2j +3k) +uGi +3j +4k)
140. Now, equation of AC is
r=(@1 +2j +3k) +A@i +]j +2k)
A(1,23)

N

B(0,0, 1) C1,1,1)

Also, BM =(1+2M\)i +2 +A)j +2(1 +A)k

BM i + j +2k) =0



21 +2N) +(@2 +A) +4(1 +A) =0
P
9
_ ¢+ 4 + T
Position vector 0fN=lelk

Equation of altitude through B to side AC is

r=l}+t§~%i %j +%f< —R@

r=k +#(-7i +10j +2k)

141. Clearly, mid-point L of AB is % 1, 2@

Equation of median through C to AB is
A(1,28

B(0,0, 1) C1,1,1)

r=(-i +j +k) +p%i +1}§

O r=(-i+j +k) +pBi +2Kk)
2492 _ 2
142. We have, cos A = M
23)3)
g cosA =168
18 9
Now, area (A ABC) = é(3)(3)
sinA = 2 1 -
2 81
9 17 17 .
=— X—— =——squnits
2 9 2

Solution (Q. Nos. 143-144)
143. Linex_1 =y-2_z73 =r
3 -1 4
Any point B =3r + 1,2 —r,3 + 4r (on the line L)
AB =3r,-r,4r +6
Hence, ABis parallel to x + y —z =1.
Hence, 3r—r—4r =6 =0
2r=—-6; r=-3
Hence, Bis (8,5, —9)

144. Equation of plane containing the line L is
A(x—1)+ B(y —2) +C(z =3) =0
where, 3A—-B+4C =0
UEq. (i) also contains the point A(1, 2, —1)
Hence, C=0,3A=8B
Equation of plane x -1 +3(y —2) =9
x+3y -7=0

...(i)
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Solution (Q. Nos. 145-148)

145. \AG|Z:§§Z+1+%QZ:E
9 9
|AG|:@
3
146. AB = -4i +4j + 0k
AC =2 +2j +2k
D(0, -5, 4) (4]113_3)
333
5 2
G
A C (523

@
S
N

=

B (1, 4 1)

0i j kO

0 ABxAC=-¢1 -1 oU
0 0

o1 o1g

=-8(-i -j +2k)=831 +j -2k) =n
[ Area of AABC :%| AB XAC | =46
147. h =|Projection of AD on n |
AD = -3i -5j +3k
_HADh {_[(-3i -5j +3k)(i +j —2k)

Oln|l 0D NG 0
_03-5-6Q_14
O V6 0O Ve

148. Equation of the plane ABC
A(x=3)+ By +(z —1) =0

where, A=1,B=1,C=-2
] x—-3+y-2z+2=0
x+y -2z =1

Solution (Q. Nos. 149-151)
149. Line L, is parallel toa =1 + 2 + 3k
Line L, is parallel to b =31 + j + 2k
Normal to the plane perpendicular to line L, and L, is
axb=(@ +7j -5k)
and plane passes through the point with positive vector
3, 54 ~
=—-i1+-j+2k
2 2
Equation of plane is r [{i + 7j — 5k) =9
150. Angle bisector of vectora and b is,
_ 1
Vs
1

V14

(2i -j -k

L

and I, (41 +3j + SIA()

265
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Hence, the plane with either (2, =1, —=1) or (4, 3, 5) as the
direction ratio of normal and passing through (2, —3, 2) is the
required plane.

x—2_y+3_3-2

. O Equation of line is

-1 -1
-2 +3 _3-2
and X =Y =
4 3 5
x=2 x=2_y+3_z-2
=y+3=z-2or = =
2 4 3 5

151. O Equation of required plane is
r (31 +j +2k) =(i +2j +3k)
O r(@i+]j+2k)-11=0

11 11
O Required distance = |——| = —
Jo9+1+4| 414

= Solutions (Q. Nos. 152-154)
The three plane intersect in a straight line. All three plane pass
through origin (clearly).

01 -n —-m[Q
Hn -1 1 H:1(1—lz)+n(—n —Im) = m(nl + m)
om | -1

1=0"+m? +n® +2lmn

Let! = cos 6;, m =cos0,, n =cos O, [since, I, m, n (J(0, 1)]
cos?0, + cos?B, + cos®0; +2cosB cosB,cosB; =1

cos?0; + (2¢cos0,cos0;)cos B + cos’B, + cos’B; —1 =0

cos 0
_ —2cosB,cos0; + \/40052 0,cos?0, —4cos’B, —4cos’ B, +4

- 2
= —c0s0,c0s0; £ /1 —cosB,/1 —cos® B,

ad cosB; =(cosB,cosB; —sinB,sin 6;)
a cosB; = —cos(0, + 65)
6, +6,+0; =1
-z
ny +mz =——
n

n’y + mnz =y -z

1+ mn)z =(1 —n)y

z_l—n2

;_1+mn
xX—ny _y-—nx
m 1

Ix —nly =my —mnx
(I + mn)x =(m +nl)y

y _l+mn
x m+nl
y-lz _z-1ly
T om

my —mlz =nz —nly U (m+nl)y =(n +ml)z

z _m+nl _sinB;sinB; _ sinB,

y Tn+ml sinB,sin6;

sinB,

x _m+nl _sing,
y I+ mn sinb,
x _y _ z

sin6, - sinB, - sin B,
x
Ji-r
152. (b) 153. (¢
Solution (Q. Nos. 155-157)
155. Let the position vector of Lbea + Ab
=(6 +3N)i +(7 +20)j +(7 -2\ )k
So, PL =(6 +3\)i +(7 +2\)j +(7 —2\)k —(i +2j +3k)
=G +30)i+G+20)f +(4 -2 k
Since, PL is perpendicular to the given line which is parallel to
b =31 +2j -2k
O 3G +3N) +2(5 +2N) —2(4 —2\) =0
[\ = - 1and thus the position vector of Lis31 + 5] + 9k

z

= y =
\/l—m2 \/1—n2

154. (a)

156.

Let the position vector of Q, the image of P in the given line be
x1 + . + zk, then L is the mid-point of PQ.

i+2j+3k +xi +y,j +zk

O 3i +5j +9k = ,

0 x1+l:3’ y1+2:5’ zl+3:9
2 2 2

0 X =5y, =82z =15

U Image of P in the line is (5, 8, 15)
157. Area of the APLA = %\PLHAL\

=121 +3) + k|| -3i -2 +2k
) | |

717
2

1
=E\/4+9+36\/9+4 +4= sq units.

Solution (Q. Nos. 158-160)
158. Let P(x, y, z) be any point on the locus then 3PA = 2PB

0 9 (PA)*= 4 (PB)?

0 ol(x+2)° +(y =2)° +(z -3)°]

=4[(x —13)* +(y +3)° +(z -13)’]

05 (x* +y* +2°) +140x =60y +50z —1235 =0

0 x* + %+ 2% +28x —12y +10z —247 =0
159. The required coordinates are

[P x13 +3(-2) 2x(=3) +3(2) 2x13 +3 x30
H=(4, 0,7)
2+3 2+3 2+3

160. Direction ratios of AB are 13 + 2,—3-2,13 -3

ie. 15, —5,10

Let the equation of the required line L be
x+2_y-2_z-3

1 m n
then 15/ =5m +10n =0
which satisfied by (c)



Solution (Q. Nos. 161-163)

161. Equation r =a + tf is line passing through a and parallel to f1 .
This will meet the plane r [h = d at point for which

(@+m).n=d0 t=d-a.n

Required distance = ‘(a +(d —a.n)n —a‘ = ‘d —a. ﬁ‘

162. Foot of the perpendicular from the point A to plane r.fi = d

=a+(d —an)n

163. Let b be position vector of image of a

0 b+a

=a+(d —an)n

b=a+2(d —an)n
Solution (Q. Nos. 164-166)
164. The centre of the sphere is at the mid-point of the extremities
. 33 3
of a diameter [ the centre % - =, - 7§
22 2

and hence the radius = \/%g + %g + %g

165. Equation of the circle can be written as
x? —16x +y2 -9 +2z% =0

or x2+yz+z2 =25

166. Distance of the point (3, 6, — 4) from the given plane is equal to
the radius of the sphere U the radius of the sphere

_| 61 +6j - 4k) @i -2j ~k) ~10 :‘ 6-12+4-10]_,
Ja+a+ 3
Solution (Q. Nos. 167-168)
167. Mid-point of BC = _ 1, 2
2 2
DR’s AD:Q;S,I,H _2@
2 2
AD is equally inclined to axes [N = 7, =10,2A — =4
168. A(2,3,5)B(-1,2,3)C(7,5,10)
Projection of AB = —31 -3k on BC =8i + 2j + 8k
AB[BC _-8J3
|BC| 11
Solution (Q. Nos. 169-171)
169. Horizontal plane B, is of the form
rih, =0, where n; =(4, —3,7)

Plane P, is of the form r [h, = 0, where 1, =(2, 1, —5)
The vector b along the line of interaction
=n; Xn, =(4,17,5) =ns (say)
Since the line of greatest slope is perpendicular to n, and ns,
the vector along the line of greatest slope
=n, Xn3 =3, -1,1) =n,

03 -1 1
n, = Q\/j ——, =
* 11 Y11’ V11
Since (0, 0, 0) is a point on both the planes, it is a point on the

line of intersection and hence the equation of a line of greatest
slope is

and

170.

267
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T
JinooYJiro Vi
171. The point on the line at a distance +/11 from the origin is the
required point and it is (3, — 1, 1)
Solution (Q. Nos. 172-174)

x _ Yy _ z
-1

A@2,1,0)
B(1,0,1)
Py, 2)
C (3,0, 1)
x=2 y-1 z
-1 -1 1|=0
1 -1 1

(x=2)[(-1) W] =@ —D[(=1) —1] +2[1 +1] =0
2y —1)+2z =0
g y+z-1=0
The vector normal to the plane is r = 01 + j + k
The equation of the line through (0, 0, 2) and parallel to n is
r=2k +A(j + k)
The perpendicular distance of D(0, 0, 2) from plane.

172. (b) 173. (o) 174. ()
175. (A) lexl_l =Y 1_0 =Z__52; V, =i+j -5k
Lzzxz_z Zyz_l ZZ_-;(?; Vv, =2(i+j —SR)

Hence, lines are parallel and both contains the points (1, 0, 2)
and (2, 1, — 3) Coincident lines both L; and L, may lie in an
infinite number of planes.

Vv, =2i +2j -kU
®) ! Al AJ ~ 0 Lines not parallel
V, =1-2j+3k[
Also, both intersect at (3, 5, 1)
Hence, lines are intersecting, hence they lie on a unique plane.

x=0_y-1_z-0

C : = = =
©) L — p 5 =

_z-0_
= =s

I, is parallel to — 61 + 9] -3k0
L, is parallel to 2i — 3] + k %

t

U Lines parallel but not coincident.
Since, (0, 1, 0) does not lie on L,, not intersecting.
Hence L, L, lies in unique planes.
(D) Lines are skew can be verified.
176. 1, Y=Y "3 -2%2
3 4 1
x—1_y-3_z+1
10 1
(passing through R and parallel to v =1 + k)

...(1) (passing through P and Q)

L,:

...(ii)
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(A) Distance of P(0, 3, — 2) from L,
PN=(t+1)i-6j+20¢ -1)k
PNV =0

[(t +1)i —6j +(t +1)k] i +k) =0

Now,

P (0, 3,-2)

N

[(+1)-8 =1 2
v=i+0j + k

Ly

(t+1)+(@+1)=0; t=-1
Hence, PN =63

|PN|=|-6j| =6
(B) Distance between L, and L,

P(0,3,-2)

n=5-j-11k
Q@B 7,-1)g

R(1,-3 -1)

Equation of plane containing I, and parallel to L,
Ax + By —=3) +C(z +2) =0

where 3A+4B+C =0
And A+B+C=0
A+C=0

C=MNA=-\B=+A/2
0 Equation of plane

- Ax +%(y =3) +A(z +2) =0

2x—y +3 -2z =4 =0

2x—y —2z =1 (1)
Now, distance of the point (1, — 3, — 1) lying on the line L; from
the plane (i)
d= 2+3+2 -1 =9
3
(C) Area of APQR

QR =4 =2i +10j + 0k
QP =b=3i +4j+k
PGk
axb=2[1 5 0
3.4 1
=2[i6) - ja) + k(4 -15)]=2[51 - j —11k]

X
%: 25+1+121=4147= 329 =73

(D) Distance of (0, 0, 0) from PQOR

Equation of plane PQR is (r — p) [&
=[x +( -3)j +( +2)k] (51 -j -11k]
=5x —(y —3) —11(z +2) =0
=5x -y —11z =19 =0

Distance from (0, 0, 0) of the plane

- 19 19
25 +1+121| 147

177. (A)30 —2(-2) +5(A) =0
0 p—
5

(B) Point (3, A, ) lies on
2x+y +z-3=0
=x -2y +z -1
32+ AN+ -3 =0and3 -2\ +4 -1 =0
A+HU+3=0and2\ —-nu —-2=0
So, A+u=-3
(©)sind = 1@+1(-3)+103 _ 6

J1I2+12+1% f16 +9 +25 350

_ 6
0 =sin 1, —
25

13+1(—4)+16_ 4

V3 J16+9+25 34550

8 =cos™’ \/E

75

1 3 -5

178. 13 -k -1
5 2 -12

(D) cos B =

=1(12k +2) =3(-36 +5) =5(6 +5k)

=12k +2 +108 —15 —30 —25k =0
k=5
L,, L, and L are concurrent for k =5.

Slope of L, = — % Slope of L, = %

Slope of Ly = —g

L, L, and L; form a triangle, if they are non-concurrent or any
two out or three are not parallel.

6
5

k#-9 —--,5

k= g and 0 will be the values for which L, L, and L; form a

triangle.
179. Given, a?bc =32, where A, B and C are respectively, (a, 0, 0),

(0, b, 0),(0, 0, ¢).
be
44

a=40a,b=43,c =4y
640y =32 X6
apy =3

(B) Equidistant point (0, 3, y) = % g %Q

(A) Centroid of tetrahedron [a, 3, Y] = %,



180.

a=20,b=2B,c=2y

80Py =32 x6
opy =24
(C) The equation of the plane is Xy % +2 =1
a c

OFoot of the perpendicular from the origin

U 1/a O
=@BY)= @Z zl/b2 21/0@
1 _ 1 _ _
aa B ey
1 1 1 1
where, t=E+? +? ZEE
or t=@? +p% +y* )
_ 1
o a:az+[32+yz,b:az+[32+yz,
a B
_ot+pt+y
Y
Now, abc =6 x32
(@ +p* +y*) =192 aPy
(D) Let P be (a, B, Y), then PA (0 PB
d a(@ —a) +BB —b) +yy =0
O aot + BB =a’ +p? +y?
PB [0 PC
ad ad + b =b) +c(y —c) =0
u BB+oy=o +p +y
0 a _b _c
Vo  1/B 1y
_GZ+BZ+yZ _GZ+BZ+V2
T a0 2B
and (TR Y
2y
g abc =6 x32
0 (@% +B% +y?) =192 x8aBy
=1536003y
Let O(0, 0, 0), A(3, 4,7) and B(5, 2, 6) be the given point

Area of AOAB = lOA [OB sin([JAOB)

Now, OA‘,B +42 472 74
OB_JS +2% +6° 65

Also dc’s of the line OA and OB are

_3 4 7 .5 2 6
747 747 74 65 65 65
1 3 3
0 Required area = X /74 x /65 x —— = /65
q 2 V74 2

181.

182.

183.

184.
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(B) Let the required sphere be
x + y? + 2% +2ux +2vy +wz +d =0..(1) substituting given
points then we get1 +2u +d =0

1+2v+d=0and 1+2w +d =0

+
0 u=v=w= L+d
2
If R be the radius of the sphere,
then RP=u’+v* +w =d

covert above equation in terms of d differentiate, equate to
zero solve for d.

(C) Let the given points be A, B and C respectively.

Then find AB, AC, BC and then apply AB* + AC* = BC? then
solve for the A.

(D) Any point on the lineis(1 —=r,r +1,r)

The direction ratio of the line joining (1,3,4) & 1 —r,r +1,r)
is—r,r=2r—4

O (-1)(-r) +1 [ -2) +(r —4) =0
r+r—2+r -4 =0
3r=6 0 r=2

OFoot of the perpendicular is (-1, 3, + 2)

ODistance = 4/(2)% + 0 + 4 =22

O d=2\2
42k
23 23 3

The solid diagonals may be taken as the lines join (0, 0, 0),
(a, a, a) and (a, a, 0) and (0, 0, a). The direction ratios will be
a, a, a;a,a, —a.
24 4% - 1 1

474 72 P 0Qg=cos!t

3a% x /34> 3 3
Let us take the solid diagonal as the one joining (0, 0, 0) (a, a, a)
and plane diagonal as joining (0, 0, 0) and (g, a, 0). We easily

a cosB =

get the angle as cos™' —=.

V6
The third part is easily found as cos™ %Q

Hence, matching follows (A) - (r);(B) - (p);(C) - (q)

(i) Shortest distance

_|OBIOA xBC| _ \(1 )G x(j xk) _ 1
|OA xBC| x(j+ k) V2
O 2m =1

The length of the edges are givenbya =5 -2 =3,b =9 =3 =6
andc =7 —5 =2, so length of the diagonal

=Ja?+b* +ct=Jo+36 +4

Foot of perpendicular r from (6, 5, 8) on y-axis is (0, 5, 0).

=7 units

Required distance
=6 - 0)?

0 5\ =10 O AD%z

+(5 =5)% +(8 —0)? =10
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185.

186.

187.

188.

189.

190.

191.
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Given lines are

r=(383)+A(=311)
r=(=3,-7,6) +1(=3,2 4)
where, A and [ are parameters

and

Shortest distance
_(-3-3,-7-86 —3)[3, —1,1) x( 3,2, 4)]
- 3,-1,1) x(-3,2,4)|
(=6, =15,3) [{~6, —15,3)
- 36 +225+9
=4/270 =3+/30 units = A~/30
ad A= 3

Given planes are

x—cy —bz =0 ..(i)
..(i)
...(iii)
Equation of plane passing through the line of intersection of
planes (i) and (ii) may be taken as
(x=cy—bz) +A(cx —y +az) =0
Now, eliminating A we get
a® +b® +c* +2abc =1
A(-1) +1 %3 _
A+1 -
O A= 3

The coordinates of vertices of projected triangle will be
A'(-1,1,0), B(1,- 1,0),C' (1, 1,0)

cx—y taz =0
bx +acy —z =0

(iv)

We must have 0 OA= 3

-1 1 1
1
area of triangle = 5 1 -1 1|(Two dimension area formula)
1 1 1

=2 square units.

Plane must pass through

-3 5+17-1
Q—, —_— —Qor (-1,3,3)
2 2 2

g -+ 3 x 3= NOAN= 8
x? + y? + z% =square of distance from origin
4sin’t + 4cos®t +9t* =4 +9¢°
which is shortest at t = 0
0 Shortest distance =2
The point (-1, A, —2) must be lie on the plane
2x =2y +z +12 =0
—2-2\ -2+12 =0
A=4
We can easily show that the distance of (—1, 4, —2) from centre
of the sphere (1, 2, —1) is equal to its radius.

+1+2+0 2+b+1+0

192, 1 =1 2= ,
4 4

3+42+c+0

3= "% -
4
O a=1b=51c¢=7

193.

194.

195.

196.

197.

O Distance of centroid from origin is
V1P +25+49 =475=53 OA = 3

Equating the distances of circumcentre (-1, A, —3) from
(3,2, —5) and (-3, 8, —5) we get

22+ (N +2)° +(3 +5)° =(2 +3)> +A 8)° K
0 A= 4
Note : Verify
(i) (-1, A, —3) is at the same distance from third vertex.

3 45)?

(ii) (=1, A, —3) lies on the plane containing three points
(3,2, =5);(=3,8 —5)and (-3, 2, 1).

D.R’s of BP, =(k, —1,3)

DR’sof B,P; =(2, k, —1)
. BP, O PP,
O k2)-k-3=0:k =3

A plane containing line of intersection of the given planes is
x—y-—z—-4+Nx +y +2z —4) =0
e, A+ )x+A —1)y +(A —1)z =4 +1) =0
vector normal to it
V=A+1)i+Q\ -1j+@ -1k
Now the vector along the line of intersection of the planes
2x+3y +z -1=0

and x +3y +2z =2 =0is given by

°

1

i
n=[2 3 1|=31-j+k)
13

[NCIE

As n is parallel to the plane (i), therefore n[WV =0
A+1)-(A —-1) +2\ —-1) =0
242\ -1=0 O )\=_71

3

Hence, the required plane isg—?y -2z -2 =0
x—=3y —4z —4 =0

Hence |A+B+C-4|=7

Clearly, minimum value of a? + b2 +c?

_Ho+20+©-78 49 7
Hye+@f+q)? 0 14 2

4x +7y +4z +81 =0 (1)
5x +3y +10z =25 ...(ii)
Equation of plane passing through their line of intersection is
(4x + 7y + 4z +81)+ A(5x +3y +10z —25) =0
or(4+5N)x +(7 +3\)y +(4 +10A )z +81 =250 =0
plane (iii) Oto (i), so
4(4 +5N) +7(7 +3N) +4(4 +100) =0
O A=-1
From (iii), equation of plane is
—-x +4y —6z +106 =0
Distance of (iv) from (0, 0, 0)
106

J1+16 +36 53

.. (ii)

.(iv)

_ 106
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198. Line through point P(-2, 3, —4) and parallel to the given line
x+2 _2y+3_3z+4

3 4 5
y+3 L4t
+2 5 2
is XT 2 = 3 =2
3 2 S
3

. o 35 40
Any point on this line is A=22\ == =\ ——
yP Q% 2’3" 3H

4\ =9 5\ +38
Direction ratios of PQ are %)\, R > O

2 3 H

Now, PQ is parallel to the given plane 4x + 12y =3z +1 =0

O line is perpendicular to the normal to the plane

g 4(3)\)+12§4)\2_9§—3§)\3+8§:0

199. The given points are O(0, 0, 0), A(0, 0, 0), B(0, 4, 0) and C(6, 0, 0)
Here, three faces of tetrahedron are xy, yz, zx plane.
Since point P is equidistance from zx , xy and yz planes, its
coordinates are P(r, r, r)
Equation of plane ABC is 201.
2x +3y +6z =12 (from intercept form)
P is also at distance r from plane ABC
|2r +3r +6r —12] _ _
O Y =r U [1lr-12| =7r
Jivo+3%
0 11r—12=i7r|:|r=g,3
18
a r=2/3 (asr<2)
200. The equation of the given planes can be written as
x—y+z+1=0
Axz +3y +2z =3 =0
3x+Ay +z -2 =0
The rectangular array is
1 -1 1 1 202.
A3 2 -3|=0
3N 1 -2
1 -1 1
O Ay =N 3 2
3 N 1
Applying C, - C, + Gy and C3 — C3 + G, then
1 .0 .0
Dy=|A 3+A 2-N =N —a)(h +3) ) 203
3 3+A -2
-1 1 1
Also, A =] 3 2 -3
A1 -2

271

Applying C, - C, + Cand C3 - C; + Cy, then

-1 0 0
A=| 3 5 0 |=-5A -2) .. (ii)
A A+1T A2
1 1 1
A, =[N 2 -3
31 =2
Applying C, - C, —C and C3 — C3 — C,, then
1. 1. 0
NAy=| N 2-N -3-A|=3\-16 ... (iid)
3 -2 =5
1 -1 1
Ay =[N 3 =3
3N -2
Applying C, - C, + C;and C3 —» C3 — C, then
1. 1. 0
Ay=| A 3+N =3-A|=A+3)A —2) ... (iv)
3 3+A =5

If the given planes form a triangular prism, then we know that
A, = 0and none of A, Ay, A4 is zero. Here from Eqgs. (i), (ii),
(iil) and (iv) we find that if A = 4, then A, = 0 and none of A,
A,, A is zero. Consequently for A = 4, then given planes form
a triangular prism.

7x+ 6y +2z =272andx -y +z =16
8
O 5x+8y=2400 x:48—gy

Lety =5A, A 010 x =48 —8A
andz =16 +y —x =13\ —32

But x>0,y >0andz >0 0O 48—87\>0D7\>%
32

OA< 5 and 13A=32>0 [ )\>B

O A= 3

0 A O [3,5]

O Zmin =39-32=7 0 x=24y=15

t x+y+z—-42=4

The given two lines are intersect each other, then
a0 + b +cy +d _ a0 +bP +cy+d,
al +bm + ¢n a,l + b,m + con

0 -2d? _ -d?
sinA +sinB +sinC  sin2A + sin2B + sin2C
O sin—sin—sing :i
2 2 2 16
k k-1 2
[c—abc]=0 O 1 k -1=0

2k 3k-1 k

0 k*-4k*+8k—-2=0

Here fl(k)y=3k* -8k +8>00k] R

(- Its discriminate is negative)
U The equation has only one real root.
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204.

205.

206.

207.

208.
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Taking O as the origin, let the position vectors of A, Band C
be a, b, c respectively. Then the position vectors of G;, G, and
G; are
b+c cta a+tb
X and

3 3 3

v, :%[abc] and V, =[0G, 0G, 0G;]
0 V,=L[b+cc+aa+b]=—[abc]
SpY 27
0 V2:22—7><6VlD9V2:4Vl

Let the equation of planes is Ix + my +nz =p

UA = g 0, OQB = %) 2 OQC = %) 0, B@respectively
I m n

P ) L ﬁ@: (x,31:21)

Centroid of OABC = R
[ 4m 4n

(say)

P+m?+n® =1
2 2 2

O pZ+LZ+LZ =1
16x; 16y, 16z,
0 202, .22, 22 _16 5 5 5
XY1 TYiZ T =5 X112
p
0 k=16 O 2k=32 0O 32k =2

F+mi+n?=112+mi+nd=1

(I + mf +n) (1§ +m;

+n22) =Ll +mmy "'711’12)2
=(mn, - m2n1)2 +(ml, _”211)2 + (hmy - lzml)z
(himy = lzml)z + (myn, _mznl)2 +(nyl, _nzll)2

+ (Ll + mym, + "1”2)2 =1

54 0
Coordinates of the point, S = & L, B[I
02 2 20
5 4 0
0 exdh+lafHoy
a2 2 20
O n(n* +n* +1)=-1
n = —1is the only solution.
We have, l+m+n=0 ()
and 212 +2m* -n* =0 .(id)
Now, 2%+ m*) —n® =0
a 20 -n®) -n* =0 [12+ m? +n® =1]
O 3n® =2
g n==x% \E
3
Again, 20 + m?) =n®
O 2[(1 + m)? =2Im] =(=( +m))*
a I=m
O l+m=i\ﬁ|:| a=x |2
3 3
g =% 1. m
“ Ve

209.

210.

211.

[0 Direction cosines are

01 _1 [0
or H7 ve \3H
0O 1 1 20
and ?ﬁ’_ﬁ’_\gﬂ

_ 1
The angle between in both the cases is cos™ @;—@

Elimination n between the given relations, we get

ul® + vm® +WDal+meZ =0
H - o
2 N l 2 2 .
O (cu+a"w)— +2abw.— +(b°w +c™v) =0 ()
m m
Ll bw + ¢’
0 X% =product of roots = %
m my cutaw
bl mm; mn;
or = = (by symmetry)
bw+ v cfu+a*w  a*v+bu
If lines are perpendicular, then
Ll, + mm, + mn, =0
O a’(v + w) + bi(w +u) +ciu +v) =0

Again, if the lines be parallel, then their d' ¢ are equal so that
the roots of Eq. (i) should be equal, i.e. discriminate = 0
O 4a’*w? = 4(c*u + a’w) (b*w +c*v) =0
O a’c®vw + b’ctuw + ctuv =0
a bt
0 T+ + =0
uovoow

The coordinates of any point on the line
x+2 _y+1_z-

3 2 2
(BN =22\ —=1,2\ +3)
The distance between the above point and (1, 2, 3) is 342.

O JGA —2-1)" +(h —1-2)" +@\ +3 =3)" =342

3= A are given by

30
D }\ = E, 0
6 43 111
0 Required points are (-2, —1, 3) and S —, —
7 17 17

The required line is perpendicular to the lines which are
parallel to vectors b; =21 —2j + kand b, =1 +2j +2k
respectively. So, it is parallel to the vector b =b; X b,.

i j k
Now,b=b, xb, =|2 -2 1 |=-6i-3j +6k
12 2

Thus, the required line passes through the point (2, ~1, 3) and
is parallel to the vector b = —61 —3j +6k.

So, its vector equation is
r=(2i -j +3k) +\(-61 -3j +6k)
or r=@2i -j +3k) +p@i +j —2k),

where

U =-=3A.
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213.

x—=3_y-3_z

The coordinates of any point on the line
x-3_y-3_z

2 1 1
So, let the coordinates of A be 2\ +3,A +3,A).

=A.

given by

Let the line through O(0, 0,0) and making an angle g with the

given line be along OA. Then, its d' r are proportional to
2N +3-0,A +3 -0,A -0
or 2N+ 3, A +3 A

The direction ratios of the given line are proportional to 2, 1, 1.

It is given that the angle between the given line and the line

along OA is g

TT_  (2A+3)x2+(A+3) X1 +A x1
a cos— =
3 \/(2>\ +3)2 +(\ +3)° +)\2\/22 +1% +12
_ 6N +9
J6A? + 18\ +18 V6
0 A=- 1+ 2
0(0, 0, 0)
3 W3 .
A B
x-3_y-3_z
2 1 1

Putting these values of A in the coordinates of A i.e.

(@A +3,\ +3,)\), we find the coordinates of A and B i.e.

A(1,2,-1)and B(-1,1, —2).

So, the equations of OA and OB are
x=0_y-0_2z-0

T2-0 -1-0

1-0

x-0 _y-0_2z-0

-1-0 1-0 -2-0
o x_y_z
1 2 -1
and E=r-2
-1 1 =2

Clearly, height h of AABC is the length of perpendicular from

+2 _y-1_2z-
1 A A A
through P(-2, 1, 0) and is parallel to b =21 + j + 4k.

A(1, — 1, 2) to the line * which passes

A(1,-1,2)

B p21,00 M c
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214,

273

- h:\PAxb\
b
Now, PA = -3i +2j —2kand b =2 + j + 4k
i3k
O PA xb =|-3 2 -2 =10i +8 —2k
2 1 4

0 |PA x b| =,/10* +8% +(-7)* =213

and |b| =42% +1% +4* =21
0 h:\PAXbl
|b|

213 \E
V21 V7
It is given that the length of BC is 5 units.
0 Areaof AABC = %(BC x h)

1 71 1775 .
=— X5 Xx_|— =_|—— sq units.
2 7 28

If the coordinates of the point P be (a, 3, Y).

a, By Q)

a B ¢

Again d' ¢ of OP are proportional to 0, 3, y and hence these are

also the d' r of the normal to the plane which is perpendicular

to OP and since it passes through P, its equation is
a(x —a) +By —B) +yiz —y) =0

or ax +By +yz =a’ +B% +y

Then,

...(ii)
It meets the axes in A, B, C and hence the coordinates of these

@ 2+ B2 +y? O
points are , 0, 0etc.
a a

a

The equation of the plane through A and parallel to the YZ
a? + B2 +y?
e
Similarly the equations of other planes are
:0(2 +B% 4y ds a? + @ +y2'
B y

The locus of their point of intersection is obtained by
elimination @, 3, y between the three equations of the planes
and relation (i)

plane is x =

2,02 402
R NS Nl A
Xyt 22 @E 4By
-
a? + B2+
1 1 1 %§+%Q+%§
Again, oo e By R
ax by cz o’ +B°+y
1
= from Eq. (i
W rpiay [ q. ()]
1 1 1 1 1 1
O Sttt E =t
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215, Any point on the line is 3r + 2, 4r —1, 12r +2). Since, S is directly above the mid-point T of diagonal OQ and
If it lies on the plane x —y + z =5, then ST=3. 3
(Br+2)-(4r-1)+(12r +2) =5 Le. S%,EJQ
Or=0 5
Hence, point of intersection is (2, -1, 2) . Here, DR’s of OQ (3, 3, 0) and DR’s of OS%, 5,3Q
Its distance from (=1, =5, —10) is 9 9
2+ 1)2 + (-1 +5)% +(2 +10)? P 1
Je+ 17+ (-1 +5) +2 +10) 0 s oAk S
= J9 +16 + 144 = /169 =13 NEFTET) /Z+Z+9 mq/?
216. Any plane through the intersection of given planes is ) o
(x+3y +6 + A (3x —y —4z) =0 0 Option (a) is incorrect.
or(1+3N)x+(3 —A)y —4Az +6 =0 ..(0) Now, equation of the plane containing the AOQS is
Its perpendicular distance from (0, 0, 0) is 1. x y =z
‘ ‘ 3 3 0/=0
O ’ =1 3/2 3/2 3
W30 +3 =07 + (=)
A== 1 s
T O 11 0[=0
URequired planes are 2x + y =2z +3 =0and
x =2y —2z =3 =0. 112
217. The image of the plane O x(2=0) =y —0) +z(1 -1) =0
X =2y +2z -3 =0 (i) a 2x =2y =0 or x-y =0

in the plane x+y+z-1=0 ...(i) O Option (b) is correct.
passes through the line of intersection of the given planes. Now, length of the perpendicular from P(3, 0, 0) to the plane
. . containing AOQS is
Therefore, the equation of such a plane is 50 3
(x—2y +2z =3) +H(x +y +z —-1) =0 —— =
J1+1 2
O Q+H)x+(=2+1)y +@ +1)z =3 —t =0 .. (iii) V2
Now, plane (ii) makes the same angle with plane (i) and image [ Option (c) is correct.
plane (iii). Thus, Here, equation of RS is
1-2+2_ 1+t—-2+¢+2 +t Xx=0_y=3_z-0_,
343 _\/g\/(t+l)2+(t—2)2 +(2 +1)? 3/2 -=3/2 3
3 3
= — = —-_ + =
0 t=0,—§ O x 2)\,y 27\ 3,z =3\
9 To find the distance from O(0, 0, 0) to RS.
Fort = 0, we get plane (i); hence for image plane, t = 3 Let M be the foot of perpendicular.
The equation of the image plane ¢ 0(0,0,0
I
3(x—2y +2z =3) =2(x +y +z —1) =0 i
O x-8y+4z -7 =0. i
218. Given, square base OP = OR =3 LI
O  P(30,0), R=(0,30) o 50) M [B§3
80 mA , 3,08 3L
S ,3-— 3\ ,
A G2 P2 MHE2 T
SN R050) OMORST OMIRS =0
{o | O3
OR— Y 0 %iga—ﬂ@mm):o
i 4 2 2
T O A= l
3 A 0) >
Q(3,3,0) 0 M%, g, 1

0 OM = 1+§+1:@: 15
4 4 4 2

. . . 3
Also, mid-point of OQis T % EOQ 0 Option (d) is correct.
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219. Letimage of Q(3,1,7) w.rt. x —y +z =3be P (0, B, Y) Direction ratios of PQ are A =0, A -0, A -1
O a-3_B-1_y-7_-23-1+7-3) Now, PQ UL
1 -1 1 12+ (-1)2 +() U IA-0)+1M a)+0@ -1) =0
O o -3=1B ¥ -7 =-4 . A=
0 a =-B =y =3 Hence, Q(A,A,1)
Direction ratios of PRare A =3,A +[,A +1.
QE17) Now, PR UL,
u 1A =B) + (-1 +B) +0(A +1) =0
A-B-A-f=00B= 0
7777777777777 Hence, R(0,0,—1)
Now, as JQPR= 90
X-y+z=3 [as aja, + bb, + ¢, =0, if two lines with DR’s a;,by,¢;5a,,b5,¢5
are perpendicular]
O A-MA-0)+A -A)d —0) +d -DA +1) =0
Pla.B.) O A-DA+1)=0 OA= 1 or A=-1
Hence, the image of O3, 1, 7) is P(- 1,5, 3). A =1, rejected as P and Q are different points.
To find equation of plane passing through OA=-1
P (-1,5,3) and containing XY -2 221. 1f two straight lines are coplanar,
vz 1 ie X=X _ Y™ _z2"&4
DR's (1,2, 1) - a by ¢

and T2 =YV _Z27% ., coplanar
(0,0,0) ' a b, ¢
A (x4, Y1, Z4)
P(-1,5,3) (a1,by,¢1) DR’s
x—=0 y-0 z-0
g 1-0 2-0 1-0|=0 B
-1-0 5-0 3-0 “212.2,)

(az,bg,Cz) DR’s
O x6-5-y@B+1)+z(5 +2) =0

O x-dy+7220 Then, (x; = %, y2 =y 22 =21), (@, b, &) and (a, by, ¢;) are

coplanar,
220. (i) Direction ratios of a line joining two points (x;,¥;,z;) and _ _ _
) _ _ _ X2 =X Y2 TV1 %2 7%
(2, y2,22) ar€ X5 = X1,¥5 V1,25 ~Z1. ie a b c =0
(i) If the two lines with direction ratios a;,by,c;;a,, by, c, are h ! ! !
perpendicular, then a;a, + b b, +¢;c, =0 @ b, Ca
Line L, is given by y = x;z = llcan be expressed Here, x =5, y _ =
lef:Z:z—:G [say] 3-a 2
1 1 0 . x=5_ y-0 _z-0 i
g x =0,y =0,z =1 0 - —-3) -2
Let the coordinates of Q on L, be (0,0,1). y z
. . _ _ and x=a,— =
Line L, given by y = —x,z = —1 can be expressed as -1 2-q
x_y_z+1_B [say] o 0 0
— == = - - z -
171 o Y O xO =Y - ...(ii)
ad x=By=-Bz=-1
Let the coordinates of Ron L, be (B,—f, —1). >-a 0 0
QM A ) a 3-a -2 (=0
-1 2-a
a G-0)[B-a)@-a)-2]=0
0 G-a)[a?-50 +4] =0
O G-o)@a-1)@a —-4) =0
P A AA) R (0,0,-1) O a= 1,45
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222. Equation of straight line is [ : Sl

223.
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X _Y"h _z2"4

a b c

Since, [ is perpendicular to [, and [, .

So,

Now, to find a point on [, whose distance is given, assume a

its DR’s are cross-product of /; and [,.

point and find its distance to obtain point.

Let

l.x—O_y—O_z—O

a b c

which is perpendicular to

g

L:(3i-]+4ak) +1(i +2j +2k)
lz:(3i +3} +2f<) +s(2§ +2} +1:1)

ijk
DRsoflis|1 2 2|=-2i+3j -2k
2 2 1
X _y_z
—===—=k,k
-2 3 -2 7

Now, A(—2k, 3k;, —2k;) and B(—2k,, 3k,, —2k;).
Since, A lies on [;.

O (-2k)i +Gk)j -@k)k =3 +1)i +(4 +21)j+ (4 +20)k

a
a
a
Let

O oo oo

3+t =—2k,~1+2t =3k, 4 +2t = 2k
k=-1

A2, -3,2)

any point on [,(3 +2s,3 +25,2 +5)

J@=3-25)> +(=3 =3 —25)> +(2 =2 ~s)’ =17
9s% + 285 +37 =17
9s% +28s +20 =0
9s% + 185 +10s +20 =0
(95 +10) (s +2) =0

=10
s=-2,—0U0
9

7 8
Hence, (-1, —1, 0) and %, 5, ;Qare required points.

x+2 _y+1_z

Any point on - —=A

ad

-1 3
X=2N =2,y ==\ =1,z =3\

Let foot of perpendicular from (2A =2, —A —1,3))
tox +y +z =3be(xy, Yy, z5).

O

ad

O

g

x, — (A —2) _ Y2 -(-A -1) _Z2 —(37)
1 1 1
_(2)\ —2-A -1+3\ -3)
1+1+1

4\
Xy —2N +2 =y, +\ +1 =z, =3\ =2 —?

2 .
x -, P ,z = —_—
2 3 V2 2 3

X, =0 _y,=1 _2z,-2
2/3 =7/3 5/3

Hence, foot of perpendicular lie on

2/3  =7/3 5/3 2 =7 5

224,

225.

226.

-0 _z-(33)
-1 1

i

.x—l_y
L
k
Normal of plane P:n =|7 2
3

[ B

-6
=i(-16) - j(~42 —6) +k(32)
= —16i + 48] +32k

DR’s of normal n = i —33' -2k

Point of intersection of L, and L,.

O 2K, +1=K, +4
and —k =k, =3
O k, =2andk, =1

[ Point of intersection (5, =2, —1)
Now equation of plane,

1x =5) =3(y +2) —2(z +1) =0
O x -3y —2z —13 =0
O x =3y -2z =13
O a=1,b=-3c=-2d =13

Since, = =—
2 K 2
+ +
and Xl y*l_z are coplanar.
5 2
2 0 0
g 2 K 2|=0
5 2 K
O K*=4 0 K=4%2
O n, =b, xd, =6j —6k, fork =2
0 n, =b, xd, =14j +14k, fork = -2
So, equation of planes are (r —a) (h; =0
a y—z=-1 and (r—a)lh, =0
O y+z=-1

Equation of the plane containing the lines
x=2_y—-3_z-4
3 4 5
-1 -2 -3
and X =Y =z
2 3 4

isa(x—2) + b(y —3) +c(z —4) =0

where, 3a+4b +5¢c =0

2a +3b+4c =0
and a(1 —2) + b(2 =3) +¢(2 —=3) =0
ie. a+b+c=0

From Egs. (ii) and (iii), % = % = g which satisfy Eq. (iv).

Plane through lines is x =2y +z =0.
Given plane is Ax —2y +z =d is /6.
0 Planes must be parallel, so A =1 and then

4]

— =46

=
O |d|=6

(i)
(i)
...(iii)

...(iv)



227.

228.

229.

230.

231.

The equation of the plane passing through the point
(-1, =2, —1) and whose normal is perpendicular to both the
given lines L; and L, may be written as

(x+1)+7(y +2) =5(z +1) =0 O x+7y =5z +10 =0
The distance of the point (1, 1, 1) from the plane

_fp+7-s+10_ 13 L
i S
1+49+25| <75

The shortest distance between L, and L, is

2=(-1)i+@-2)j +(3 ~(1) Kk} T4 7j +5k)
5v3

(3i + 4k) [—i -7 +5k)

543

17 .
= —=units

53

The equations of given lines in vector form may be written as
L:r =(—f —2]’ —ﬁ) +A (33 +} +2|A<)

and L,:r =i —2j +3k) +u (i +2j +3k)
Since, the vector is perpendicular to both I, and L, .
3 1 2|=-i-7j+5k
1 2 3

[ Required unit vector
(=i -7j +5k)
V1 + (1) +6)
:L(—i -7 +5k)

5v3
Given three planes are
P:x-y+z=1 ()
..(if)
..(iif)

P:x+y—-z=-1
Py:x -3y +3z =2
On solving Egs. (i) and (ii), we get

and

x=0,z=1+y

which does not satisfy Eq. (iii).

As x =3y +3z =0 =3y +3(1 +y)=3(%2)

So, Statement II is true.

Next, since we know that direction ratios of line of intersection

of planes ax+by +cz +d =0

and a, x + by +cz +d, =0is

bic, = bycr, ciap — aicy, arby —azhy

Using above result,

Direction ratios of lines L, L, and L; are
0,2,2;0,—4,—-4;0, =2, =2

Since, all the three lines L;, L, and Ly are parallel pairwise.

Hence, Statement I is false.

Given planes are3x —6y —2z =15and2x +y —2z =5.
Forz =0,wegetx =3,y =-1
Since, direction ratios of planes are

<3,-6,—2 >and <21,-2 >

Chap 03 Three Dimensional Coordinate System

232,

233.

277

Then the DR’s of line of intersection of planes is < 14, 2,15 >
and line is

x=3 _y+1 _z-0
14 2 15
O X =14\ +3,y =2\ -1,z =15\

=A [say]

Hence, Statement I is false.
But Statement II is true.

a b ¢
LetA=|b ¢ a
¢c a b

=—@+b+o)la b +b <)’ He ']

(A) Ifa+b+c#0anda’+ b +¢? =ab +bc +ca

O A=0 and a=b=c#0

[ The equations represent identical planes.

B)a+b+c=0 and a®+b*+c* £ab +bc +ca

OA= 0

0 The equations have infinitely many solutions.
ax+by =(a+b)z, bx+cy =(b+c)z

O (b*-ac)y =(b* -ac)z O F =z

O ax+by+cy =0 0 ax=ay 0 x=y=z

(C) a+b+cz0anda’+b*+c? Zab +bc +ca

O AZ0

The equations represent planes meeting at

only one point.

(D) a+b+c=0anda’®+b*+c? =ab +bc +ca

O a=b=c=0

0 The equations represent whole of the
three-dimensional space.

X_y _

Any line parallel to n g and passing through P(1, — 2, 3)

P(1,-2,3)
<1, 4, 5>
R 2x+3y—-4z+22=0
Q
x—1_y+2_z-3
= = =\ sa
" . s (say)

Any point on above line can be written as

(A +1,4N —2,5\ +3).

[OCoordinates of R are (A + 1, 4N —2,5\ +3).

Since, point R lies on the above plane.

O 2\ +1) +3(4\ —2) —4GA +3) +22 =0 OA= 1
So, point R is (2, 2, 8).

Now, PR=,J2 -1)" +(@ +2)° +(8 —3)’ =42
O PQ =2PR =2+/42
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234.

235.

236.

237.
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Given, equations of lines are
x—1 +2_z-4 x =2 +1_z+7
= Y = and = y =
1 -2 3 2 -1 -1

Letn, =1 -2 +3kand n, = 2i -j -k

UAny vector n perpendicular to both n;, n, is given by
n=n; xn,

i j k
0 n={1 -2 3 |=5i+7j+3k
2 -1 -1

UEquation of a plane passing through (1, =1, = 1) and
perpendicular to n is given by

5(x —1) +7(y +1) +3(z +1) =0

g 5x+7y +3z +5 =0
5+21—-21+5 10

[Required distance = |———|= —— units
J52+ 7% +3% | 83

Equation of line passing through (1, — 5, 9) and parallel to
xX=y=zis
x—1_y+5_z-9
11
Thus, any point on this line is of the form

A +1,A =5\ +9).

Now, if P(A + 1, A —=5,A +9) is the point of intersection of line
and plane, then

AN+1)=(\ =5) +A +9 =5
g A+ 15 5
a A=- 10
OCoordinates of point P are (—9, —15, —1).
Hence, the required distance

= +9)? +(=5 +15)% +(9 +1)’

=102 + 10? +10° =103

=A

(say)

- + +
Since, the line x-3 =Y 12 =z 4 lies in the plane
lx + my —z =9, therefore we have
2l-m-3=0
[ normal will be perpendicular to the line]
ad 2l-m=3 ..(i)

31-2m+4 =9
[- point (3, —2, — 4) lies on the plane]
ad 31 —=2m =5 (i)
On solving Egs. (i) and (ii), we get
I=1tandm=-1
O 12+ m? =2

and

Given equation of line is
x=2_y+1_z-2
3 4 12
and equation of plane is

=A

x—y+z =16

238.

239.

Any point on the line (i) is
(BA + 2,4\ —1,12A + 2)

Let this point be point of intersection of the line and plane.

g (BA +2) —(4N —1) +(12\ +2) =16
a 11N +5=16
a 11A =11
O A= 1

[Point of intersection is (5, 3, 14).

Now, distance between the points (1, 0, 2) and (5, 3, 14)
=\/(5 -1 +(3 —0)? +(14 —2)°
= [l +o +14d
=169

=13

Let equation of plane containing the lines 2x =5y +z =3 and
x+y + 4z =5be

(2x =5y +z =3) +A(x +y +4z =5) =0
O @+AN)x+@A -5y +(4\ +1)z =3 =5\ =0 ..(1)
This plane is parallel to the plane x + 3y +6z =1.
2+N _AN-5_4\ +1

O
1 3 6
On taking first two equalities, we get
6+3\ =\ -5

a 2 =-11

11
0 A=——

2

On taking last two equalities, we get
6\ —30 =3 + 12\
- 6% 33

11
A=-—
2

So, the equation of required plane is

11 11 44 11
@——§x+ ?—5@” §—+1§z—3+5 x=— =0
2 2 2 2

42 49

7 21
oY Ty T
O x+3y +6z -7 =0
Given, [+ m+n=00 [=—-(m +n)
0 (m+n)* =0
a m® + n?® +2mn =m® +n? ['.'lz=m2+nz,given]
g 2mn =0

Case I When m= 0, then
l=-n

Hence, (/, m, n)is (1, 0, —1).

Case II When n =0, then

l=-m
Hence, (/, m, n)is (1, 0, -1).
1+0+0 1
0 cos =———— =—
V2 xi2 2
0 ="
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241.

242,

Plane and line are parallel to each other. Equation of normal to
the plane through the point (1, 3, 4) is

-1_y—-3_z-4
= = =k Sa
5 - . (Say]
Any point in this normal is
@k +1,—k +3,4 +k).
k+1+1 3—-k+3 4+k +4
0 , , Qhes on plane.
5 ey gL@ ELQH’ :
O =-2
Hence, point through which this image pass is
(k+1,3 -k 4+k)
ie. (2(=2) +1,3 +2,4 —2)=(=3,5,2)
Hence, equation of image line is
x+3 _y-—-5_z-2
3 1 =5
Given planes are
2x+y +2z -8 =0
5
and 2x+y+22+520
Distance between two parallel planes
5
— 8 -
- |dy —dy| - 2
\/a2+b2+cz \/22+12+22
21
=2 .7
3 2
The given line are
-2 _y—-3_z-4 .
= = .
1 1 —k Y
-1 -k -5
and =Y =z .(id)
k 2 1
Condition for two lines are coplanar.
X1 T Xy V17Y2 Z1 T2
A m n |=0
I m; )

wher,e (x;, y1, z;) and (x,, y, z,) are any points on the lines (i)
and (ii), respectively and <1, m;, n; >and <[, m, n, >are
direction cosines of lines (i) and (ii), respectively.

2-1 3-4 4-5
0 1 1 -k|=0
k 2 1
1 -1 -1
O 11 -k|=0
k2 1
O 1a+2k)+1(0 +k%) -2 —k) =0
O K +2k+k=0
O K> +3k=0
0 k=0,-3

Chap 03 Three Dimensional Coordinate System

243.

244,

245.

279

Note : If 0 appears in the denominator, then the correct way of
representing the equation of straight line is
-3 -4 =5
eV —sandx =LY =27
1 1 2 1

Given A plane P: x =2y +2z =5 =0

To find The equation of a plane parallel to given plane P and
at a distance of 1 unit from origin. Equation of family of planes
parallel to the given plane Pis

Q:x-2y+2z+d =0
Also, perpendicular distance of Q from origin is 1 unit.

. 0-2(0) +2(0) +d | _
V12 + 2% + 27
0 ‘i =10 d=%3
3

Hence, the required equation of the plane parallel to P and at
unit distance from origin is

x—2y +2z £3 =0
Hence, out of the given equations, option (a) is the only correct
option.

-1 +1 -1
Given Two lines L, : X2 =Z

2 3 4

-3 -k -0
and X 2=Y"kZ

1 2 1

To find The value of ‘k’ of the given lines L, and L, are
intersecting each other.

x—1_y+1_z-1
Let : = = =
L 2 3 4 P
x=-3_y-k_z-0
and L,: = = =
2 2 !

O Any point Pon line L is of type

P@2p +1,3p —1,4p +1)and any point Q on line L, is of type

Qg +3.29 + k q).

Since, L, and L, are intersecting each other, hence both points

P and Q should coincide at the point of intersection, ie.,

corresponding coordinates of P and Q should be same.
2p+1=q+3,3p—1=2q+kanddp+1=gq

On solving2p + 1 =q +3and 4p + 1 =g, we get the values of p

and q as

-3
=_- d = -
p 2 and g

On substituting the values of p and g in the third equation
3p—1=2q +k, we get

3@?@—1:2(—5)%

0 k=2
2
Angle between straight line r =a + Ab and plene r [h = d is
sin @ = bEﬁA
|b[n
’.\+ ’§+ T o + i) + -
0 sin6=(1 2j + A k) [ +25 +3k)

Jita+ N T+a+9
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247.

Textbook of Vector & 3D Geometry

543
VAT +5 14
. 5
Given, cosO =, |—
14
3 3 5+ 3\
O sinb=—[0 —=—-———
Via T V14 [\ ysgia
O 9 (N +5) =9A% +30\ +25
O 9 N2 + 45 =9\% +30\ +25
0 30A =200 A:%
Mid-point of ABis M (1,3, 5).
A(1,0,7)
i
1
=
1
1

which lies on

as
2 3

Hence, Statement II is true.

Also, directions ratios of AB is
A-1,6-0,3-7)

ie. (0,6, — 4)

and direction ratios of straight line is
(1L,23)

The two lines are perpendicular, if
0(1)+6(2)-4(3)=12 -12 =0

Hence, Statement I is true and statement II is a correct

explanations of statement II

Let the coordinates of Q be (2A, 3\ +2, 4\ +3) which is any

point on the straight line AB.
PG, -1, 11)

-
A 0 B

0 DR’s of PQis(2A —3,3\ +3, 4\ -8)
X _y-2

Also, perpendicular to straight line AB Pl ===

having DR’s (2, 3, 4).

Thus, 202\ =3) +3(3\ +3) +4(4\ -8) =0
0 4N -6+9\ +9 +16A —32 =0
0 290 -29=0
ad A= 1

...(i)

248.

249.

250.

251.

Hence, coordinates of Q are (2, 5,7)
O [PQI=(3-2)° +(-1-5)° +(7-11)?
=J1+36 +16 =+/53

Let Q be any point on the plane.

Then equation of PQ is
_ + _
X2l _y*5_z279
1 1 1
where P =(1,-5,9)

O x=A+1y =A-52z =N +9lies on the plane

x-y+z=5
OA +1x +5% +9 =5
OA= -10

Hence, coordinate of Q is (-9, - 15, - 1)
= | PQI=(10)” +(10) +(10)*= 103

We know that, cos® 45°+ cos®120°+cos? 0 =1

O

a 1+l+cosze =10 cosZBZl
2 4 4
a C059=t% O & 6>

or 120°

The image of the point (3, 1, 6) with respect to the plane

x—y+z =5is

x=3 _y-1_z-6 _—-2(3-1+6-5)

1 -1 1 1+1+1
U x-x _y-yn_z-z _—2ax +by +cz +d)U
% a b ¢ a® +b* + c? g
0 x8_yti_zse_
1 -1 1
u x=3-2=1
y=1+2=3
and z2=6-2=4

which shows that Statement I is true.

We observe that the line segment joining the points
A(3, 1, 6) and B(1, 3, 4) has direction ratios 2, — 2, 2 which are
proportional to 1, — 1, 1. The direction ratios of the normal to
the plane. Hence, Statements II is true. Thus, the Statements I
and II are true and Statement II is correct explanation of

Statement I.

Dr’s of given line are (3, =5, 2) .

Dr’s of normal to the plane =(1,3, — Q)
0 Line is perpendicular to the normal.

O 3(1) = 5(3) +2(-a) =0
0 3-15-20 =0
O 20=—1200=- 6

Also, point (2, 1, — 2) lies on the plane.

O @.B)=(-67)

2+3+6(-2)+p=0B= 7



252. Projection of a vector on coordinate axes are

Xy =X Y2 T Y122 T&

Xy = X; =6,
Y2~ N :_3’
Zy =21 =2

Now, \/(xz - x1)2 + (2 _Y1)2 +(z; _21)2
=36 +9 +4 =7

6 3
So, the DC’s of the vector are s - >

SEEN

253. Equation of line passing through (5, 1, a) and (3, b, 1) is
x-3 -b _z-1 .
X0 YT 270 - ()
5-3 1-b a-1
U x-x _y-»n _z-z0
X=X Y27 Y1 227Z%
Point Q), g, —?@satisﬁes Eq. (i), we get
17 13
—=b -=-1
B_2 _ 2
1-b a-1
HoH
0 -1=—2"=5 0 q=
o
2
7
Also, =3(1-D) :2% —b@
0O 3b-3 =17 -2b
0 56 =200k 4
254. Given, x-1_y-2_z-3 )
k 2 3
and x72_y-3_z-1 ... (i)
3 k 2
Since, lines intersect at a point. Then, shortest distance
between them is zero.
kK 2 3
0 3 k 2|=0
1 1 -2
O k(-2k -2) —2(-6 —2) +3(3 —k) =0
O - 2k* sk 25 0
0 2k® + 5k =25 =0
O 2k* + 10k —5k —25 =0
O 2k(k +5) =5k +5) =0
0 k=2 -5
2
Hence, integer value of kis —5.
255. Let the drection cosines of line L be [, m and n. Since, the line

intersect the given planes, then the normal to the planes are
perpendicular to the line L.

0 2l+3m+n =0 .

and [+3m+2n =0

(i)
...(id)
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256.

257.

258.

259.
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From Egs. (i) and (ii), we get

I m _n
—=— =—=k
333 [say]
We know that, [2 + m? + n? =1
O (k) + (-3k)? +(3k)* =1
1
0 27k*=1 0 k=—+
3.3
1 1
O [=— 0 cosa =—
V3 N

Tt
Since, a line makes an angle of n with positive direction of
each of X-axis and Y-axis, therefore
Tt Tt
a=—,B=—
4 4

We know that, cos’ o + cos® B+ cos? y =1

Tt TU
g cos’ — + cos? — + cos’ y =1
4 4
1 1
g —+ - +cos’y=1
2 2
O cos’y=0 Oy= 98

Given, equation of sphere is
P +y? 422 —6x —12y -2z +20 =0
whose coordinates of centre are (3, 6, 1).

Since, one end of diameter are (2, 3, 5) and the other end of
diameter be (a, B, y),

a+2 +3 +5
then ZS,B :6,y =1
2 2
O a = =9
and y = -3.

Hence, the coordinates of other point are (4, 9, - 3).
Given equations of lines are

x=ay +bz=cy +d
and x=a'y+b,z=c'y+d
These equations can be rewritten as

x=-b_y-0_z-d

a 1 c

_O - '
and =2 ~z7d
a' 1 c'

These lines will perpendicular, ifaa’ + 1+ c¢c' =0
L, + mm, + mn, =6
We know that, the image (x, y, z) of a point (x;, ¥, z;)in a
plane ax + by + cz +d =0is given by
X=X _Y =) _
a b
_"2(ax, + by, +cz +d)
- a? +b?+c? .

z-z

Thus, the image of point (-1, 3, 4) in a plane x — 2y =0is given

by
x+1_y-3_z-4

1 -2 0
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-2 [(1x(=1) +(2) 8 +0 x4] 262. 1f a,, b;, ¢, and a,, b,,c, are DR’s of two lines, then the angle
1+4 between them is given by
0 x+1:y—3:z—4:—2(—7) _ @a, + bb, + ¢ c,
1 2 0 5 cos® = 2 2 2 [ 2 2 2
. 4_ .9 28 . __13 Ve + b7+ \Ja} +b} +]
x=—-1== == 43 ==-_" ) . .
5 5 The given equations can be rewritten as
and z=4 X_V_% ar=Y -%
H the i f point (-1, 3, 4) i 13 4@ o2 e 2o =
ence, the image of point (~1,3, 4)is %’ 5° 0 Angle between the lines is given by
2 2 2 . _ 6—-24+18
260. Centre of sphere x* + y* +z% +2ux +2vy +2wz +d 0 is cos B =
Jo+4+36+/4 +144 +9
(—u, —v, —w). 0
Given equation of first sphere is = =0
. \/49+/157
x*+y? +2% +6x -8y -2z =13 ..(i)
a 0= 90°

whose centre is (=3, 4, 1)

and equation of second sphere is 263. Since, the centre of sphere

1
x>+ 7y +2% —10x +4y -2z =8 ..(if) wiHyi x4z -2 =0is %, 0, —Egand radius of sphere
whose centre is (5, -2, 1).
rose centre s (5, -2 1 | T 1 o
Mid-point of (=3, 4, 1) and (5, =2, 1) is (1, 1, 1). = " + n +2 :T
Since, the plane passes through (1, 1, 1).
g 2a-3a+4a+6 =0
O 3a=-6 UO&- 2
261. Direction ratios of line normal are ‘
(@, b, ) =(1,2,2) BE—A D
and direction ratios of a plane are
(az by, ) =2, =1,4/X) Distance of plane from centre of sphere
+ +
Since, sin® = 4, ¥ bib, * oy 1 + 1_ 4
\/af+l712+clz \/a§+b§ +c2 =¢:%
J1+4+1
1%2+2(-1) +2 XA 6
J0+@? +@*? +0) +Wh ) TR
I So, radius of circle = Z —g
1 2
ad —=———[05+A=4A
3 3J5+A _ po-18 _ iz _
5 12 12
g A=

3
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